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PREFACE 


Five papers on the mathematical aspects of the quantum theory of fields 
previously printed in Communications on Pure and Applied Matfiematics are 
republished in the present volume. 

As stated in the introduction to these papers, they represent an attempt 
towards a mathematically consistent treatment of basic notions and simple 
problems in the quantum theory of fields. Specifically, we shall deal with prob¬ 
lems in which the forces acting on the field depend linearly on the field quantity 
and in which, therefore, this quantity satisfies a linear equation; these linear 
problems are treated rather exhaustively. Many more or less straightforward 
conclusions, which in the physical literature are implied but not always explicitly 
stated, are here developed in great detail. 

It is true that nonlinear interactions occupy at present the center of interest 
in the quantum theory of fields. A mathematically satisfactory treatment of such 
nonlinear problems could not, however, be given. It may be doubted whether 
nonlinear interaction in the form so far assumed admits such a treatment; in 
fact it has frequently been suggested that fundamentally different laws of non¬ 
linear interaction should be adopted. 

The Introduction contains a description of the content of the five parts. 
Since these five parts were written successively, the actual content of the later 
parts does not always exactly coincide with what has been announced in the 
introduction. The point of view has gradually changed, and some inconsistency 
has crept into the notations. The most important deviations are listed in “Cor¬ 
rections and Comments.” In particular, Part VI has been omitted. 

The appendix contains a Lorentz invariant treatment of the problem dealt 
with in Part V, on the basis of work by B. Zumino which will appear in forth¬ 
coming papers. 
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Mathematical Aspects of the Quantum Theory 

of Fields 


Introduction 

The present expository paper is based on lectures given in a Seminar on 
Mathematical Physics at New York University.' It is primarily ad^ssed to 
mathematicians who are familiar with the fundamental concepts of quantum 
theory of single particles and who would like to learn which mathematical 
concepts are involved in the simplest problems of field quantum theory. 

It is cliflScult for a mathematician to gather such information by reading 
papers and books addressed to physicists. It is not at all lack of rigor in the 
mathematical deductions which creates the difficulty; it is rather that the mathe¬ 
matical terms employed are not always defined precisely and that often their 
physical significance is not explicitly explained. 

To be sure, only through the whole context of physical experience and 
theory could the notions of phyacs be properly defined. According to Niels 
Bohr, any attempt at a sharp definition of physical concepts must even violate 
their real physical meaning. Therefore, the mathematician’s desire for a de¬ 
ductive presentation of physical theory cannot be satisfied in principle. On the 
other hand, it seems justified to strive for a precise definition of the intrinsic 
mathematical meaning of mathematical notions employed in field quantum 
theory. 

The amount of physical insight gained in field quantum theory is great and 
many new inathematical ideas have been advanced by physicists in this connec¬ 
tion. Naturally, only a part of this development can be discussed in this exposi¬ 
tion. Our primary object is to present basic sections of field quantum theory in a 
consistent mathematical language without carrying out all mathematical deduc¬ 
tions with complete rigor. 

One of the hnportant terms used in field qiiantvim theory is Dirac’s delta 
function; it enters nearly all basic formulas of field quantum theory. It is 
well understood that an equation involving the function S(x) linearly is the “sym- 

iTte author is greatly indebted to Dr. S. D. ^oses for valufthle assis t ance, in paxticuier, 
for acquainting him with idiom and literature in field qimutum theory. 
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bolic” expression of an equation involving only proper functions; how to give 
the delta function a precise meaning is thus rather obvious. 

It is characteristic of relations in field quantum theory that they coimect 
the delta function with operators which depend on the point x in space. There¬ 
fore these operator functions also have only a “symbolic” meaning. Relations 
in which such symbolic operator functions occur linearly can be transformed 
into relations which involve only proper operators. It can be shown—^which is 
not at all obvious—^that there really exist proper operators which satisfy these 
relations. On the other hand, we find relations in field quantum theory in 
which the symbolic operator functions enter in a nonlinear way. It is far from 
obvious whether or not these relations can be transformed into relations in¬ 
volving only proper operators. Nevertheless, some of these relations can be 
given a meaning; certain others, however, cannot be saved. 

Questions about the improper operators occurriug in the field quantum 
theory of Heisenberg and Pauli (*1929) will be raised in Part I and answered in 
Part II, with the aid of the “particle representation” of fields. This particle 
representation and its connection with the so-called “second quantization” was 
clearly formiilated by Pock in 1932, and has always been used by physicists, 
thou^, perhaps, not too consistently. 

The lack of full exploitation of the possibilities inherent in the particle 
representation seenos to be coimected with the fact that many physicists prefer 
to treat fields enclosed in a finite “box”, rather than those extending over the 
whole space. Since the energy of such an enclosed field has a pure point spectrum 
it is possible to describe the field as an assembly of “oscillators” and to char¬ 
acterize its states in terms of “occupation numbers”. Expressions derived on 
this basis depend on the size of the box and may possess limits ^ the size of 
the box increases indefinitely. It seems more appropriate to dear immediately 
with the field which extends over the infinite space and thus to derive the limi t 
expressions directly. Such a direct approach is actually far simpler than the 
detour via the box, while the description in terms of oscillators and occupation 
numbers then becomes somewhat imwieldy. 

We can avoid oscillators in describing the states of fields by, introducing 
Hemaite polynomials of a kind different from the standard Hermite poly¬ 
nomials used when fields are described in terms of oscillators. These modified 
Hermite polynomials are fimctionals of elements in Hilbert space. By expansion 
in terms of these polynomials we can characterize a class of functionals which 
are quadratically integrable over this Hilbert space and can be used to represent 
the states of the field. By characterizing this, class of functionals we shall, 
incidentally, give an answer to a question frequently asked, namely, how to 
integrate over the Hilbert space. 

In Part III we shall take up one of the simplest problems in field quantum 
theory, namely the effect of a given distribution of charges on a field. This 
problem can be solved explicitly by methods which are somewhat more concise 
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than those available in the literature. Among other things, we shall determine 
explicitly the probability that a field which originally consisted of no particles 
will consist of n particles after an infinitely long time. We shall also see that no 
scattering operator in the strict sense can be associated with this problem. 

In Part IV we shall show that a description of the field in terms of “occupation 
nmnbers”, though somewhat unwieldy, can nevertheless be introduced, even if 
the spectinm of the energy is not discrete. It will be seen that there are two 
types of such occupation number representations; only one of them is equivalent 
with a particle representation. Accordingly, there are different—^non-equiva¬ 
lent—realizations of the basic field operators, and consequently different—^non- 
equivalent—^kinds of fields, a fact which seems worth noticing. The realization 
that occurs in nature appears to be the one that admits the description of the 
state of an undisturbed field in terms of particles. Neverthdess, the second 
type of occupation number representation has also its place; it is to be employed 
if the field is modified by a distributed charge of a total amount different from 
zero. 

In Part V we shall deal with the effect of distributed charges which depend 
linearly on the field potential or, more generally, with problems in which the 
disturbed differential equations remain linear and homogeneous in the field 
potential. First we shall treat fields which consist of assemblies of particles 
with symmetric wave functions. The problem can be solved if appropriate 
smoothness conditions are imposed on the disturbance. The main objective is 
to detemine the probability that a certain number of these particles will be 
found at a certain time t when this number is known at an initial time. We shall 
show that this transition probability—and its assnmptotic value as t —*«>—can be 
calculated explicitly. 

Greater difficulties arise in dealii^ with fields which consist of assemblies 
of particles witli antisymmetric wave functions. We shall treat the case in 
which the undisturbed field is a matter field composed of Dirac electrons. We 
shall discuss the representation of the states of such fields in terms of electrons 
and positrons, each having a positive energy. Cei-tiain infinite terms, sometimes 
omitted witli special excuses, do not occur when this representation is used. 
Furthermore we sliall sliow that the transition probabilities can be derived 
from the solution of an integral equation which can be attacked by manageable 
approximation procedures. ^ 

In Part VI we shall deal with simple problems similar to those which concern 
the interaction of matter with light. We shall indicate how to determine the 
diagonal representation of the energy operator directly without first solving the 
Schrfidinger equation for a time-dependent state. We shall employ a perturbar 
tion procedure in two steps. The desired scattering operator will—^in second 
order—^be found in the second step wMch involves no change in the number of 
particles; the first step, which does involve such a change, cannot—-in second 
order—^be associated with a scattering operator. Certain terms occurring in this 
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procedure will turn out to be infimte. In particular we shall discuss the infinite 
term which has been removed by “mass renormalization.” 

The most important guide in setting up the correct basic equations of field 
quantum theory has been the requirement that they be invariant under Lorentz 
transformation. Field quantum theory cannot properly be understood unless 
these matters have been thoroughly discussed. Nevertheless, we shall merely 
touch upon these questions. For, once the Lorentz invariance of the basic 
equations is assured, it need no longer be exhibited at every step in the solution 
of specific problems. 

Our main mathematical tool will be the representation of states by func¬ 
tions, and of operators by fimctional operators. We shall give a short discussion 
of these notions in the following section. For reasons explained there we shall 
' not use Dirac’s elegant notation. 

Rem€a"ks <d>out Functioned and Spectrcd Representation 

Spectral—or diagonal—representation is certainly unplied in Dirac’s nota¬ 
tion in a formal way. The basic mathematical facts concerning this repre¬ 
sentation were already contained in the theory of Hellinger, (1907) [18] in 
conjimction with Hilbert’s theory of bounded operators (1906) [17]. Neverthe¬ 
less, our main device, to interpret spectral representation as functional repre¬ 
sentations, is not explicitly formulated in the work on operators in Hilbert 
space written for mathematicians. It seems therefore advisable to sketch this 
matter briefly.® 

We consider a linear manifold of “elements” (which correspond to states 
or state vectors) forming a Hilbert space § with the inner product (#, #"’)> 
of two elements #, 4''*’, and the norm H $ || = ($, 4')*^®. 

A system of orthogonal “coordinate elements” 0,, o- = 1,2, • • • is said to 
be complete if every element # in § admits an expansion of the form 

# — , 

in which 

c, = ($,,#). 

The element # is completely characterized by the system of numbers c, . We 
may just as well consider as a function of the variable <r with the 
<r = 1, 2, • • • , and say that the element # is represented by the function c, as 
its “representer.”* We express this correspondence symbolically by 

*A short derivation of the spectral representation from the spectral resolution itill be 
given in a subsequent paper. 

•See Webster’s New InUrvational Dictionary of the English Language, Second Edition, 
p. 2114. 
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$ {c,}. 

Because of the orthogonality of the elements the inner product of two ele¬ 
ments $ and is given by a series 

(#, $»’) = ; 

9 

tlie positive number 

p, = (<&,, $,) 

could be made equal to one by norming the elements appropriately. Every 
“function” c, for which I I* < “ represents an element $ in 

Suppose, in particular, that the elements are eigenelements of an operator 
A, so that there are “eigenvalues” X, such that 

A"!*, = X,$,. 

Then, evidently the validity of the relation 

Afi = cA»^<r 
can be expressed by the formula 

<-+ {X,,c,}. 

In other words, application of the operator A is represented through multipli¬ 
cation by the function X, of <r. The representation <&-«-> {c,} is then said to 
furnish a “diagonal” or “spectral” I'epresentation of the operator A. 

It is frequently desirable to e.xpvess the elements $ in terms of coefficients 
c which depend on a continuous variable « instead of a discrete variable <r. One 
then is tempted to write down an expansion of the form 

# == J c(«)f. ds. 

As is well known, tliis cannot l)e done in a proper sense; for, there are no elements 
in the Hilbert space which can be used as coordinate elements such that an 
expansion of the indicated type exists. To facilitate operations one might, of 
course, introduce “improper elements” as convenient symbols. In all con¬ 
siderations, however, in which clarification of the proper mathematical meaning 
of the terms involved is the objective, tlie issue would be hidden if such “sym¬ 
bolic elements” were used as basic notions from the start. 

To obtain the desired results, it is perfectly sufficient to indicate that the 
elements $ are represented by functions c(s). By this we mean that to each 
element # of ^ a function c(s) of a certain class, its “representer,” is assigned 
in a one-to-one way such that to the linear combination -H of tw;o 
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dememts with the representers Ci(s), Ca(s) the function aiCi(s) + 02C2(s) 

is assigned. We indicate this representation by the formula 

# (c(s)}. 

Such a functional representation seems to be the most appropriate tool for 
working with specific operators in a Hilbert space. In fact, whenever specific 
operators in a Hilbert space have been described, the elements of the Hilbert 
space were given as functions. The notion of function is here to be taken in a 
sufficiently wide sense, so that a sequence, for example, is considered a function 
of the subscript. 

The argument s of the representer c(s) may stand for a single real variable, 
a finite set of real variables, s = {si, Ss, • ■ •}, or even infinitely many real vari¬ 
ables. The number of variables, if infinite, need not be denumerable; in fact, 
we shall discuss a particular type of representation occurring in field quantum 
theory in which the number of variables is not denumerable. 

Not every representation of states by functions will be admitted; an im¬ 
portant condition will be imposed. In case the variable s is restricted to integer 
values <r, this condition implies the orthogonality of the coordinate states . 
In order to formulate this condition in general, the notion of measure must be 
introduced. 

Let s be a single variable; we may introduce a measure function m(s) as 
any non-decreasing fimction of s. This function may jump at denumerably 
many points at most; for each jump point an upper and lower value m*(s) is de¬ 
fined. To every interval As the measure Am(s) = m'‘(s‘®’) — is assigned; 

here s‘” and s‘*’ are the endpoints of the interval and the value of Amis') de¬ 
pends on whether or not an endpoint is included in the interval. An open 
interval As for which Am(s) = 0 is said to be outside of the “basic domain” £) 
of the representers. In other words, the basic domain is defined as the closed 
complementary set of the set covered by open intervals As for which Am(s) — 0. 

The notion of measure function can easily be carried over to the case that 
s represents a fimte number of vaiiiables, and imder certain circumstances also 
to the case that s represents infinitely many variables. In this case the intervals 
are replaced by cells, ^ch as the open cells 

s‘”<s<s<«, sr<s<sr, •••• 

The basic domain ID of the representers is defined as the closed complement of 
all open cells As for which Am(s) = 0. 

With the aid of the measure function the integral , 

f I c(s) 1® dm(s) 

Jg) 

can be defined for an appropriate class of functions c(s). The manifold of 



QUANTUM THEOBT OF FIELDS 


7 


functions c(s) for which this integral is finite, forms a linear space provided 
a function c(s) is said to be “equal” to zero if this integral vanishes; and two 
functions c(s) are said to be “equal” to each other if their difference “equals” 
zero. Evidently, two functions c(s) which differ only outside of the basic 
or more generally in a set of “measure” zero, are “equal” to each other. 
How a function c(s) is defined in such a set is not relevant. 

We now require that the functions c(s) which represent the elements $ of 
the Hilbert space © are just the functions of such a class provided that we 
stipulate that functions c(s) which are “equal” to each other are counted as 
one function in the one-to-one assignment of fimctions to states. 

The condition mentioned above, to be imposed on the representation, is 
that the relation 

(#, = f c(sV”(s) dm(s) 

should hold for two elements *5“’ in § with the representers c(s) and c‘'’(s). 

It follows from this formula that elements with representers vanishing 
outside of any disjoint cells are orthogonal to each other; If a cell with positive 
measure consists of just one pohit So the function Co(s) which equals 0 for s So, 
and which equals 1 for s = so, represents an element which may be called a 
“coordinate element”. Any two coordinate elements associated with different 
values So are therefore orthogonal. 

One of the main problems of the theory is to find a functional represents^- 
tion of the elements of $ such that a given operator acting on these elements 
can be described in a simple manner in terms of the representers. 

Let A be an operator acting on the elements $ of § or of a subspace 5D(A) 
of called the “domain” of A. Then the representer c'(s) of the state A* 
will be obtained from the representer c(s) of the dement # by applying a certain 
functional operator, its “representer”, which we denote by A^. I.e. 

c'(s) = A®c(s), 
or 

A# {A'V®)} • 

Suppose there exists a function \(s) such that the functional operator A® 
consists merely in multiplying by X(8) 

A*’’ = X(«) 
or 

A$ *-* {X(s)c(s)}. 

We then say the representation of the elements by the functions c(s) furnishes 
a diagonal or spectral represeritaiion of the operator A. One of the primary 
aims in dealing Avith operators in Hilbert space, is to find such spectral repre¬ 
sentations. 
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The representers c(s) of the particular representation which “diagonalizes” 
the operator A will be called the “spectral representers” for A; the associated 
measure m{s) will be called the “spectral” measure. Certainly, 

j X®(s) I c(s) I® dm(s) < 00 

for the spectral representers of the elements # of the domain ®(A) of A, i.e. of 
the elements $ for which A is defined. This domain will be called “maxinnal” 
and the operator A will be called “spectrally representable” in T'(A) provided 
that every element for whose representer c(s) the integral / X“(s) | c{s) |“ dm (n) is 
finite belongs to ®(A), 

To illustrate the notion of spectral representation we consider the case in 
which the spectral measure function m{s) has a “jump” at the value s„ , i.e. 
we assume that the measure Am(s) of the set As which consists only of the point 
So is not zero. The value Xo = X(so) is said to be a “point eigenvalue” of A. 
Hie function Co(s) which equals zero for s So but is different from zero for 
s = So is then quadratically integrable, and thus belongs to the class Si. Evi¬ 
dently for the element $o which is represented by this function Co(s) the relation 

•A-^o ~ Xo^o ^ {X(s)co(s) — XoCo(s) } = 0 

holds, whence 


A^q — Xq^O • 

In other words, the state $o ie an eigenstate of the operator A with the eigen¬ 
value Xo. The notions of eigenvalue and eigenelement in the proper sense can 
therefore be derived in a simple way from the general notion of spectral repre¬ 
sentation. On the other hand we see that the notion of an eigenelement asso¬ 
ciated with an eigenvalue X in the spectrum which is not a point eigenvalue 
has no proper meaning. 

The basic domain 3) of the spectral representers c(s) for an operator A is 
called the “spectrum” of the operator A. In other words, the “exterior” of 
the spectrum is defined as the set covered by all open intervals A.s of “spectnil” 
measure zero, then the spectrum itself is defined as the complement of this 
^erior. This spectrum may partly or completely consist of point eigenvalues. 
The closure of what remains of the spectrum after removal of the imint eigen¬ 
values IS caUed the continuous spectrum. Lit,tie simplification would be gainer! 
by treatmg the discrete and continuous parts of the spectrum separately All 
l?ypes of spectra are easUy treated in a unified way if one adopts the general 
notion of measure function. 

Many advantages can be gained from spectral representations. It enables 
one, for e^ple, to define the function of an operator in a very simple way. 
Ihe function /(A) of the operator A is simply defined as the operator which 
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transfoims the element ^ with the spectral representer c(s) into the element 
with the spectral representer /(X(s))c(s), 

{/(X(«))c(s)}. 

It should be mentioned that the spectral representation of an operator is 
not uniquely determined; for, instead of the variables s = {^i , Sa , • • •}, any 
functions of them may be introduced. It is sometimes possible to do this in 
such a way that one of the variables, e.g. , is the eigenvalue X itself, X(s) == 
Si ; then the variables Sa , “ • • may be called ^‘accessory” variables. 

A representation ^ c(s) is said to be a simultaneous spectral repre¬ 
sentation of a set of commuting operators Ai , , • • • if there are functions 

Xi(5), X2(5), • • • such that 

Ai^><-» {Xi(s)c(s)}, {X2G9 )c(s)}, ••• . 

If the Xi , Xo, • • • can be chosen as variables so that Xi = Si , Xo = , • * * while 

no accessory variables occur, the set of commuting operators Ai , Ao , • • • will 
be called ^^complete”. In this case the system of operators ^vil\ simply be 
denoted by S so that we may write 

It can be slio\vn that an operator which commutes \ritli all operators of a 
complete set is a function of these operators. 

The conditions under which an operator A possesses a spectral representa¬ 
tion are well known. Suppose that the operator is bounded, i.e. suppose that 
a mimber C exists such that 

llA^II <(7|1$1| 

for all elements in ."p. In order that A be spectrally representable, it is then 
necessary and sufficient that A be symmetric in the Hermitian sense, i.e. that 

(A#, = ($, A#">) 

for all <i>, €>“’ in as follows from the theories of Hilbert and Hellinger. If, 
however, the operator A is not bounded, it cannot be defined in the whole space 
but only in an appropriate subspace 35(A), tlie “domain” of A. A significant 
necessary and sufficient condition that such an operator be spectrally repre¬ 
sentable in its domain was discoverefl by v. Neumann, E. Schmidt, and Stone. 
First, it is required tJiat tlie oijerator A be Hermitian in its domain; i.e. the 
above symmetry relation shoiild hold for all in 35(A). A second require¬ 

ment is imposed in order to maknsure that the domain is not chosen too narrow; 
This domain should contain every element ^ to which there is an element 
such that the relation 


(«>', 4>‘“) = (4>, A$“’) 
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holds for arbitrary elements in S)(A). Evidently, Ai> = for such an 
olement An operator A satisfying these two conditions was called ^^hyper- 
maximal'' by V. Neumann, and “self-adjoint" by Stone. In order to avoid 
confusion with the term “self-adjointness" for differential operators, we prefer 
to use the term “hypermaxirnal". However, it will not be necessary to refer 
to this condition of hypermaximality in this papesr; it is perfectly sufficient to 
assume that the operators are spectrally representable in their domain. 

Operators are frequently called transformations in literature. We shall use 
these two terms for two different notions. We speak of an operator as a mapping 
of an element into another element; we speak of a transformation as a mapping 
of one functional representation into another. 

The functional representer A^ of the operator A introduced above can 
symbolically be written as an integral operator 

A^c(s) = j A(Sy s')c(s') dm(s') 

with a “kernel" A(s, s'), which in general is not a proper function of s and s', 
but has only a symbolic meaning. For example, if the operator A is a function 
X(;S) of S the kernel of the integral operator A® is A(s',s") == X(s')5(s' — s"). 
In a similar way, transformations can be written symbolically as integral trans¬ 
formations. Dirac [2] prefers to. work with these kernels because of various 
formal advantages. 

One of the significant features of Dirac's notation [2] is that the functional 
representers of an element ^ are written as inner products of ^ and an appropri¬ 
ate other element. Dirac uses symbols such as \a) to denote an element—or state 
vector; the letter a here stands for a label chosen at convenience. An eigen- 
element—proper or improper—^belonging to the eigenvalue s of a complete 
system of commuting variables S is then denoted by |s*). The inner product of 
the element \a) with the eigenelement \s} is written as {s\a). This product may 
be considered as a function c(s) of s; then c(s) == {s\a) is the *9-representer of the 
element |a). 

The expansion of the element fa) with respect to the eigenelements \s) of S 
is written as 

|a) = [ \s'){s'\a)d8'+ Z W|a>- 

J 

The integral in these formulas extends over the continuous spectrum of S and 
the series over its point spectrum. Of course, the two terms could be combined 
into one by using a measure function. The element A|o) produced from the 
element [a) by an operator A then possesses the expansion 

A|o) = f A|s'><«'lo> ds'+'E A|s'><s», 
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whence 

<«|A|o) = j <s|A|s'X«'la) £ (sl^ls'Xs'la)- 

The left member here is nothing but the representer A®c(s) of the element A|a); 
thus it is clear that (s|A|s') is just the kernel A(s,s') of the integral operator A®. 

We found Dirac’s notation not suitable for our purpose. We felt it desirable 
to use a short notation for the functional representer of the operator A instead of 
writing it as an integral operator. Moreover, we did not want to use improper 
elements and improper kernels in spite of their formal advantages. We are not 
primarily concerned with formal relations but rather with investigating the 
legitimacy of the operations of field quantum theory. Although there is no 
doubt that the use of improper elements and kernels could be made legitimate, 
we felt that we could achieve our aim better without using them. 


Part L Field Operators 

1. Simvltaneam Spectral Representation of 
Infinitely Many Operators 

The basic concepts of the field quantum theory, with which this exposition 
is concerned, were essentially developed by Heisenberg and P^uli in 1929 [11], 
following earlier work in this direction by Dirac, Jordan, Wigner and others (for a 
bibliography of earlier works see [1]). One of the features in which this theory 
differs in a mathematical respect from the quantum theory of single particles is 
the occun’cnce of an infinite set of operators which commute with each other. 
While the matliematical problem of the simultaneous spectral representation of 
a finite munbcr of commuting operators can be handled almost as easily as that 
of a single operator, the piublem of the simultaneous spectral representation of 
infinitely many commuting operators requires new mathematical considerations. 
We shall at first discuss this aspect of the theory. 

Let us denote by S any field quantity such as an electric-magnetic scalar 
or vector potential or a meson field quantity. According to the principles of 
quantum theory a Hermitian spectrally representable operator is assigned to 
such a quantity which Avill also be denoted by S- (A spectrally representable 
opemtor is one that possesses a spectral representation, as explained in the 
introduction.) This operator operates on “states” or “state vectors” The 
manifold of all states forms a Hilbert space §. It is, however, not assumed 
that S is defined in the full space it is sufficient that S be defined in an ap¬ 
propriate dense subspace of © as a spectrally representable operator. The 
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possible discrete or continuous eigenvalues of the operator S will be denoted 
by 

A specific feature of the field quantum theory is that such an operator B 
is assigned to every point x = {xi, 0:2 , 13 } of the space, and that these operators 
B = B(a:) are assumed to commute with each other. 

The simultaneous spectral representation of a finite number of commuting 
opei’ators Bi , • • • , B» requires that the states # be represented by functions 
^(li j • • • ) €b) of the spectral variables ,•••,{» , and, if necessary, of addi¬ 
tional “accessory” variables, in such a way that the state B,$ is represented 
by the function • , |„). In the following we assume that no accessory 

variables are needed. The system of operators Bi , ■ ■ • , Sb is then said to be 
complete. The numbers ,•••,$„ are also called the eigenvalues of the operators 
Si, , • • • , Sb ■ The system of these numbeiB may simply be denoted by 

f « {£1, ••• ,U, 

so that we may indicate the representations through 


(1-2)b 

$ ^ 4>(.Q, 

(1.3)„ 

B.#^|,.^(f). 


The significance of the function is that it is a probability amplitude; 
specifically, | <#)(^) |* is the density of the probability of finding that the quantity 
S has the value 

It is now clear how a simultaneous spectral representation of the infinite 
set of commuting operators S(a;) shorrld be formulated. The state # should 
be represented by a frmction <t> of the variables { assigned to the points .r, thus 
of infinitely many variables. (The infinitely many values of x here comespond 
to the n values 1 , • • • , n of the variable v above). We can just as well say 
that <j> should depend on the function ^ = ^{x). In other words, <^( 5 ) should be 
a “functional”. The representation 

(1.2) $^<^(0 

of the state # by a functional ^(|) should then be such that the state B(a:)$ 
is represented by the functional {(a:)^( 0 , 

(1.3) B(a:)3> ^ 

Here x is an arbitrarily chosen point. Since the value ^{x) of a function | at 
a point « is a functional of tl>e function J, the product ^{x)4>(^) also is such a 
frmctiorral. 

In order to complete the spectral representation (1.2) of a set of a finite 
number, n, of commuting operators it is necessary to express the inner product 
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(f*'”, of two states in terms of the representers This ex¬ 

pression is an integral 

(1.4)« ($">, dm{g) 

over the n-dimensional f-space with the aid of a measure given by an appropriate 
function m(S) of sets S in the |-space. The integral 

I 4»(€) ? dm(Q 

over a set S then represents the probability of finding that the quantity S has 
a value in S. 

In order to complete the spectral representation (1.3) of a set of infinitely 
many operators Six) analogously, we must also express the inner product 
in terms of the representii^ functionals In some sense or 

other, this expression would be an integral over the infinitely nxany dimensional 
space of the fxmctions ^(x). If such an integral could be extended over a sub¬ 
set S of the space of all fxmctions {(a:), one coxdd detempiine the probability that 
a measurement of the qxiantity $(») would yield a value in the set S. How one 
can define such an integral, at least in the simplest and most important case 
will be discussed later on in Section 12. 

2. Commutation Rules and Improper Operators 

The specific operators S{z) which occur in the field quantum theory are, 
in general, characterized by the condition that they satisfy certain formal rules. 
Specifically, the following formal rule is stipulated for a large class of fields; There 
sliould be another field quantity, n = 11 ( 3 :) (later identified with dS/dt) sxich 
that the corresponding spectrally representable operators, also denoted by 
II(a;), commute with each other while between II and S the identity 

(2.1) n(a:')S(*") - S(a:")n(.'c') = -iSix' - x") 

holds. Here Six) is Dirac’s delta function. At the same time Six') and Six") 
commute, as mentioned previously. Thxis 


(2.1), 

Six')Six") - Six")Six') = 0, 

(2.1), 

n(a!0n(a!") - n(a:")n(a:0 = 0. 


By adopting commutation rule (2.1) we have restricted ourselves to a 
certain class of fields to which the electromagnetic and the meson fields belong. 
For other fields, such as the matter field, a commutation rule holds which differs 
from (2.1) in that a plus sign takes the place of the minus sign in its left member 
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Suppose the states are represented by functionals which possess a 
functional derivative d4>/8^(x), defined by the condition, that for an arbitrary 
function 7 ( 0 :), 

(2.2) / ^ + ey) - «(|)]. 

Then the derivative of the functional is given by 

1dx - J f(®') da + yix')4>(Q, 

so that 

^ ami) = 1(^0 ^ d>i& +«(®' - xm, 

or, simply, 

It is then seen that the operator ![(») defined by the representation 
(2.4) n(a:)$^-i-^^(f) 

together with the operator S(x) defitned by (1.3) satisfies the commutation rule 
( 2 . 1 ). Representation (2.4), given by Heisenberg and Pauli [11], is the natural 
analogue of Schrfidinger’s representation of the momentum of a sii^e particle. 

It is one of the aims of the present investigation to specify the class of 
functionals </>(£) which represent states # and to give a precise meaning to the 
representations (1.3) and (2.4). It will be seen that the functionals ^(x')<f>(^) 
and 50(5)/5S(*) are not functionals of the same class as ^( 5 ), so that the operators 
8(x) and n(a:) are not in a proper sense operators acting on elements in a Hilbert 
space. 

The improper character of the operators S(a:) and n(a:) can already be 
inferred from the commutation relation ( 2 . 1 ), since the symbolic function 
S(x' — x") occurs in its li^t member. Accordingly, it is clear that the operators 
S(x) and IT (x) also have only a “symbolic” meaning. This ssrmbolic meaning can 
be described. Guided by the notions advanced by L. Schwartz [24], one intro¬ 
duces two operators which depend linearly on functions 7 ( 0 :) of a class to be 
specified. That is to say, one introduces two linear functionals, n{ 7 } and 
3 ( 7 }, or, as Schwartz says, “distributioi^,” which to each function 7 assign 
spectrally representable operators. Of these operators one then requires that for 
any pair 7 '(n) and y"(x) of functions 7 ( 0 :) the identity 
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(2.6) n{7'}s{y'} - s{7"}n{y} = -* / yW'C®) dx 

holds. We maintain that formula (2.5) is the proper expression of the relation 
which is symbolically expressed through (2.1). 

In order to jrxstify this statement we write the linear functionals n{ 7 } and 
3 ( 7 } in the form of integrals 

(2.6) II{7} = J n(x)y(x') dx, S{y} = J S(x}y(x) dx 

with the aid of “symbolic” operators !!(»), H(a!), which have no meaning in 
themselves. Relation (2.6) then assumes the form 

J n(a:0Y'(a:0 dx' J S(x")y"(x") dx" 

(2.7) 

- J S(x")y"(x") dx" J U(x')y'(x') dx' == -i f y'(x)y"(x) dx. 

In order to eliminate the arbitrary functions 7 ' and y" occurring in this identity, 
one may write its right hand side in the form 

( 2 . 8 ) —i J 7 '(a:) 7 “(*) dx *= —e JJ y'(x')d(x' — z")y"(x") dx' dx" 

and then strip off the symbols • • • // • • • y'{3f)y''(x") dx' dx" from both sides. 
The result is formula ( 2 . 1 ). Thus it is seen that the commutation rule ( 2 . 1 ) is 
nothing but the symbolic expression of the identity (2.5). 

The statement that tlie field operators n(®) and S(a;) at a point x have 
no meaning in a proper sense admits of a physical interpretation: it is impossible 
to measure tlie field quantities 3 and II at a fixed point x. Instead, it is possible 
to measure the quantities / n(a:) 7 (a!) dx, J 'S,{x)y{x) dx involving an arbitrary 
function 7 ( 3 ;) (of a certain class). One may consider these quantities as averages 
of tlie field quantities with the weight factor 7 ( 3 :). That field quantities of a 
fixed point cannot bo measured while averages of them can, was stated by Bohr 
and Rosenfeld [16]. 

The operatora n(a‘) and E(a:) are symbolic operator's in much the same 
sense as the Dirac fi-fimction is a symbolic function. In view of this situation 
one should not bo surprised w'hen the numerical evaluation of expressions such 
as the expectation values 

(#, S(®)$), (^, S*(a:)$) 

of the field quantities 3 (a:), 3 ®(a:) in certain states yields the value infinity. 
Some of the infinities that haunt field quantum theory may be interpreted as 
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being of this nature. On the other hand, expressions such as the expectation 
value 

j Six)yix) dx^ 

of the proper operator / S(a:) 7 (a:) dx, will turn out to be finite, at least for a 
dense subspace of states Consequently, since the expression 

J S(x)y(x) dx4>'j 

can be uTitten as 

J 7 (a:)($, S(ii:)#) dx, 

the expectation value ($, S(x)^), considered as a function of x will be integrable 
and hence be finite at least almost everywhere; thus in a certain sense this 
expectation value can be given a meaning. 

We can, however, give no meaning to the expectation value of the operator 
E*(a:). The square of a merely symbolic entity is meaningless on the face of 
it Gust as S^(x) is undefined) and only for very special symbolic functions can 
such a square be defined. In fact, no meaning can be given to such integrals 
as f S^(x)y(x) da: or / S(a:)n(a:) 7 (a:) dx. Nevertheless, operators described with 
the aid of integrals over squares or products of symbolic operators occur fre¬ 
quently in field quantum theory. Numerical evaluations of the expectation 
Values of such operators have given the value infinity as should have been 
expected. Therefore it is remarkable that certain operators described in terms 
of integrals over certain special quadratic forms of S(x) and n(a:) can be given a 
meaning although the product of two ssmbolic operators is, in general, a mean¬ 
ingless notion. This matter will be discussed later. 

The fact that it is possible to give the operators S(x) and n(a:) a meaning 
by associating them with linear forms of operators through formulas ( 2 . 6 ), of 
course, does not imply that operators exist which satisfy the commutation rule 
(2.1) or, in other words, that there are pairs of linear forms S { 7 } and 11 ( 7 } 
such that the identity (2.5) holds. In order to prove the existence of such pairs 
of operators it appears necessary to exhibit such operators explicitly by repre¬ 
senting them wi'& the aid of a functional representation of the ^ates i>. The 
major part of this exposition will be concerned with such explicit representations 
which make it possible to give each mathematical term employed a ri^rous 
definition. On the basis of these definitions it would not be difficult to carry 
out all mathematical operations considered in a rigorous fashion. Before intro* 
ducing such representations, however, we shall continue to discuss basic notions 
of field quantum theory in a formal maimer. 
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3. The Differential Equations 

So far, the field operators S(«) and the state # have tacitly been assumed 
to refer to a particular time. In order to be able to predict the outcome of 
future experiments, the change of the operators S(a:) and of the state ^ in the 
course of time must be deteimined by solving appropriate differential equations. 

We shall describe the time changes in the Heisenberg picture. Accordingly, 
we stipulate that the state does not change in time. We might characterize 
this state by the outcome of a complete set of measurements made “initially”; 
clearly, the state so defined does not vary in time since the fact that certain 
measurements made at a definite instant had certain results remains inde¬ 
pendent of time. Predictions as to outcomes of future measurements are then 
to be derived from the knowledge of the change of the operators S(x) — 3(x, i) 
in time. 

A typical differential equation for the function S(x, t), which is assumed 
to hold for electromagnetic or meson fields in case the field does not interact 
with matter, is the generalized wave equation. 


(3.1) 

(V? - V* -1- M*)g = 0; 

see e.g. Wentzel [4, p. 29|. 

Here 

V, = d/dl, 

v“ = (a/ax.)* + (3/aa;s)* + (a/ax,)*; 

and It i.s a non-negative constant, which is zero for an electromagnetic field and 
the “meson mass” for a meson field. We have assumed c = ^ = 1; c is the 
velocity of light and h = 2irJl is Planck’s constant. The solution of the differ¬ 
ential equation (3.1) is to be so determined that it satisfies the initial conditions 

CO 

S(x, 0) = .s(x), 

(3.3) 

V,s(x, 0) = nc-c). 


S(x) and II (.r) are here symbolic operators written as functions of x which 
satisfy the (iommutation rule (2.1). 

It i.s clear that the operator S(x, 1) has only a symbolic meaning not just 
for t = 0 but for any time t. Nevertheless, one may express the solution of 
equation (3.1) in tenns of the initial values (3.2, 3.3) with the aid of the same 
formula that gives the solution of the initial value problem for proper functions. 
To this end let l\ (a', t) and r..(x, t) be tlie symbolic solutions of the equations 


(3.4) (V? - V* + /u“)r = Six)Sit) 

subject to the conditions 
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T^.(x, t) = 0 for t <r 

r_(®, ^) = 0 for t>— r; 


(3.6) 


r= I a: I = (a:? + ** + 

Specifically, using the unit step function i;(t) of a real variable t, 

11 for T > 0, 

(0 for T < 0, 

the solutions r+ and r_ can be given explicitly in the form 


v(r) == 


4nT 


(3.7) 


4xr -’»(-<- »•) 4^—^ 


Here J , is the Bessel function of order 1. With the aid of the functions r+ 
and r_ we form the function 

(3-8) f(a:, t) = r+(a5, t) - r_(x, t), 

and verify the relations 

(3.9) (V? - V* + M“)f (x, 0 = 0, 

(3.10) f(x, 0) = 0, 

(3.11) V,f(x, 0) = «(x). 

The function f (x, t) is generally called “an invariant B-function” associated 
with equation (3.1) (see e.g. Jordan, Pauli [9] for /* = 0 and Wentzel [4]). 

Belations (3.9) and (3.10) can be verified immediately. The verification of 
relation (3.11) requires a few steps which we shall omit. 

From relations (3.9) to (3.11) relation 

(3.12) H(x, <) = j* {V,f(x - x', 0S(x0 + f(x - x', On(x')} dx' 


could be derived in a standard fashion if S(x, t), g(x) and V,B(x, 0) = E(x) 
were proper functions instead of symbolic operators. Relation (3.12) may be 
considered the symbolic expression of a relation which involves only proper 
operators. This proper relation is obtained by multiplying relation (3,12) by 
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an arbitrary function y{x) and then employing the expression (2.6). It is not 
diflScult to justify the validity of the resulting proper relation. 

An interesting consequence of (3.12) is the commutation rule for the opera¬ 
tors S(a:', i') and S(a:", t") at any two space-time points. Using the relations 
E(a!")H(a:0 - Six'Mx") = 0 and 

n(a!0S(®") - S(x'')Uix') = -i5(x" - X’), 

we first derive from (3.12) the identities 

Six', t')Six") - Six")Six', f) = -if(a:' - x", f), 

Six', i')n(a:") - Tlix")Six', <') = iV«f(a:' - x", V). 

With the aid of these identities the basic commutation law 

(3.13) Six', nsix", t") - Six", t")Six', t') = -if(a:' - of', i' - t") 
may be derived from relation (3.12). 

Differentiating this identity with respect to t' and then setting t' = if' = t 
we find, mcidentally, that the commutation rule 

(3.14) V.g(a:', t)Six", i) - Six"., <)V,S(®', t) = -Uix' - x") 
holds at any time t. Relations 

(3.14) x Six', t)Six", t) - Six", t)Six',0 =0, 

(3.14) * n(x', mix", 0 - n(»", mix', <) = 0. 

are verified in a similar way. 

Commutation relations of the type (3.13), connecting any pair of points 
in space-time, were first introduced by Jordan and Pauli [9] in order to formu¬ 
late commutation rules between field strengths in quantum electrodynamics. 

Identity (3.13) exhibits the remarkable fact that the field quantities S at 
two space-time points commute if they are connected by a space-like line. They 
do not commute if the two points are connected by a time-like line in case n 9 ^ 0 . 
In case a = 0 the operatoi's commute except if the two points are connected 
by a light ray, 1— «" | = \x' — x" |. 

Ph 3 ^ically, the commutation rule (3.13) for a 5^ 0 means that field quanti¬ 
ties which are connected by a time-like line cannot be measured simultaneously, 
whereas those connected by a space-like line can. In the case of field quantities 
which are connected by time-like lines, the uncertainty relations obtained for 
the field quantities at the two points are analogous to Heisenberg’s uncertainty 
relations for momentum and coordinates in the quantum mechanics of particles. 
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Tor electromagaetic fields and. other fields for which n = 0, measurements 
of field strengths at diferent points cannot be made simultaneously if the 
points can be connected by a light signal. Uncertainty relations for measure¬ 
ments of field strengths which can be so connected were given by Bohr and 
Rosenfeld [16]. 

As is well known, the wave equation is invariant under any Lorentz trans¬ 
formation of the coordinates (x,t) into the coordinates 

(£,t) = L(x,{), 

for which 

(3.16) ?*-/>*= e - r*. 

It is remarkable that also the commutation rules remain invariant; see 
Pauli, Jordan [9]. Introducing the operators S by 

(3.16) S(i,?) = S(®,<), 

one can infer from the representation (3.13) that the relation 

(3.17) VjS(£', t) - S(^", <)VjB(^', t) = -id{£' - £") 

holds. 

Note that the operators S and S have only symbolic meaning; the symbolic 
operator E refers to integration over l^e x-space, t = constant, while S(£, i) 
refers to integration over the f-space, t = constant. The identification (3.16) 
would thus be meaningless if it were taken literally. The proper definition of 
the operator S is of course given by defining the linear functional / S{£, t)y(£) d£; 
this functional can be defined by expressing x and t in tenns of £ and t in the 
ri^t hand member of expression (3.12), multiplying the result by y(:£), and 
int^ating with respect to ;£. 

4. The Energy Integral 

The solution of the wave equation (3.1) was expressed in terms of the 
initial data through relation (3.12), in the same way as if the quantity E(x, t) 
were a proper function. It is a most remarkable fact, to which thex'e is ap¬ 
parently no coimterpart with the wave equation for proper functions, that the 
solution E(x, t) can be expressed in a completely different manner in terms of 
the initial data. There is a unitary operator U{-£), which depends on the initial 
data S(x) and n(x), such that 

S(x, 0 = U-\€) S(x)U(i). 


(4.1) 



QUANTUM THEORY OP FIELDS 


21 


Specifically, there is a spectrally representable operator J such that 

(4.2) Uif) = exp {—itJ}. 

For many purposes it is more convenient to Avork with a representation of the 
operator Sfa:, <) of the form (4.1), rather than with the expression (3.12). 

In order to derive relation (4.1) it is sufficient to verify the differential 
relation 

(4.3) V«S(a:, t) = iJS(x, t) — iS(x, t)J. 

An operator J which satisfies this relation formally is given by the energy 
integral. If S(x, t) were a proper function, the integral 

(4.4) Hit) = I / {(V,g)“ + (V20“ + dx 
would be independent of the time, 

(4.6) Hit) = HiO) = H, . 

Here 

S = Six, i), 

(4.6) (VS)* = (V.S)* + (V,S)* + (V.S)*, 

and tlie integration is to be extended over the whole a>-space. The relation 

{V,SV?S + VSV.VS + m’SV.S} dir 

= J V*S{ V?S - V*S + m‘S} dx = 0 

IS immediately verified if one assumes that the integrals which appear at infinity 
after integration by parts vanish. It is naturally tempting to introduce the 
integral H also in the present case in which Six, t) is a symbolic operator and 
to adopt the statement that this operator S is constant in time. If this were 
permitted, remarkable commutation relations would hold. From relation 
(3.14) we would first derive 

iV,Six', 0)*S(a", i) - Six", t)iV.S(x', <))* “-2iV,S(x', <)«(*' - 
iSix', 0)*S(»", 0 - Sis", t)(Six', i)y = 0, 

(V'S(x', t))^Six", 0 - Six", i)iV'Six', /))» = 0 


(4.7) 
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and then, from (4.4), 

(4.8) {) — H{{)S(x, {) = —iVtSix, i). 

This relation would be identical with relation (4.3) if one could set 

(4.9) = 

Thus,' if the operator H existed and satisfied the relations (4.5, 4.8), derived 
formally, the useful representation (4.1) of the operator S(x, t) would be valid. 

The integral (4.4), however, is meanin^ess as it stands; the operators 
Vj S and VS have only a symbolic meaning and hence the operators (V<S)* 
and (VS)* are meaningless and, indeed, cannot be given any meaning. 

Disregarding the fact that the operator H ie a priori meaningless, one 
mi^t, nevertheless, try to find a spectral representation of it. This has been 
done imder the assumption that the field is enclosed in a box; the result was that 
the operator has a pure point spectrum, each eigenvalue having the value 
infinity, see e.g. Wentzel [4, p. 35]. Consequently, the only meaning that can 
be given to the operatOT H is that it transforms every state into infinity. This 
result should not be surprising. 

What might be surprisiag is that there is an operator closely related to H 
which can be given a proper meaning, which is also constant in time, and also 
satisfies relation (4.2) when taken as operator J. An operator of a similar 
kind was first introduced by Landau and Peierls in 1930 [ 12 ], in a slightly 
different context. 

In order to describe this operator, for which the notation H will be reserved 
from now on, we must first introduce the square root of the differential operator 
— V* + M*. This can be done by using a spectral representation of the operator 
—V*, as fumidied for example by the representation of the functions yix) 
throu^ their Fourier transforms. Using the inverse transformation, the result 
can be expressed as an operator acting on a function 7 ( 0 :). For ^ = 0 we thus 
find 

(4.10) (-V*)-*'*7(®) = (2ir*)-‘ f \x-x’ r* 7(*0 dx'. 

One may, of course, justify this formula directly. First one should verify the 
relation 

(4.11) (-V*)-^^*(-V*)-'^V(*) - (4r)-‘ f \x-x' r*7(»0 dx' 
or, symbolically, the relation 

(4.12) (_V*)-‘»(-V*)-«* = (-V*)-*, 
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in order to make sure that the operator defined by (4.10) is a square root of 
(—In order to make sure that this operator is the positive definite 
square root, one should, secondly, show that the operator defined by (4.10) is 
positive definite. We shall not do this here. 

After having introduced the operator (—by (4.10) one could define 
the operator (—by 

(4.13) (-V®)’''® = (-V®)"'^®(-V®). 

The operators so given are to be applied to arbitrary functions 7 ( 3 ;) which 
possess derivatives of a sufficiently high order and vanish sufficiently strongly 
at infinity. ’ 

The operator (ju® — V®)“''^* can similarly be introduced as an integral 
operator and then one could defibne 

(4.14) (m® - V*)‘/® = (m® - V®)"‘'®(i«® - V®). 

The appropriate operator H can now be described formally; it is 

H = I / {(iu® - t) - tVcBix, t)} 

(4.16) 

• {(/ - V®)'^®S(a:, t) + iV,S(x, t)} dx. 

This expression involves first the application of the operator (m® — V®)'"^* and 
V( on the operators 2(x, t) considered as functions of x and t. The meaning 
of such an application coxild be explained easily; with reference to operators 
closely related to S(x, t) this will be done in Section 8, see (8.26). Secondly, 
the expression (4.15) involves the product of two symbolic operators. Althou^ 
such a product has a priori no meaning, the operator H, which we shall call 
the operator of the “intrinsic energy”, can be given a precise and proper meaning 
in a rigorous fashion. This will be done in Section 10. 

In a formal manner w'e shall now compare the operator H with the operator 
ff and prove that il is constant in time. 

Carrying out formally the multiplications in the integrand of expression 

(4.15) we find 

H = I / [(/X® - V®)’"®E]® dx + lf (V,g)® dx 

(4.16) 

+ I / {(m* - V®)’^®gV,S - V<S(m® - V®)‘^*H} dx. 


In view of the formulas 
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(4.17) J (m* - VT^'S-S'” dx = f S-(m* - (&, 

I (m® - dx = f SQ^ - V®)S <&, 

-j S-V^Sdx= J (VS)Ux, 

we realize that the first tw'O contributions to the expression (4.16) for H are 
fonnally just equal to the expression (4.4) for H. 

From the commutation relations (3.14) one should ha-ve 

(a® - V®)^^®S(a:, i)V.g(a:, 0 - V,g(a:, f)(M® - V®)‘'*g(a:, t) 

= zG«® - V®)'^*S(x - z) = i(M® - V®)''®«(0). 

If the right hand side here had a meaning, its value could only be infinite. Never¬ 
theless, one may say that the formal expression obtained for it is independent 
both of the choice of the operators g(z, f) and of time. Accordingly, one is 
inclined to say that the last contribution to the expression (4.16) for JST is an 
infimte constan'^ the so-called “zero-point energy”. Since, as was stated above, 
the expression H is also infinite, one might say that the operator H, shown to be 
finite in Section 10, represents the finite part of the energy operator 3 . 

The operator H is occasionally mentioned in the quantum physical litera¬ 
ture, but its importance is not emph^ized strongly. One of the doubts that had 
been raised concerning the idea that the operator H, instead of 3 , should repre¬ 
sent the total energy, stemmed from the fact that then the energy density, i.e. 
the integrand in the expression (4.15) would no longer depend only on the local 
values of the field quantity g and its derivatives. This objection is not quite 
convincing; after all, more fundamental features of classical physics had to be 
abandoned in quantmn theory. Certainly, the two fundamental properties of the 
energy are preserved, when H is adopted as energy operator J, viz., its constancy 
in time and its role in the formation of the unitary operator U(t) which governs 
the time change of the field operator g. 

In a formal manner it is easy to prove the constancy of the operator H 
directly. Indeed, using the differential equation (3.1) and identity (4.17) we have 

[(/*“ - v®)‘'®{ -iv,s -I- (m® - vr®s}-{0x® - V®)'^®g iV.S} 

- {Gt* - vy'^8 - iv.g} -(m® - V®)^"®{iV,g + (m“ - v®)*"®}g] dx = 0 
Belation (4.3) is also easily verified; for, the relation 
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{( m ® - Vy'^Six', t) =F iV.S(a:', t)W, t) 

-S(x", - Vy'^Six', t) =F iV,S(a:', <)} = =F5(a:' - a;"), 

which follows from (3.14), entails the relation 
{(/*" - t) - iV.SCa', <)} 

•{(/**- «) +fV.S(®', «)}g(*", 0 

- S(»", i) - iV.SCa:', <)} 

• {(m* - V*)’'*E(a:', t) + iV,g(a:', t)] 

^ -2iV.S(x', t)h{z' - *"), 

and hence (4.3). 

5. Motivation of the Configuration Space Representation 

Operators related to the operators (p - V®)’''®S(*) =F tn(a:), which enter 
the definition (4.16) of the energy operator H, will play a basic role in the subse¬ 
quent sections. In particular, we shall employ the operators 

(5.1) A^ix) = 2-‘^»[(m‘ - ^y'*Six) =F zV - Vr^'^nix)]. 

One of the advantages in working with these operators results from the fact 
that they satisfy the simple conamutation laws 


(6.2) 

A-(,x')A*(,x'') 

- A*Xz")A-(x') = Six' - X"), 

(5.2)* 

A*ix')A*(x'') 

- A\x")A\x') =0, 

(5.2)- 

A-(.x')A-(.x'') 

- A-(x")A-(x') = 0, 


which follow immediately from relations (2.1). With the aid of the operators 
.4*(x) the operator H can be written in the form 

(6.3) H = / A"(»)0u* - vy'U-(x) dx. 

For many considerations it is more suitable to work with the operator 

(5.4) f A*iz)A-(x) dx. 

In fact, by investigating the properties of this operator JV one is naturally 
led to the representation of the states # which will be the basis for the con- 



26 


K. O. FRIEDEICHS 


siderations of the subsequent sections; see Becker and Leibfried [15]. First we 
note that the operators A*ix) and A~(x) are conjugate to each other so that 
the operators A*(x)A~ix) are non-negative. The same is therefore true of the 
operator N. No eigenvalue of this operator can therefore be negative. 

Now we pgg'iTnft that there is an eigenstate # of the operator N with the 
eigenvalue ij so that 

(5.5) 

With the aid of this state $ we shall construct an eigenstate of N with the 
eigenvalue zero. Suppose $ itself is not such an eigenstate. Then we form the 
state 

( 5 . 6 ) = A'(xi)<^. 

Certainly, the value of a:, can be so chosen that 5 ^ 0; for, if A"(®)# = 0 
for all values of x, also = J A*(x)A~(x) = 0, contrary to assumption. 

To be precise we should have defined the state by 

(5.7) 4'“’ = j gi(.x)A~ix) dxi, 

with an appropriate function gi{x)’, for, A"(a:i) is not a proper operator. We 
then should have shown that 17$ = 0 if these states vanish for all choices of 
the function gi{x). Since the present consideration is only heiuistic, we shall 
not cany this through. 

We now apply the operator N on the state defined by ( 5 . 6 ) and deduce 
from the commutation rule (5.2) the relation 

(5.8) 17$“’ = {v- 1)^‘", 

which implies that the state $“’ is an eigenstate of 17’with the eigenvalue 1 ? — 1. 
Continuing the argument we find a sequence of eigenstates $“’ with the eigen¬ 
values, ij — V,»» = 1, 2, • ■ • . This sequence can end only if one of these eigen¬ 
values is zero. If that were never the case, negative eigenvalues would occur, 
which p impossible as mentioned above. Therefore, the existence of an eigen¬ 
state $ with the eigenvalue zero is deduced from the assumption that some 
eigenstate exists. 

From one such eigmstate $ with an eigenvalue zero a manifold of eigen¬ 
states with the eigenvalue n can be constructed by a simple process in which 
the operators A'’'(a:) are used. To this end one chooses functions 7'„(x, , • • • , x,) 
of n variables Xi, • • • , x^ and forms the state 

(5.9) ^" = / ■ ■ ■ / ) • • • > ic»).d‘’'(a:i) • • • A*(a:„) dxi ••• dx^i, 

n> 0, $0 = 7'o$, n = 0, ^0 being any number. 
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Because of relation (5.2)* no generality is lost by assuming the function 

• , a^,) to be symmetric in a:, , • • • , ; i.e. to be invariant under all 

permutations of these variables. 

From the commutation rules (5.2) one easily derives the relation 

(5.10) iV#« = , 

which shows that is an eigenfunction of N with the eigenvalue n. 

Evidently, the state is completely characterized and, more specifically, 
represented by the function ^,(®i , • • • , a:,). 

Quite generally, any state which can be written as a superposition 

(6.11) 

of states of the type (5.9), is represented by the number and the sequence of 
fimctions V'i(a5i), , X 2 ), • • • . We express this fact by writing 

(5.12) $ <-»• {(^-0 , ^i(xi ,Xi), • ■ ■}. 

This is the “configuration space” representation, given by Landau and Peierls 
[12] and by Fock [13], which will be the basis of the considerations in the subse¬ 
quent sections; it will later on be reached from a different starting point. 

It may be mentioned that a representation of the form (5.12) could also be 
deduced in a similar fashion if the commutation relations (6.2), (5.2)*“ are 
modified by substituting the plus sign for the minus sign in their left members. 
The only difference would be that without loss of generality the functions 

• , aj„) may be assumed as antisymmetric, i.e. as invariant under odd 
permutations. 

The discussion in this section is, of course, only heuristic and serves mainly 
to motivate the notions introduced later on. Nevertheless it seems likely 
that this discussion could be made rigorous by employing arguments of the type 
Rellich [21] used to prove rigorously the essential uniqueness of operators p and 
q which satisfy the commutation law pq — qp — i. By such arguments it should 
also be possible to justify the assumption on which the present discussion is 
based, that the operator N has only point eigenvalues if this operator is defined 
at all. At the same time, it should be possible to establish the essential unique¬ 
ness of the representation (5.12). 

The assumption that the operator N is defined was essential in the preceding 
discussion. As will be shown in Part IV, there are other realizations of operators 
A* satisfying the commutation rules (5.2) in rvhich the operator N is not defined. 
In other words, there are different realizations of field operators g and II which 
satisfy the commutation rules (2.1). However, only in the realization in which 
the operator N is defined is it possible to describe the states of the field in terms of 
particles. It seems that this is the realization that corresponds to most experi¬ 
mental situations. 
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Part IL Particle Representation 


6. Biquantization 


The explicit representation of the field operators, such as 2(a:), IT(a:), and 
H, to which we have referred in the previous section will be given in connection 
with a functional representation of the states which, in particular, can be set 
up so as to yield a spectral representation of the energy operator H. It wiU 
be seen that this representation can be described in terms of the spectral repre¬ 
sentation of an operator JV, already mentioned in Section 5, which commutes 
with H, and which has only the point eigenvalues » = 0, 1, 2, • • • . If the field 
is in an eigenstate of this operator N, associated with the eigenvalue n, one 
may say that the field consists of n particles. Accordingly, we shall also speak 
of a particle representation. 

A natural approach to the particle representation, different from the ap¬ 
proach described in Section 6 , consists in starting with the quantum theory of 
a single particle and then developing the process of second quantization or, as 
we prefer to say, of “biquantization”. 

In the following discussion we make extensive use of the notions of func¬ 
tional and spectral representation which were indicated at the end of the intro¬ 
duction; we shall sli^tly modify the notation in order to adapt it to the specific 
needs of our present problems. 

We denote by S any complete system of commuting operators which corre¬ 
spond to observables associated with the particle. The eigenvalues of the 
op^tors 8 will be dieted by s. Of course, the symbol s here stands for a 
fimte set of numbers, just as the s 3 unbol S stands for a finite set of operators. 
The state ^ of a sin^e particle may then be represented by a function 
In order to complete the functional representation an appropriate measure 
function m(S) of sets S in the s-space must be given so that the manifold of 
the representers of the states consists just of those functions vE'W for which 

/ I ^(s) 1“ dm(s) < 00. 


The Hilb^ state of states *4^ be denoted by @ and the manifold of repre- 
senters ^(«) by ^ 

The inner product of tiro states ^ and in ® is expressed in terms of 
these representers ^(s) and f ‘ ’(s) by 




Of course, the function m is a probability amplitude. More specifically, 
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the probability that a measurement of the observables S will yield a value s in 
a set S is just /* 1 ^(s) |® dm{s). 

The system of observables S may, for example, consist of the position 
X = {Xi, X2 , X3} or of the momentum K = {Ki, K2, Ks] . In that case we 
speak of a position or X-representation, or of a momentum or X-i’epresentation 
respectively. 

For a fidd enclosed in a box the variables s may be chosen to be any system 
of “quantum numbers”; here a quantum number is any label used to characterize 
the eigenstates of the energy. 

We shall find it converdent to call the variable s the “quantum variable” 
whether it stands for some physically measurable quantity such as position or 
momentum or is used as a label. 

Let A be any operator acting on states ‘9 of the single particle. We assume 
this operator to be Jlermitian and, moreover, to be spectrally representable 
(see the end of the introduction) in a dense subspace &' of ®. The subspace 
of ^ corresponding to ® will be denoted by S:'. 

Corresponding to the representation of the states ^ in © by functions i^(s) 
in If, the operator A is represented by a functional operator acting on functions 
in As explained at the end of •^e introduction, we find it convenient for 
our purposes to denote this functional operator simply by A® so that the repre¬ 
sentation 

(6.3) 'Sf4^^(8) 

of states 'I' in © by functions in entails the representation 

(6.4) Aif-A®V'(s) 

for 'i' in ©' and ^(s) in If'; we called the fimctional operator A® the representer 
of the operator A. On occasion we find it convenient to write A* instead of A®. 

Of particular importance is the case that the operator is a function of the 
operators S, 

(6.5) A = X(>S). . 

In that case the state A^^ is simply represented by the function X(s)\f'(s), 

(6.6) \{S)^ X(8)t^(s). 

The space if' can then be precisely characterized as the space of all those func¬ 
tions i/{s) in if, for which 

(6.7) J I X(s) 1 * 1 iA(8) 1 * dm(s) < co, 

The representation ^ *-♦ i^(s) may be said to yield a spectral representation 
of the operator A. In fact, the functions 
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rp(s) = c, c = const. for s = s', 

( 6 . 8 ) 

l^(s) = o', , for s 9 ^ s', 

are tten eigenfunctions of the operator A® with the eigenvalue X(sO) since they 
satisfy the relation 

aV(«) = \( s ')^(8) 

as seen from (6.4, 6 . 6 , 6 . 8 ). The eigenfunction ( 6 . 8 ) may be proper or improper. 
It IS proper if the measure m(S) of the set S diffeip from zero when the set S 
consists only of the point s = s'; we then say, m(S) has a "jump” at this point, 
m that case, the function ( 6 . 8 ) belongs to the space SS and represents a state in 
®. If OT(S) has no jump atthe function ( 6 . 8 ) does not belong to « and hence 
does not represent a state in @. Incidentally, all eigenfunctions of A® belonging 
to the eipnvalue X are linear combinations of the eigenfunctions ( 6 . 8 ) for those 
values of s' for which X(a') = x. 

In order to exemplify the notions just discussed, let us consider the mo¬ 
mentum operator K. Its iiC-representation, of course, is = k, and its X- 
representation is 


( 6 . 10 ) 


= -iV = 

dx 


here V - 3/dx is the gradient. Properly the mommitum is P = hK; but we have 
assimed ft - 1 , Section 3. The operator corresponding to the kinetic energy 
of the particle will be denoted by a In general, we shall assume that Q is given 
by Emstein s expression (/iV -f- P*) ‘''“c or, because of c = ft = 1 , by 


( 6 . 11 ) 
see Section 2, so that 


Q = cc(K) = (;*» + I ir|=) 


|2\ 1/2 


(6-12) Q* = + I 

and 


(6.13) Q* = - v*)''". 

^re V* IS the Laplacian differential operator and ft is the mass of the particle. 
This enerp operator was adopted by Yukawa in his meson theory: it also 
^rre^onds to the absolute value of the energy of electrons and positrons in 
Dirac s theoty, (except that neither X nor K forms a complete set of operators 
in his ^eopr). Also the energy operator of photons is closely related to e.xpre&- 
sions ( 6 . 11 ),‘ in this case ft = 0 however. 

The time dependence of the state ’*'(<) in the Schrodinger picture, in which 
the operators X, K, 0 do not vary in time, is given by 

’*'(0 = exp 
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so that the time dependence of the representer is given by 

(6.16) ip(js, t) = exp {—0). 

In a momentum, representation this expression becomes 

(6.16) Hk,t) = exp {-Mk)}>Pik,0). . 

If a momentum eigenfunction ^(fc, 0) = c8{k — k') is chosen the function 

(6.17) ^(k, t) = exp {—it«'}c5(A: — k') 

represents a “stationary”, though improper, state. Here «' = w(fc') = 
(/t® + I A:' I*) If function ^J/Qc, 0) is quadratically integrable and vanishes for 
I A: — A' I < e, the function i^{k, t) represents a proper, but only approximately 
stationary, state. 

The next step to be taken, before biquantization can be introduced, is to 
consider an assembly of n particles. Such an assembly may be in a state 'i', 
represented by a function yl/Jsi ,■••,«») for which 

( 6 . 18 ) / ■ ■ ■ / I . • • • . s») r dmisi) • • • dm(s,0 < “ • 

The manifold of such functions will be denoted by and the manifold of states 
so represented by . For convenience we use the abbreviating notations 

(6.19) (Si , ••• ,«n) = (s). • 

dmisi) ♦ • • dni(s«) = d»i(s),. 

Accordingly, we set 

(6.20) lf’„(s, , • ■ • , sO = l/'n(s)n 

and write condition (6.18) in the form 

(6.21) j I lf'n(s)n r dm(s)„ < CO . 

The inner product of two states with the representers fn(.s)n and 

lA-i" (s) „ is then given by 

(6.22) ('5'n ,'®'”’) = / v^.(s).lA»”(s)» dm(s)„ . 

Any product 

(6.23) ^.(s)„ = \A“’(s.) •••f‘’*’(«») 

of n functions in evidently forms a function in . If the state '9?, of the 
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assembly is represented by such a product one may say that the first particle 
is in the state represented by the second in the state S?'®’ repre¬ 

sented by ^'*’( 5 ), and so on. Incidentally, the space can be shown to be 
the closure of the linear combinations of products (6.23). Of course, = Si. 

, Let A be a spectrally representable operator defined in a subspace ©' of 
@ and A® its representer defined in the subspace i?' of We shall introduce 
a dense subspace of the space of functions and define an operator, 
written as 

(6.24) S"A® = A®‘ -f ••• -f A®*, 

which is applicable to these functions. To define this operator and the space 
Mn consider first n functions ^‘“(s), •• • , ^{'‘“’(s) in Then the product 
^n(s)n = ^“’(si) • ■ • ^*“’(Sn) admits the operator S*A® defined by 

S"A®^„(e). = (A®‘^">(s,)) ••• ^'”>( 8 ,) -!-■•. + ^«>(s0 ... (A®-^‘">(s„)). 

Next we define the operator for all linear combinations of such products, and, 
finally, the space and in it the operator S*A® throu^ the process of closure; 
for this notion see v. Neumann [19, p. 75, 76]. Without proof we state that 
the operator S"A® so defined in the space MU is spectrally representable. 

Of particular interest is the case that the operator A is a function of the 
complete ^stem of operators S, A. = X('S). Then the space consists just of 
those functions i^'„(s)„ for which 

<6.25) / I r\(s) I® ,1 Us), r dmis)„ < «., 

and the operator S"A® transforms ^„(s)„ into 

(6.26) S’‘A®f„(s)„ = S“X( 8 )i^„(s)„ = (X (80 + . • • X(s»))fn(si ,•••,«„). 

As a special case we mention the operator of the total energy of an assembly 
of n particles. It is represented by the operator Z^Q®. If iS = If and 12 = 
this operator consists jvist in multiplying the function U^i > • • • , K) by 
«(^i) + • • • -|- w(fc„). It should be noted that the term total energy here refers 
to kinetic energj'' only and does not include the energy of possible interaction 
between the particles. 

The process of second quantization or biguantizaiion can now be formulated. 
It consists in introducing a new physical entity, called “field”, whose states * 
may be represented by a system of functions Us), in and a number ^0 , 

(6.27) ^^{^.,Msi),Us),,---\, 
for which 

(6.28) 1 ^0 I* -f- J I Usi) I* dmisO + f | ^.(s), j® dm(s), + ...<». 
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If the number Rud all the functions '• • • except ^»(s)n vanish we 

say the field is in a state in which it consists of an assembly of n particles; 

is then the amplitude of the probability that for these particles the ob¬ 
servables S will be found to have the values Si, • • •, s„. If all functions ^»(s)n, 
n == 1, 2, • • • vanish, but 5^ 0, we say the field consists of no particle, or the 
field is in the vacuum state. 

In the following it is convenient to admit the value 0 for n. Accordingly, 
we define i^o(^)o as the number 

(6.29) , l^o(«)o = 

and further 

(6.29) * / 1 ^o(s)« 1* djra(s)o = I lAo T- 

We Ihen write the representation (6.27) of the state # as 

(6.30) # ^ {UsU 
and give the inner product of $ and by 

(6.31) (#, $“>) = En / Jn(sUL^Xs)„ dm(,s)n . 

The Hilbert space of all tlie states # so represented will be denoted by 
The state with the representation 

(6.32) <->{••• 0,V'„(5)n,0 

will also be called the jv-th component of the state $. 

The representation (6.30) is certainly a functional representation of the 
type described at the end of the introduction. The independent variables are 
n, Si , St . In order to describe the measure of a set S in the space of these 
infinitely many variables, let S, be the intersection of the set S with the manifold 
s,+, = 8,+* = • • • =0, and let S(n — v) = 1 forn = v, =0 for n 9^ v. Then 
the measure of S is 

m(S) = d(n — O)m(So) + S(n — l)m(Si) -b • • • . 

Here »n(So) == 0 if So is empty, =1 if So is the point s, = s* = • ■ • =0. 

There could be no doubt how one should define the operator which acts 
on the states of the field corresponding to an operator A which acts on the 
states '5' of a single particle belonging to a subspace of @. Let be the 

subspace of $ consisting of those states whose representers ^„(s)„ belong to 
the states .ffi and for which 

53n f 1 2l"A®i^„(s)„ 1* dm(s)n < «> ; 


( 6 . 33 ) 
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here the summation runs over 0, 1, 2, • • • ; by we mean 
(6.34) = 0. 

The operator [A] is defined as acting on the states # in through the repre- 
sentation 

(6.36) [A]$<-> {S”AVn(s).}. 

The operator [A] so defined is said to result from biguaniizciiion of the operator 
A. For appropriate functions /(X) of a variable X and appropriate states # the 
operator /([A]) can be defined by 

(6.36) /([A])$ ^ {/(S’’A®)l^„(s),}. 

For example, if the energy operator Q is a function u(K) of K, the energy 
of the field is defined by 

(6.37) ■«-> {0, M(fci)fi(A:i), (w(fci) + «(A:«))^2(i:i, ki), • • •}. 

In particular, the vacuum state, 

{ 1 , 0 , •••} 

is transformed into 

[a]#o = 0; 

in other words in the vacuum state the field has the energy zero. 

We further note that the representation of the time dependent Schrodinger 
state 'l>(0 is given by 

(6.38) $(<) = exp {-it[J2]}4>(0) {exp {-f<S“«(*))l^,(&)„}. 

It should be recalled that the operator [i2] can be adopted as the coirect energy 
operator only when the particles do not interact with each other. 

The operator [1] resulting from biquantization of the identity is called N, 

(6.39) N = [1]; 
this operator is evidently represented by 

(6.40) {0, fi(si), ,•••} = {#„(s)„}. 

The particle representation (6.30) therefore yields a spectral representation of 
this operator N with the eigenvalues n = 0,1, • • ■ . The particle representation 
will also be called an W-representation or, still more specifically, an (JV,/S)- 
representation. 

The (iV',X)-representation is apparently the same representation to which 
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we were led by the discussion of Section 5, see (5.12). The (iV,X)-representation 
is frequently referred to as the repres^tation in the ^‘configuration space’\ 
It is suggested in the early works of Dirac and Heisenberg but apparently first 
mentioned explicitly by Landau and Peierls in (1930) [12]; it was discussed in 
detail as the basis of a representation of fields and of second quantization by 
Fock [13]. 

We must discuss an impoi*tant additional restriction on this representation. 
It appears that in nature assemblies of particles and fields do not occur in states 
having all possible iST-representations of the type (6.30); they occur only in 
states having iV-representers belonging to two separate manifolds. 

The first manifold of these representers consists of functions ^n(si , • * • , Sn) 
which are symmetric in the variables Si , • • • , ; i.e. they are invariant under 

any permutation of the order of the variables Si , • • • , §« . Particles are called 
“bosons’^ by Dirac if any assembly composed of similar such particles can be 
only in states represented by symmetrical representers. Fields of an undeter¬ 
mined number of such particles will be called boson fields. 

The second manifold of representers of the states of an assembly of n 
particles ypni^i > • • • >0 consists of functions which are anti-symmetric in the 
variables Si , • • • , ; i.e. they just change sign under an odd permutation of 

the order of the variables Si , • • • , Sn and are hence invariant under any even 
permutation. If assemblies of similar particles occur only in states represented 
by anti-symmetric representers, then Dirac calls the pariicles fermions. Anti¬ 
symmetric functions can never be of the form j » O ” ^(5i)^(«2)r 
^n- 2 (s 3 ) * ■ ’ ) Sn)> which involvos the product of the same function of Si and 82 . In 
other words, the state of the assembly of n particles can never be such that it 
implies that two particles are in the same state. This fact is Pauli’s “exclusion 
principle”. Dirac [6] and Heisenberg [7] were the first to show the significance of 
the symmetric and antisymmetric representers. 

States represented by symmetric or anti-symmetric functions will them¬ 
selves be called symmetric and anti-s 3 nnmetric re-spectively. The two types of 
states leading to the two types of particles will play a major role in the discussion 
of the subsequent sections. It is to be noted that the absolute values of the 
representers for an assembly of bosons or fermions remain unchanged when any 
two arguments are interchanged. The individual particles are thus indis¬ 
tinguishable. 

?• Remark on the Occupation Number Representation 

The process of biquantization in terms of a pailiicle representation is often ; 
described in the literature in a different manner, first treated in detail by Dirac ; 
[8] for bosons and by Jordan and Wigner [10] for fermions. We stipulate for: 
this description that the spectrum of the energy operator be discrete. This can 
be brought about by assuming the field to be enclosed in a box. It is then; 
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natural to choose the operator S such that it also has a discrete spectriun con¬ 
sisting of simple eigenvalues s', t — 1, 2, • • • , and that, in addition, the energy 
is a function of S. The representers , • • • , O can then be described by an 
array of numbers (s'', • • • , s’'*); these numbers may be considered the coefB- 
cients of the expansion of the state ^ with respect to eigenstates of the system of 
operators S. Each such eigenstate is characterized by the set of numbers 
^ s'\ that the function in is either symmetric or anti-sym- 

m4rie, an eigenstate can be characterized solely by indicating, for every eigen¬ 
value s', the number n, of those values in the set s'', s'’, ,8'" which equa.1 s'. 

This fact is frequently expressed by sasdng that n, is the number of particles 
which are in the state (r) characterized by the eigenvalue s'; the ntunber n, is 
therefore called the “occupation number”. The representer ^,(s„) depends 
only on the occupation numbers, V'nCO , Wa, • • •) with ni rea 4- • * ■ “ w. 

Frequently, one also introduces the operator JV, which multiplies every eigenstate 
of S by the occupation number n,. Evidently, = IV', i.e. the sum of all 

operators N, is the operator N, whose eigenvalue in an eigenstate of S is the 
total number n of particles. From this point of view the operators N, are 
spectrally represent^, if the state # is represented by the set of function i', 

{f'(ni,nt, •••)} = ii'(nr)}. 

This representation is quite different from the iV-representation 
* , Sa , • • • , S«) } = {in(s)n} • 

In many descriptions of field theory a box is introduced artificially and then 
the somewhat more involved occupation number representation is employed; 
finally a limiting process is carried out by letting the box expand indefinitely. 
Such a procedure appears to be an unnecessary detour. For the problems of 
scattering and others of a similar type with which we are primarily concerned 
here, it is prrferable to use a description, such as the particle description, which 
can immediately be given for the infinite space. 

Nevertheless, there ai-e properties of a fidd whose formulation requires 
just the occupation nmnber representation.^ This is true of thermodynamic 
properties which are to be derived from the statistics of the eigenstates of the 
energy. Such eigenstates exist only if the field is enclosed in a box and, indeed, 
a thermodynamic notion such as the pressure, for example, requires for its defini¬ 
tion reference to the interaction between the fidd and a finite enclosure. 

However, the occupation number representation is not necessarily associ¬ 
ated with the “box”. In fact, an occupation number representation can also be 
set up if the spectrum of the operator S is not discrete. In particular the states 
of fidds in in fini te space can be described in terms of occupation numbers. This 


q owe the subsequent observation to H. E. Moses. 
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will be shown in Section 16. Such a description, however, involves peculiar limit 
processes which are not very easily handled analytically. 

It should also be mentioned that there are occupation number representa¬ 
tions which are not equivalent with a particle representation, because no operator 
N can be associated with them. This fact, alluded to at the end of Section 5, 
will also be discussed in Part IV. 

8. Annihilation and Creation Operators 

Suppose the state of the field, in the Schrodinger picture, varies in the 
course of time in such a way that every eigenstate of the number operator JV 
remains such an eigenstate. In that case the number n of particles in the 
field would not change and it would hardly be worthwhile to carry out the process 
of second quantization. The second quantization is, however, a necessity if 
one wants to describe situations in which a state which originally was an eigen¬ 
state of the operator N does not remain such an eigenstate in the course of 
time. Such a situation may come about due to the effect of e^ctemal forces 
which we have not yet considered. There is a non-vanishing probability that 
a measurement of the number of particles in the field at a later time will yield 
a value different from the original one. In other words, there will be a prob¬ 
ability that particles have been created or annihilated. 

In order to describe such transitions it is useful to introduce operators 
which transform an e^enstate of the operator N, associated with the eigenvalue 
n, into an eigenstate associated with the value n — 1 or n -1- 1 respectively. 
Such operators are called annihilation and creation operators, respectively. 

In particular, following Fook, we introduce an annihilation operator .4“(s0^ 
assigned to an arbitrary value of the parameter s', by stipulating that it trans¬ 
forms the state #, represented by (6.30) through 

(8.1) #■«-»• {i^'o , , ^»(si , • • • , Sn-i , O) • • •} == 

into the state 4"(s')#, represented by 

!-(«')$ 

(8.2) <-> lh(?'), 2‘^V»(si , «0, in + l)‘'V.«(si sO, • ) 

= {(n + l)'''V»+i(s)»(sO}- 

Here the quantity ^„+i(s)n(«0 is defined by 

'l'n*lis)n(s') = lf'«+l(Sl , Sa , • ■ • , Sn , «')• 

The reason for inserting the square roots will become apparent later on. 
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It is to be noted that the operator A "(s') preserves the symmetry prop¬ 
erties of the represented for boson and fermion fields; that is to say, if the state 
$ has as its representer a symmetric or anti-^ymmetric function, the state A~(s') $ 
will have as its representer a symmetric or anti-aymmetric function respectively. 
The vacuum state, ^ 0, 0, 0, • • •}, is evidently transformed into zero 

by 

(8.2) o A"(sO$o = 0. 

This relation is on occasion used to characterize the vacuxim state. The one- 
particle-state {0, ^i(si)i 0) • is transformed by the operator A "(s') 

into the state (s') $o, which depends on the choice of the value s'. The number 
(sO, however, need not be finite for aU values of s'; for, the function 
was required merely to be in Si, i.e. to be quadratically integrable 

J I lAi(si) I* < 00. 

The same remark applies, of course, to the representers {^,+i(s)„(s')} which we 
get by appl 3 nng the operator A"(s') to the state <-»■ {V'n(s)n}. For this reason, 
we must regard A" (s') as only a symbolic operator. 

The symbolic operator A" (s') can be defined properly in terms of associated 
linear forms. Let g(s) be any function in i.e. one for which 

(8.3) J 1 fir(s) 1 “ dm(s) < co . 

'The state in the space ® which this function represents will be denoted by g; 
the state represented by the complex conjugate function g(s) will be denoted 
by g. Then we define the operator 

(8.4) A~{g\ = J g(s')A~(s') dm(sO 


by the representation 


(8.5) 


A"{ff}4> = J g(s')A"(s') dm(s')il> 

^ {(n + 1)'"* f K«0’An«(s)n(s')dm(s')|. 


Clearly, the function f fl'(s')V'„+i(s),(s')dm(s') of (s)„ lies in the space St„ , and 
therefore the operator / fi'(s')A"(s') dm(s') is defined in a dense subspace 
^1 of The operator A"(s) is defined symbolically. 

Thus we have met a symbolic operator defined in a strict way. The class 
of arbitrary functions ^tering the associated linear form is here well specified; 
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it is the class of functions g{s) which are quadratically integrable with respect 
to an appropriate measure function m. 

We proceed to determine the adjoint of the operator A“(s). It is 

defined t^ou^ the condition that the operator 

(8.6) A^g] = f g(s')A*i^) dmis') 

be the adjoint of the operator A~\'g\, or simply by the condition 

(8.7) ($'‘>, A^(sO^) = (A-(s')<>‘", ^) 

. with arbitrary $ in More properly, A*(s) is defined by 

(8.8) (#»>, A^{i7}#) = (A-{^}$'”, $). 

We shall see that it will make a difference whether or not we restrict the 
Hilbert space § of states $ by symmetry or anti-symmetry conditioirs on their 
representers. 

We first introduce the symbolic function S(s' — s) by means of the identity 

(8.9) J f(.s)S(s' — s) dm{s) = /(s')* 

Note that this 5-function is more general than that of Dirac since it refers to 
a more general measure function m. If, for example, the spectrum of s is purely 
discrete, 5(s) is a “proper” discontinuous function. 

Next we infer from relation (8.7) that we can write the expression 
(#“’, A*(s')'i&) in the form 

($'”, A*(s')^) = I2(n+iy^’‘ f V'»Vi(«)n(s0i^»(s)»d9re(s)„ 

n 


= S (« + 1)^'* fj if'l+i(s)n+iS(s' — s,+i)i^.(s)„ dm(s)n dm(s)„^.i 

( 8 . 10 ) 

= 2 (« + f \A»Vi(s)n+i5(s' - Sn+i)Ms)ndm(s)„+i 
= f ^y\sXS(s' - Sn)lf'n-l(s)„-i dm(s)n . 

Here and in the following we should set = 0. We must make use of the 
arbitrariness of tire function (s)n . Note that it does make a difference here 
whether or not the representers (s)„ have symmetry properties. 
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If we do not make any symmetry restrictions on these representers we may 
infer from (8.10) the relation 

If the representers are to be symmetric, the state is represented as 

(8.11) 5, S(s' ~ 

Sy /(«)„ denotes the symmetric part of the function /(s), obtained by dividing 
by nl the sum of the functions which result by all permutations of (si , • • ■ , aJ 
from/(ai, • • • , s„). Thus .4"^(a')# is represented by symmetric fimctions. 
Similarly, if we wish to use only anti-symmetric functions, we have 

(8.11) 5., A*(sOi><-> {Asj/- a 0 T^,_i( 8 )„_,}; 

Asy /(8)„ indicates the anti-symmetric part of the function /(s)„ obtained by 
dividing the alternating sum of all fimctions resulting from permutation of the 
variables Si, Sj, • • • , a„ by n!; the term alternating indicates that these functions 
are to be taken with the positive sign if the permutation is even and with the 
negative if it is odd. 

Note, in particular, that the, stipulation = 0 expresses the fact that 
the 0-component of ^■^(sO^ vanishes for either fermions, bosons, or non-sym- 
metrized particles. 

(8.11) „ (4l^(a0^)o = 0. 

Since the operator 4. *^(8) transforms a number eigenstate corresponding to 
n particles into one for n + 1 particles, 4.'^(8) is called a creaHon opercAor. Of 
course, 4.'^(s) is a symbolic operator; in a sense it is even more so than A~, 
ednee its definition involves the introduction of a 8-function. With tire aid of 
a function g{s) in ^ we can form the proper creation operator 

(8.12) ^*{ 9 } - J 9 (s')A*( 8 ') dm(s') 
with the representation 

(8.13) s, A*[g]^ Sy g(8^fn-i(s)n-i] 

for bosons, and 

(8.13) 5., {«*''* Asy p(s 0 ^«-i(«)»-!} 

for fermions. 

It could be shown that the operator A*{g) defined by (8.13) is closed in 
the same subspace $1 of the Hilbert space $1 as the operator A~ {'g}, and that 
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the two operators and A”{p} in this subspace are adjoint to each 

other in the strict sense of the theory of operators in Hilbert space. This fact 
could easily be derived from the identity 

11 II* =F 11 11 * = J I p I* dm(s), 

which follows from the commutation relations (8.16) or (8.20) to be derived later 
on. Incidentally, a similar statement does not hold for operators A* defined 
without symmetry or anti-symmetry conditions. 

Of considerable importance are the operators A (s')A” (s") and A“(s")A*(s') 
obtained by successive application of an annihilation and a creation operator. 
Of course, these products have only symbolic meaning and are associated with 
proper operators which are bilinear forms. 

In Ibie case of bosons the representation 

(8.14) A*(s')A“(s") 4> <-»• {n*''* Sy 5(s'- s»)i;'„(s)„_i(s")} 

is valid. In order to obtain a representation of the product A''(s")A'''(s') we 
note that by virtue of the symmetry of the fimction V'»(s)n , relation (8.11) s* 
can be written in the form 

A*(,a')^ [5(s' — s,)^n-i(s)»-i 

4- (n - 1) Syn-i «(s' - s„_,)^„_i(s),_s(s„)]|, 

in which %„_i indicates that the fxmction is to be symmetrized with respect 
to Si, Sa, • • • , s„_i, but not s„ . From relation (8.2) we then derive 

(8.16) A-(s")A*(s')# { Sis' - s")Us)n + n Sy„ Sis' - 8Ms)n~iis ")}. 

Subtracting (8.16) from (8.14) we find 

[A-(8")A^(sO - A*is')A-is")]9 ^ {Sis' - s")^„(8)4 = Sis' - s"){Us)n) 


or 


[A"(8 ")A*(s') - A^(s0A-(8")]# = 6 (s' - s")#. 

This relation can be written symbolically as 

(8.16) A-(8 ")A^(s') - A^(80A-(8") = Sis' - s''). 

It is remarkable that the number n does not explicitly occur any more. In 
fact, the reason for using the factor (n 1)*''* in the definition of A" given in 
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(8.2) was jiist to achieve this result. In addition to (8.16) we have the obnous 
relations 


<8.16)* ^*(s")^"(sO - A*(s0A*(s'0 = 0, 


<8.16)- ^-(s'0^"(s') - A-(sOA-(s") = 0. 

Eelations (8.16) were first explicitly stated by Dirac [8]. 

Next we discuss femuon fields, whose state representers are anti-sym¬ 
metric. From (8.2) and (8.1l)^.„ we immediately derive the relation 

<8.17) ^*(S')4-(S'0^ Asy S(s' - Sn)lA«(8)n-l(«")}• 

From the anti-symmetiy of ^.(s)» one can also easily derive the following ex¬ 
pression for the (n + l)-si component (4*(s0f')„+i of the state A*(s')^. 


<8.18) - s,+0lAn(s)» 

- n Asy^ S{s' - Sn)Us)n-i(s„^i)], 

in which Asy„ indicates that the function is to be anti-symmetrized with respect 
to Si , sj, • • • , s„ but not with respect to s,+,. Consequently, 

<8.19) A (s")A*(s')^ {^(s' - s'O^^-nCs)* — n Asy S(a' — s»)i^„(s),_i(s")}. 

From (8.19) and (8.17) one hnmediately deduces the relation 

<8.20) ^-«')^*(s0 -b A*(s')A-is") = Sis' - s")- 

Thus the commutation relation for fermions differs from tliat for bosons in 
the sign of tlie term 4* (s') A"(«"). In addition to relation (8.20) relations 

< 8 . 20 )* A*( 8 ")A*(sO + A*(s')A*(s") = 0 , 


< 8 . 20 )' 


A-(s")A-(s') -I- A-(s')A-(s") = 0 


These relations were given 


hold as is easily verified from (fi.ll)^,,, and (8.2). 
by Jordan and Wigner [10]. 

Let us return to boson fields and define operators g(s) and n(s) which in 
^e case tha,t s is taken to be x, have the properties required of the operators 
aix) and n(a:) formulated in Sections 1 to 4. Relation (8.16) is of the same 
tpe as the commutation relation (2.1) for the operators H(x) and n(ai). We 
tos see that it is possible to define symbolic operators in a rigorous way so 
■fcat such conmutation rules hold. The only difference so far is tliat the operators 

aix) and II(a:) are supposed to be Hermitian while the operators A-(s) and A *<■«■) 
are not. w \ y 
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Of course from the pair A'^(a) we can construct the pair of operators 

B(s) and Cis): 

<8.21) Bis) = 2-‘"*[A-(s) + C(s) = 2-^'H[A\8) - A'Cs)]. 

They are Hermitian in the space in the sense that the operators Big} and 
•C{g} are Hermitian provided the function g{s) is real. The closures of these 
operators are easily seen to be spectrally representable. 

From the commutation rule (8.16) we immediately derive the relation 

<8.22) C(s')5(s") - Bis")C(s') = -id(s' - s"), 

which precisely agrees with the rule (2.1) for s = x. In fact, in Section 9 we 
shall give a representation of the operators E(s) and n(s) in terms of B(s) and 
<?(s). 

At this place we must add some remarks about the behavior of the opera¬ 
tors A~(s) when a new representation of the states of © is introduced. Let 
such a state firet be represented by functions ^(s) of a manifold I?, and then by 
functions V(^s) of a manifold connected with the functions ^(s) by a linear 
transformation V, 

(8.23) V('s) = Vypis). 

The complex conjugate functions are then connected by a complex conjugate 
transformation, 

<8:^ '^('s) = Vf(s). 

In order that the operator defined by (8.4), be independent of the 

representation, it is necessary that the operator A"(s) be transformed according 
to 

(8.24) - 'A-('s) = VA-(s), 

while the operator A'^(s) must be transformed according to 

(8.24) * 'A*(fs) = 7A*(s). 

Thus, in order that be the adjoint oi A~{g\ independently of the repre¬ 

sentation the annihilation and creation operators are transfoimed in the same 
way as the representers and f{s) respectively. 

It is seen that the operators B(a) and Cis) given by (8.17), are not trans¬ 
formed into the corresponding operators, 'B{s'), 'C{s'), when ^(s) is transformed 
into V('s)) unless the transformation V happens to be real, 

(8.25) V =V. 

This fact is to be kept in mind later on. If 7 = 7, tlie variable 's will be said 
to be “related in a real manner” to the variable s. 
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We note, for example, that the position and momentum variables are not 
related in a real manner to each other. Occasionally, it is desired to employ 
variables s of which the energy is a function w == aj(s) of a variable s which is 
related to the position variable x in a real manner. The momentum k can then 
not be chosen as s, but other such variables can be found. For example, one may 
take the energy itself and appropriate angular variables. Also when the field 
is enclosed in a box we can find such variables since there are always real eigen- 
fimctions of the operator 

A second important remark concerns the application of operators on the 
annihilation and creation operators. Let A® be a Hermitian operator acting on 
functions ^(s) of the space Then we define the symbolic operators 
by the identity 

(8.26) I g(s)A^A^{8) = f A®(;(s)-A*(8) ds = 

involving an arbitrary function gf(s) in the space it'. We then say that the 
operators A^.4“(s) transform the state # into the states represented by 

(8.27) A"A-(s)$^{(n + l)‘'*AV,^.(8).(s)t, 

(8.28) A^A*(^$^{n'^*(®jjA^5(8-s„)^._.(8)„.j. 

In the first case we say that A® acts on the function \l/„+iis)„(s) only in as much 
as it is a function of s; in the second case we say that A^ acts on the function 
S{s — «,). Of course, the proper meaning of these expressions is defined by 
(8.26). We shall employ the definitions (8.27,8.28) in particular for the operators 
A® = (fl®)/'* and A® = (12^)-*^*. 

Using an (iV,jS)-representation of boson states we introduce tlie operators, 
see (8.21), 

(8.29) S(s) = (a®)-‘"'B(s) = (2a®)->^*A-(s) + (2$2^)-/M^(s), 

n(8) = (J2®)‘"’C(8) = -i(0V2)''®A-(8) + i(Q 72 )*'*A^( 8 ), 

assuming that the variable 8 is related in a real manner to the position variable 
*. Certainly, as seen from (8.18) or (8.16), these operators satisfy the same 
commutation rule 

(8.30) n(80H(s") - H(a'0n(80 = -i«(s' - s"), 

as the operators Six) referred to in Section 2. The reason why the operators 

(8.29) and not .the operators B, C are identified with the operators 11 and S of 
Section 2 will be explained in the next section. 
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9. Time Variation of Annihilation and Creation Operators 
and Representation of Fidd Operators 

It is easy to detennme the change of the operators and A*(8) in the 
course of time. We adopt here the Heisenberg picture in which the state does 
not vary in time. The state may then be represented by functions of the eigen¬ 
values of a complete system of commuting variables S associated with an initial 
time, t = 0. 

Let L be an operator acting on the states $ of the field representing an 
observable at the time t = 0. Let the energy operator associated with the 
field be [Q], defined by the representation (6.35) or (6.37). We assume this 
energy operator to be constant in time. In Heisenberg’s picture, in which 
operators are supposed to act on the fixed initial state 4>, the change of the 
operator 1/in the course of time is given by 

(9.1) L(i) = exp {ii[fl]}Lexp {—ii[n]}. 

Applying this formula, in particular, to the annihilation operator L — 
A~{s) using the representation (6.36) and (8.2), we find 

exp {—{exp [—it S'‘Q*}^„(s)«}, 


hence 

A“(s) exp {—{(a -|- 1)*''* exp (—it S’‘Q* — i<a'}i^„+i(8)„(s)}, 
and thus 

A"(8, {)<&•«-»■ {(n 1)*''® exp {i{S"0®} exp {—it'S'^f — i<a^}^»+i(8)n(s)}. 

Cancelling the first exponential function we find 

(9.2) A"(s, t)^ {(n -f 1)‘''* exp {}(/'„+!(s)„(8)}, 

whence, by (8.27), 

(9.3) A"(8, t) = exp I — itJ2®}A"(8). 

Conespondingly, we find for the creation operators the relation 

(9.4) A ■’■(8, 0 = exp {iiQ®}A'^(s). 

Thus it is seen that the annihilation operator in the Heisenbei^ picture 
dbanges in the course of time in exactly the same way as the state of a single 
particle, or its probability amplitude, changes in the Schrckiinger picture. This 
remarkable fact, together with the fact that the operators A'''(8) and •A”(s) 
are transformed in the same way as the representers V'(s) and ^'(s) respectively. 
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contributed to the misunderstanding which in earlier presentations led to the 
description of the process of second quantization as consisting in making an 
operator out of a state or a probability amplitude. It appears, though, that this 
misunderstanding has been a very helpful guide in setting up the equations of 
interaction between li^t and matter, in the form which is at present still 
accepted. 

For a boson field we introduced the operators S(s) and n(s) by relations 
(8.29) at the end of the previous section. Consequently, we deduce from (9.3) 

(9.4) the relation ' ’ 

(9.5) 3(8, t) = (2Q®)-*''® exp {-i<n®}iL-(s) + (20^)'*'® exp {«iQ®}^*(s), 

n(s, t) = exp {-f(Q®}4-(s) + i(fl 72 )‘"* exp 

In an obvious manner these operators can be differentiated with respect to the 
time t. The results are 

(9-6) V.g(s, t) = n(s, 0, 

(9.7) v.n(s, 0 =-(qYs(s, 0- 

Eolation (9.6)_ for < = 0 agrees with relation (3.3) when we set « = «; in order 
to achieve this agreement it was necessary to adopt the definitions (8.29) of 
Ae operators g(s) and n(s). Since (^f = - V* by virtue of assumption 

(6.13), relations (9.6) and (9.7) combined lead for 5 =: a: to the relation 

(9.8) (V? - V=' + M*)g(*, «) = 0, 

which agrees with the differential equation (3.1). Thus the definitions (8.29) 
are justified. 

In other words, it has been shown by explicit representation that there are 
field operators g and II which have the properties described in Section 3. 

For fermion fields it is also possible to introduce field quantities satisfying 
simple commutation rules. It is customary, however, and apparently with good 
reason, to use the operatora A~(s) and .^■'(s) themselves as the basic operators 
for descnbmg the properties of fermion fields. It is further customary—un¬ 
fortunately—to denote these operators by 4>(s) and respectively, although 
the interpretation of these operators as having resulted from a second quantiza¬ 
tion of probability amplitudes has been abandoned. 


10 . Trace Operators 

/O operators g(e, t) andn(s, t) is given by relations 

(9.5) with the aid of the unitary operator exp {t<[Q]}. Thus the operator [Q] 
plays the role of the operator J introduced in Section 4. In this section we 
shall show that the operator [Q] equals the specific operator H defined by (4.15). 
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The operator [S2] was derived from the operator Q through the process of 
biquantization described at the end of Section 7. As pointed out by Thomas [14], 
it is possible to describe the process of second quantization of an operator with 
the aid of the annihilation and creation operators A”(s), -4'^(s) without specific 
reference to the configuration space representation of the state (In special 
cases this process was already employed by Fock.) 

This is done with the aid of the notion of the “trace of a dyadic”. As a 
dyadic we want to understand here a symbolic function j{8', s") of two variables 
s', s" associated with a bounded fonn, linear in and in which is written 
as 

jj g^^\s')j(s',s”yg^*\8") dmis') dm{s"). 

For example, the gtymbolic function 8 (s' — s”) is such a dyadic associated with 
the bilinear form 

(10.1) j fl'‘”(8)p”’(s) dm{s) = JJ 8(s' — s")g”’(s')^'®’(s'') dm(s') dm(s"'). 

For certain such dyadics we can form the “trace” Try, symbolically written 
as 

( 10 . 2 ) Trj - J j(,s, s) dm(,s), 

in the following manner. Let u,(s), v = 1, 2, • • • , be a complete orthonormal 
system of quadratically integrable functions in Then we set 

(10.3) = J «»'(8')y(s'> 8'')«,..(8'') d«i(s') dmis") 
and define 

(10.4) Trj^^ J^jc, 

provided that the series here converges absolutely. It can be shown that the 
value of Trj is independent of'the choice of the orthonormal system; see e.g. 
[19]. 

Taking as measure function the set function ju which is equal to the number 
of positive integers in the set, we may write relation (10.4) in the form 

Trj - J 
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the ri^t member here is a special form of the right member of formula (10.2). 
Since the trace is independent of the choice of the coordinate i^ystem we may 
adopt just as well the notation (10.2), which refers to a representation in terms 
of an arbitrary set of operators 8. 

K the function j(s, s) is integrable with respect to the measure function 
m{s), the trace Trj is given by relation (10.2) when the right member of it is 
understood in a proper se^. We shall not prove this here, and also leave open 
whether or not the function j (a, a) is integrable. For the sake of simplicity we 
proceed in the following arguments as if this were the case; it is not diflScult to 
make the arguments rigorous by going back to the definition (10.4) of the trace. 

That not every dyadic possesses a trace is exemplified by the dyadic 
j(s', a") = 5(a' — s"). The components j„ with respect to an orthonormal 
system are evidently 

jot — jj Ks' ~ s")u,(s^uX^') dm(s') dwi(a”) = j m,(s)w,(s) dm(s) = 1 

and hence the trace is ®. On the other hand the dyadic formed by 

every product /'“(a')/'”(a") of two functions m ® evidently possesses a trace; 
the same is true for a finite sum and for certain infinite series of such products. 

We shall liow show how the trace operator may be used to describe the 
biquantization of operators. 

To this end we consider a spectrally representable operator A acting on the 
states of a subspace of the space @. For the following it is convenient to 
consider the operator A as the product of two Hermitian operators acting in 
appropriate subspaces 

(10-5) A = A]A2 • 

On occasion we shall set A, = A, Aj =» 1 or A, = 1, A 2 = A. In the following we 
write A* instead of A^, for, then we can distinguish between A*'g(s', s") and 
A* g(s', a''): the operator A*' acts on g(s', a") inasmuch as it is a function of s', 
while A*" acts on p(s', a") as a function of a". 

We now form the operators AJ''A"(s") and Al'A''(s'), see (8.27), and the 
dyadic 


($“>, ArA*(8')Ar'4-(s")«“’) 

with the aid of two states and In order to evaluate the trace 
f (#'*>, AJAXs)a;A-(s)#”>) dm{s) 

of this dyadic one need only verify that it can be written in the form 
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a;'4 V)a;"a-(s")^'“’) 

* Z n / 4'n\8)n a;' S(s' - s.)A‘'>„(fi)«\(s") dm(s)» 

= Z « f AJ' ^”>(s)„_.(sO a;”^"’(s).-x(s") . 

In the second line vSy and refer to bosons and fermions respectively; in 
the third line the synunetric or antis 3 mimetric character of the function is used. 
One now uses the definition (10.4) of the trace and verifies that the order of the 
sununations may be interchanged. The trace of the dyadic is found to be 

Z « f V'“’(s)„A;*AriA‘®’(s)n dm(,s)n = f dm(a)», 

n *f n J 

or, what is the same because of the symmetry or anti-symmetry, 

/ AU*(8)a;A‘(s)0 d»n(s) = Zn / i/'‘”(s)„( 2 “A*)iA"‘(s).dm(s)„ . 

By definition (6.35) of the operator [A] resulting from biquantization of A, the last 
relation can be written as 

ZV($'“, A*x'A^(sOa;’'A-(s")«"’) 

(10.6) ' = I (*'”, a;A''(s)AM‘(s)$"’) dm(s) 

= ($<’>, [A]#«>). 
or, symbolically, as 

(10.7) 7VAJ'A'"(s')AJ''A-(s'0 = J AJA»a;A-(s) dm(s) = [A,A,] = [A]. 

This formula shows that for bosons and fermions the process of second 
quantization of an operator A = A 1 A 9 can be described with the aid of the 
annihilation and creation operators without reference to the particle representa¬ 
tion. At the same time it is seen to be irrelevant how the operator A is split 
up as the product of two operators acting 011 A^( 5 ) or on A~(js) respectively. 

Specifyir® the operator AxA* to be the identity 1 or the energy operator Q 
we find, in particular, 

j A'^(8)A.“(s) dm(s) = [1] = N, 


(10.8) 
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(10.9) f A*(s)Q^A-(s) dm(s) = f dm(s) = [ 0 ]. 

One may naturally adi why one has not considered the “inverted” trace 

J AfA~(s)AiA*(8) dm(s) 

instead of the trace (10.7). It is immediately inferred from (8.16) or (8.20) 
and (10.7) that this trace would be equal to 

8 (0) J A® dm(s) ± [AiAj]; 

the first term here is infinite unless both the measure function m has a jump at 
s = 0, so that 8(0) is finite, and / A® dm(s) is finite. Since this will in general 
not be the case the “inverted” trace wiU generally be infinite. 

In the case of bosons, it is of particular interest to express the traces [1] = 
and [S 2 ] in terms of the operators S(s) and n(s) defined by (8.29). From this 
relation we first derive 

(10.10) A-(,s) = (Q®/ 2 )‘^*H(s) + i( 2 Q^)"‘'®n(s), 

A*(s) = (£2®/2)'^®H(s) - i(2fl®)"*/®n(s). 

Insertion into (10.8) and (10.9) gives 

AT = I / [( 0 ®)*'“ 2 (s) - t-(fl®)“''*n(s)][(S 2 ®)‘''S(s) + i(a®)"''*n(s)] dm(8) 

( 10 . 11 ) 

= I / (S2®)-‘[fl®g(s) - tn(s)][n®S(s) + in(s)] dm(s) 

and 

(i0.12) [^1 = 2 / “ in(s)][n®2(s) + in(s)] dm(s). 

Here we have made use of the fact that it is irrelevant whether the operator 
(Q®)'^® acts on the first or on the second factor. Setting 0 ^ = (m* — V®)‘^“, 
and n = V(S, the expression ( 10 . 12 ) agrees with the expression (4.15) for the 
modified energy operator H. Thus we have shown that the expression H for 
the intrinsic energy operator as given in (4.15) is the correct biquantized ^energy 
operator; it is to be taken as operator J instead of the energy integral 6 when 
time variations are to be expressed with the aid of a unitary operator exp {itJ}. 
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11 . Oscillators 

Frequently, the field is described as consisting of a manifold of oscillators 
see Dirac [2]. An oscillator with the mass m is a particle, characterized by a 
displacement operator Q, a momentum operator P and an energy operator 

where co is a given constant. The momentum and displacement operators are 
connected by the commutation rule 

PQ- QP = -i. 

The energy operator then has a discrete spectrum with the eigenvalues 
(v + l/2)«, *» = 0, 1, 2, • • • . In a Q-representation, i.e. a representation of 
the states by fxmctions fiq), the noimed eigenfimctions are Hermite functions . 

(11.1) exp 

involving the Hermite polynomials H ,. 

Instead of the energy operatoi-s given, one may consider the energy operator 

+ mcoV) - 

differing from the original one by a constant so that the eigenvalues of the new 
energy operator are jtist »>w, v = 0,1, • • • . By virtue of the commutation rules, 
the new energy operator can also be written in the form 

We can see now in which sense the field can be described as an assembly 
of oscillators. Suppose we choose a spectral representation of the energy 
operator Q, i.e. we choose tlie operators S such that is a function o)(8) of 8 
and that at the same time iS is related to the position Z in a real manner in a 
sense introduced by (8.25). According to relation (10.12), the field energy 
operator [Q] then assumes tlie form 

(11.2) = I / ["(«)2(s) - in(5)][«(s)g(s) + in(s)] dTO(s). 

To every value of s we now may assign an “oscillator” with the displacement 
S(s), the momenttim density n(.?), and the energy density 

M«(s)S(s) - in(5)][co(s)S(s) + in(«)]. 
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The commutation rule (7.7) for a' ^ a” expresses the independence of two 
different oscillators, while it corresponds to the commutation rule for P and Q 
for s' = a" = s. 

If the spectrum of the energy operator Q and of the parameter operator S 
is discrete, which will be the case if the held is enclosed in a box, the set of 
oscillators is discrete. In that case an eigenstate of the field may be described 
by saying that each oscillator associated with a value of s is in a state char¬ 
acterized by the “level” v = v(s) and has the energy j/(s)w(s). Incidentally, 
this level v(a) is just the occupation number in a particle description, i.e. the 
number of particles which are iu the eigenstate of the operator S with the eigen¬ 
value s; see Section 6. 

In case the spectrum of the energy operator fl is not discrete, such a de¬ 
scription is diflSicult since then the level v(s) mi^t have to change discon- 
tinuously, if w(s) changes continuously. Nevertheless, this is possible as will be 
shown in Part IV. 

Another obstacle in case the energy 0 does not have a discrete spectrum 
would seem to occur if one tries to employ a H-representation, i.e. a represents^ 
tioii of the states $ of the field in terms of functions of all the oscillator dis¬ 
placements H(s). This would in fact be the representation which was referred 
to in the first section. For a sin^e oscillator, the transition from an energy 
representation to a displacement representation is effected with the aid of the 
Heimite functions (11.1) depending on the level v. There would seem to be 
difficulties in case the level v — v{a) depended on a continuous paramet,er s. 
Nevertheless, as will be shown in the next section, such a S-representation can 
be given quite independently of the natiue of the spectrum of S by using an 
approach to the description of Hermite polynomials in which reference to the 
level is omitted. A description in terms of oscillators, however, is then no longer 
appropriate. 


12 . Hermite Functionals and Integration over the Hilbert Space 

The aim of this section is to establish a representation of states by func¬ 
tionals which yields the simultaneous representation of the field operators 
g(a!). In other words, the aim is to answer the question posed in Section 1. 
While we shall achieve this aim, in a certain sense at least, we shall realize, at 
the same time, that such a representation is not at all a suitable tool for the 
treatment of field quantum theory. In fact, in the discussion of the subsequent 
parts of this exposition we shall not at all employ this representation. We 
shall employ the particle representation instead. 

Let us consider the space Sin , introduced previously, which consists of 
functions of n variables /(«i , * 2 , • • • , «») = /(s)n which are quadratically in- 
tegrable with respect to a measure function, i.e. 
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( 12 . 1 ) 


j "• j I f(sy,S2, 


• • * > Sn) |* .<im(si) • • • dm{s^ 


= / I /(«)« I’ dm(s)n < ®. 


In particular we shall denote by 7i(a) real functions in the space St and by 
«*(si ,S 2 , • • • , Sn) = e„(s), symmetric functions in the space . The functions 
^nWn are called n-ics. For n = 0 the symbol eo(s)o means just a complex number 
eo . • 

With the aid of an e„(s)„ we can set up the form of »-th degree e„f«} 
defined by ’ 


«»{’?} ”/■■■/ j • * • » s«)’?(si) • • • ij(s„) dm(si) • ■ • dm(s„) 

( 12 . 2 ) 

= / ®n(«)»i7"(s)« dm(s)„ , n > 0 
and 


eoji?} = So . 


In an obvious way we extend the notion of a functional derivative defined 
by ( 2 . 2 ) so that it refers to integration with respect to a measure function m(S) 
We see that the functional derivative with respect to i, of the form e {»;} is 



«»{»;} = 


ie«M 

3i?(s) 


(12.3) -«/'•■/ e«(si , 8')r}(st) • • • i,(s„_.) d»ra(s,) ... dm(s„_,) 

— ^ / ®«(s)«-i(«0’7“"‘(s)»-i dm(s)n-i . 

The derivative k evidently a function of s' belonging to the space 

The operation of taking the derivative of an n-ia form may be considered 
as a method of constructing an (n - l)-ic form from an n-ic form. The re¬ 
sulting (n - l).ic fonn, however, is to be understood only in a symboUc sense- 
i.e. only the form ' 

“ *" // ««(«)*-i(«0n“"\«)»-iY(s0 dm(s),_. dm(sO 

has a proper meaning for functions y(s) in St. For, the (« - l)-ic 8eJn}/Sv(s') 
need not be a proper function of 

Next we consider an operation of constructing an (n -f l)-ic fnrm from 
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an form, viz. simply the multiplication of by 7i{s'). That is, ij(s')e»{i 7 } 
is an (n + l)-ic form obtained from the r^ic form As in the case of the 

(n — l)-ic form obtained by taking the derivative, the (n + l)-ic form ri(.s')e„{r]] 
is to be understood only in the symbolic sense so that only the expresmon 

(12.6) / dm(sO = J dm(sOe,{^} 

has meaning. 

Suppose a state $ of a field is represented by a set of symmetric functions 
l^'n(«)n = e«(s)« , in , n = 0, 1, • • • , with eo being a constant. Then we may 
just as well consider the set of fonns e^iri} with eo{’?} = eo as the representer of 
the state $. The (n + l)-ic form (12.6), for example, is derived in this way 
from the symmetric function 8y en(si , • • • , Sn)7(Sn+i)- Tlie effect of applying 
annihilation or creation operators on the state $ can then easily be described 
in terms of operations of these n-ic forms From relation (8.2) and 

(8.11)s, we deduce that the representations 

(12.6) 

^■^(80$ ^ {«'^*1j(s0e«-i{l7} } 

obtain, when # is represented as {en{i;}}. 

The representation of the state $ through these functioimls is equiva¬ 
lent to, but different from, the representation of through fxmctions f„(s)« . 

Instead of representing the state $ by a set of functionals, such as c„{i?}, 
we can represent $ by a single functional expressed in terms of a series of 
functionals In order to develop such a representation we shall introduce 

Hermite functionals. 

Fii’st we consider the second derivative 

f 1 _ 

sW')Kv) ~ sW')siv) 

(12.7) 

= n(n — 1) j ‘"j en(8i , • • • , «»- 2 , s')i?(si) • * • ’/(Sn-a) dm(si) • • • dm(.Sn-^ 


*= n(n — 1) J en(s)„^(s", y)’7""*(s)n-s dm(s)„-a 

of a form it is a function in Sa and can be considered a dyadic. We 
assume that the trace 
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of this dyadic exists. Ib represeots a form of degree n — 2. The correspondmg 
(n — 2)-ic fiinction may be written symbolically in the form 

n(n — 1) /* e»(8i, • • • , s»-8 , s, s) dm(s). 


We further assume that the second derivative of this (n — 2)-ic form in its 
turn possesses a trace which is a form of degree n — 4 written as 

(12.9) = ff dm(s')dm(s"). 

Moreover, we assume that all traces (Tr f/Sti*y c*{i}} exist as forms of degree 
n — 2p. Clearly, 

= 0 when 2p > n. 

We define as a general “Hermite polynomial” of degree n, assigned to the 
n-ic form the expression 

He„{ri} = en{ri} 

(12'l0) 


Before justifying this definition we formulate a few important properties of 
the general Hermite polynomials. 

We state that the Hermitian polynomials associated with the two forms 
Se^i'nl/Sriis') and are given by 


2-4 2-4-6(^ + ••• ■ 


and 

(12.12) H,(s08,{ij} = (17(8') - 

The firat relation is immediately verified from the definition (12.10) by using 
the identity 




Svis') V 5^7“ r' SvV Sriia') 

In order to verify relation (12.11) one need only make use of the identity 

■^) 'k) + 2p [tt e.{„}, 

which is easily established by induction. 
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Combining relations (12.11) and (12.12), we find 

(12.13) - (-iW 
From (12.3) it is evident that 

(12.14) =««»{’?}» 
whence from (12.13) the relation 

(12.15) / (^(a) - ^ dmmenlv] = nHeM 

follows. It is the basic differential equation satisfied by Hennite pol 3 momials. 

In order to justify our definition (12.10) of Hennite polynomials we con¬ 
sider the case that the space is finite dimensional so that the fimction ti{s) 
can be given by a finite number of variables. Specifically, we may assume that 
a represents one real variable which runs only over a finite number of integers 
a = 1, • • • , r. That means the measure function »n(S) equals the number of 
these integers in the set. Instead of ij(s) we then write ri. . The inner product 
becomes 

(12.16) f n(sW'\s) dm(s) = i v.vi"'■ 

The Heimite polynomial He^M becomes a function of r variables 

= W’7i , ••• j nO- 

The functional derivative becomes the partial derivative 

^ li„(i?i , • ■ ■ , t;,) 

and differential equation (12.15) goes over into 

or 

(12.17) 

We maintain that this is exactly the differential equation satisfied by the 
linear combinations of basic Hennite polynomials. 
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A basic Hermite pol 3 naomial® of r independent variables 171 , • • • , i/r is a 
product 


Kni , , Vr) = SpM ■ • • Sfrr(Vr) 

of Hermite pol 3 naomials of degree vi , ••• , Vr • Its total degree is n = 

ri + • • • + »'r • 

Since the individual Hermite polynomial h(i)) = H,{ri) satisfies the differ¬ 
ential equations 

the product A(i 7 i , , Vr) of such Hermite polynomials satisfies the differential 

equation (12.17). The same is therefore also true for each linear combination 
of basic polynomials of total degree n. 

Conversely, it can be shown that every polynomial solution of differential 
equation (12.17) is such a linear combination. 

It should be mentioned that in our definition (12.13) of Hermite poly¬ 
nomials the function e„(s)„ takes the place of the coefficients in such a linear 
combination of basic polynomials. 

We now return to our general Hermite polynomials and fonn with their aid 
the “Hermite functionals” 

(12.18) Je„{v} = (nI)-’'*He„{,} exp {- (v, ri)/M 
with 

(12.19) (v,v) ^ J ri\s)dm(s). 

The functional derivative of (ij, ij) is obviously 


(12.20) ^(^,,) = 2,(s). 

According to the definition ( 2 . 2 ) of the variation d/Si)(s) we have 


( 12 . 21 ) 


exp {-(17, i 7)/4} = - - exp {-(>7, i7)/4} — (»;, 17 )} 


= - ■5 77 (s) exp {-(» 7 , i 7 )/ 4 }. 


•An elegant treatment of basic Hermite polynomials was given by Grad [23]. Basic 
polynomials were also employed by Cameron and Martin [22] in a theory of Hermite poly¬ 
nomials of infinitely many variables. 
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From the definition of the Hermite functionals (12.18) and from the fact 
that Se.{ij!/ 69 j(s) is a form of order (n - 1), see (12.3), we denve the relation 

= [(« - 5 ^) 

Furthermore, since ii(s)e.{i/} is a form of order n + 1, we have 

Jv(s)enh} = [(«+ l)!r^*ffi)( 8 )e«{i?} exp {-(i?, t?)/4}. 

Using the properties of differentiation and of the Hermite functionals as 
given above we see that ( 12 . 11 ) and ( 12 . 12 ) go over into 

( 12 . 22 ) ^ 

(12.23) (n + ly'^JvCsOeJv} = (| v(s') - • 

From these relations and from (12.15) it is seen that Jen{v] satisfies the 
differential equation 

(12.24) / (|-i(.) + 

This equation is the analogue of the self-adjoint differential equation 

(I " l;)(l ’’ ^ 

satisfied by the standard Hermitian functions of a single real variable n- 

An important property of the Hermite functions exp {— i? /4} of one 
variable ri is that they are orthogonal to each other: 

J Hy(v}HM exp {- 1772 } dv = 0, it y, 

J Hj(jj) exp { —i 7 “/ 2 } dtj = »<!(2ir)‘''*. 

It is hot difficult to derive from these relations the corresponding relations 
for general Hermite functionals, provided that the function ij(s) is given by a 
finite number of values r}(s) = Vb , s = 1, r, such that 

(Vi v) “ £ ij* = hi + TIa "1“ ■ ■ ■ + hr • 
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Using the abbreviation 


and 


dri = di7i • • • drir 


(12.25) e = 

the desired relations are 

If I dv, dvr 


® if m n, 

r 

* » ■ “ ) ,•••,«») if m = n. 

The last sum is evidently a special case of the integral 

/ dm(8)„ . 

This fact motivates the definition 

Hei^^{ri}He^^'{n] exp {-(t), n)/2} d(eri) 

= / d(dv) 

(12.26) 

if m n, 

=/e“>(s)„e‘%)„dm(s)„ if m *= n. 

Next let {^«(5)n} be a sequence of n-ic functions for which 

(12.27) f I en(s)n 1^ dm($)r^ <<x>, 

n-O 

Suppose that for all these n-ics the traces (Tr b/5i(‘y, p = i, 2, ■ • • , exist 

so that the Hermite fimction JonU] can be formed. Suppose further that the 
series 
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(12.28) 


/{’?} = S Je4n] 

tt—O 


converges for all functions ri(s) in the space We define the integral of the 
square of this functional /{ 17 } by 

(12.29) / 1 /{ 1 ?} r diev) = E / I «»(«)» I* dm(s)„ . 

If the series (12.28) carmot be fonned in the proper sense we nevertheless assign 
an ideal functional to it, and adopt for it also definition (12.29). The class of 
the real or ideal functionals for which (12.26) is finite will be denoted by fj. 
Por two functionalsandof this class we define the inner product as 

(12.30) f d(eij) = ]C c“’(«)„ei®’(s), dm( 8 )„ . 

J n-O 

The definition (12.29) of the integral over the Hilbert space, is of course 
not quite satisfactory. One is tempted to call it opportunistic, so to say attained 
through the back door. It is naturally desirable to giv4 a different definition 
of the integral in analogy to the definition of the ordinary integral as the lunit 
of a sum, or at least to give a definition which is analogous to the definition of 
the integral over spaces of infinite dimension as developed in the general theory 
of measure. This will be done in a different publication. 

In the theory of probability or of measure the integral is first assumed tO' 
be defined over cylinder spaces, see Kohnogoroff [20]. A cylinder space is de¬ 
termined by a set S)' in a finite dimensional subspace S) of the total space £,*; 
it consists of all vectors i; in S whose projection into S) lies in 35 '. The integral 
is then eictended over a class of sets which can be built up in terms of cylinder 
spaces. 

The integral over cylinder spaces can also be defined in the theory which 
we have discussed here. This can be done with the aid of Hennitian fimctionals: 
on the basis of definition (12.29).* In fact, such an integral over the cylinder 
space has an important physical significance. It is the probability that the 
measurement of the quantities which have ri{x) as eigenvalues yield results having 
a projection into 35 which lies in 35'. 

When the integral defined m this section is confronted with the integral 
as defined m measure theory a remarkable discrepancy appears. The space S 
considered in probability theory contains the Hilbert space as a subspace. 


*866 the thesis of J. Milkman, New York UDiYermty, 1951 which contains a detailed 
mathemstioal justificalion of the statements made in this section and a number of additional 
facta 
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When the integral defined in measure theory is extended over this Hilbert space 
^ or a subspace of it, the result is always zero. Thus it is seen that the two types 
of integral do not agree. The discrepancy can be resolved by the remark that 
the integral over cylinder spaces derived from definition (12.^) does not enjoy 
the property of total additivity, whicl^ is assumed in the theory of probability.^ 
We now return to our theory and discuss the possibility of representing 
states # by functionals / {ij}. 

In case the function ti(s) is given by a finite number of values iji , • • • , 57 , 
such that / i;(s)* dm(s) ■= 17 ? , the class consists just of the functions of 

(’71 » • • • ) Vr) which are quadratically integrable and formula (12.28) holds for 
the value of the integral of | /{ 17 } |’. In this sense the integral defined by this 
formula comprises the integral over a finite dimensional space as a special case. 
Suppose a state # is represented by the set of functions ^„(s)„ s en(s)« . Then 
we consider the functional / { 17 }, given by (12.28), as a representer of the state #, 

(12.31) 

From relations (12.22), (12.23) we see that the annihilation and creation operators 
.A*(s') are then represented by 

(12.32) .4‘(s')# ^ [1 i,(sO =F 

while the number operator JV = / A‘^(s)A"(s) dm(s) is represented by 

(12.33) 

One easily verifies that the operators A'^(s) and A~(s) represented by 
(12.32) obey the commutation rule (8.16). 

It is now easy to define operators S(8), n(s) such that the representation 
of the state # throu^ the functional ^(S) implies the representations 

(12.34) 

(12.36) n(s)$^-f^^({), 

which, for s = re, agree with relations (1.3) and (2.4). 

To this end we introduce the operator 

(12.36) = (20^)*'*, 


owe this remark to B. Friedman. 



62 


K. O. FRIEDRICHS 


J2 being the energy operator of a single particle, and set 
S(«) = + A-(8)], 

n(s) -Arm, 

in accordance with (8.29), Instead of the function ij(s) we introduce the function 
4(s) through 

(12.37) ?(s) = 

and instead of the functional /{»?} we introduce the functional 

( 12 . 38 ) m = = sm]- 

The representations (12.32) then go over into the representations (12.34), 
(12.36) as desired. 

Relation (12.34), in particular, shows that the representation of the states 
4> through the functionals gives the simultaneous spectral representation 

of the operators E(s) assigned to all values s. The problem, formulated in 
Section 1, of finding a simultaneous spectral representation of operators S(s), 
II(s) (for a = x) which obey the commutation rule (8.30), is thus solved. 

The expansion (12.28) of the functional/{ t?} in tei-ms of Hermitian functions 
leads to the expansion 

(12.39) <!>% = Z MZk) = i: exp {-(Zf, Z?)/4}, 

»-0 »-0 

while the integral representation of the inner product will be written in the form 

(12.40) ($”>, $“') = /^"’(f)«‘^'(l) d{eZ^). 

Thus the class of functionals which represent the states ^ is charac¬ 
terized. 

The discussion given in this section appears to indicate that the representa¬ 
tion of states by functionals <#>(^) is not the most suitable tool in the quantum 
theory of fields. In fact, this representation of states through functionals was not 
given directly; it was derived from the particle representation. It, therefore, 
appeal's that the particle representation is the proper tool to be used in order to 
put the mathematical notions and the mathematical arguments of field quantum 
theory on a firm mathematical foundation. 
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Part in. Boson Field in Interaction with a Given Source Distribution 


13. Expectation Values of the Energy and the Number of Bosons 

The simplest specific problem that may be posed in field quantum, theory 
is to determine what happens in a field under the influence of a given source 
distribution. In the subsequent discussion of this problem we shall employ 
the Heisenberg picture, unless otherwise stated. As before, the operator which 
corresponds to the “field quantity” will be denoted by S and considered as a 
function Six, t) of position x and time t In case no external forces are present 
this function was supposed to satisfy the differential equation 

V?S + 0** - V*)S = 0, 

in which V» = d/dt, V, = grad, and /ti is the “rest mass”, see Section 3. In 
case the field is rmder the influence of a given distribution of charges with the 
density j = fix, t), the function Six, i) should satisfy the differential equation 

(13.1) v?s + (/i* - v^s = y. 

The term j on the right side is of course to be understood as the identity 
operator multiplied by the function jix, <). 

The solution of this differential equation must satisfy initial conditions. 
In the present section we shall assume that the operators S and V,g are pre¬ 
scribed at a finite time, specifically, at < = 0. Thus we require S to satisfy 
condition 

(13.2) Six, 0) = Ho(a:), V,S(», 0) = no(x), 

in which Saix) and no(a;) are two—^improper—operators which obey the com¬ 
mutation rule 

(13.3) no(a;OSo(»") “ So(»'0no(x0 = -i8(®' ~ x"). 

In Section 16 we shall impose initial conditions which characterize the behavior 
of the operator Six, 0 as t —> — . 

The source distribution j will be assumed independent of the time, 

y(», 0 = y(x) 

in the present and in the two subsequent sections. In Section 16 we shall show 
that the results obtained can be used to deal with a general, time dependent, 
source distribution. 
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The “field quantity” S may stand for various physical observables. If 
S is a scalar it may be considered as the potential of a field of neutral mesons 
with the rest mass /i. But S—and correspondingly also may just as well be 
a vector; for example, S may be the four-component vector of an electromagnetic 
field. In this case the rest mass n is zero, and in addition the “Lorentz condition” 
that the divergence of the potential vanish is imposed on S. However, this 
condition need not concern us here. Finally, the observable S may stand for 
the elongation in any elastic medium; this interpretation will play a special 
role in Part V. 

Various significant operators can he formed in terms of S(x, t) and V«S(ar, t). 
In so doing we shall employ the operator 

(13.4) = [/t* - V*]’'* 

of the energy of a sin^e particle. If the field is enclosed in a box, the expression 
(13.4) does not yet define the operator 0 completely; it is necessary to state 
which boundary conditions are imposed on the functions on which the operator 
acts.' We do not formulate such conditions explicitly. 

With the aid of the operators H, V»S and Q we now form three operators: 
the operator 


(13.6) N(i) = I f (ifS - + iVtS) dx, 

corresponding to the “number of particles”, cf. (10. 11), the operator 
(13.6) = (Q^S - tV,^(Q^g + iV,S) dx, 

corresponding to the “intrinsic energy”, cf. (10.12), and the operator 


(13.7) 


Vif) = -j Sjdx. 


By fora^ differentiation, using the time independence of j, we derive from 
the differential equation (13.1) the relation 

V.[H(0 -b 7(01 = 0; 

consequently, 

H(t) -f F(<) = constant 

for any field sat^g ^uation (13.1) with V. j = 0. The constancy expressed 
m relatmn (13.8) justifies the interpretation of H F as the “total energy” 

possibly for an additional consSt! 
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The partides* which enter the description of the fidd are assumed to be 
bosom, i.e. the particle representers of the field are supposed to be symmetric. 

The main objective of the present investigation is to determine both the 
expected values of the observables N, H, V at the time t, and the probabilities 
that the measurement of the observables iV, or ff + 7 at the time t yield given 
values. The limits of these expectation values and probabilities as the time t 
jn(. T og. aAs indefinitdy are of particular interest. We assume that the state $ 
for which these quantities are to be determined is given in such a way that they 
are known at the time t = 0. The case in which the state # is given by data 
referring to « = — “ will be treated in Action 16. 

Two st^ axe needed in order to attain this objective: First we must find 
the solution S(a;, t) of the differential equation (13.1) satisfying the initial condi¬ 
tions (13.2). This solution is easily found and the desired expectation values 
can then be readily calculated. The present Section will be devoted to carrying 
out this first step. 

The second step consists in deriving the ^ectral representation of those 
observables for the measurements of which one desires to determine the prob¬ 
abilities. 

Refresentations 

If these observables were taken to be the field quantities S{x, t) it would 
be necessary to find a representation of ihe state by functionals ^(f, t), cf. 
Sections 1 and 12, 

# A ^({, {), 

t 

such that the operators S(x, t) would be represented by 

S(®, 4)$ ^ i(®)<^({> 0* 

Such a representation could be found. 

We are, however, more interested in N, H and other biquantized observ¬ 
ables. Accordingly, we shall determine the particle representation 

(13.9) ^ I'kJ.xUt)] 

associated with the operator N(t). We shall, of course, assume that the repre¬ 
senters ypn are given at the time t = 0. 

Incidentally, we shall deduce from the Ar(0-rcpresentation that no scatter^ 
ing operator exists which connects the representation at f = ® with that at 

f = CD in case the source distribution is constant in time. 

iln this exposition the term particle is used to designate entities with which a momentum 
K and a positiwi X ore associated as observables. Many qaantim physical presentations use 
the term particle in a different sense, namely, to designate an entity with a rather well defined 
position. 

Tho sigxiifiofiiiic6 of tibio notion of position X of <1 boson is discussed in footnote 6. 
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In order to calculate the probabilities for the measurement of the observable 
H still different repies^tation is to be employed. As mentioned above, 

the observable + F is the tdtal energy of the field. Hence it remains con¬ 
stant in time, see (13.8). Accordingly, the spectral representatioA of‘the operator 
U{i) -f F(i) will yield a description'of all stationary states of the field. Except 
for one remarkable case, this representation can be chosen as' a particle repre¬ 
sentation. Consequently, we shall speak of “modified” particles; the numlxsr 
M of these modified particles remadiis constant in time. 

The M- and iV(i!)-representations will be derived in Sections 14 and 16. 

The exceptional case mentioned occurs if the rest mass n is zero and, at 
the same time, the total charge /i(a:) dx differs from zero. The peculiar occu¬ 
pation number representation n^ed for this case will be discuss^ in Part IV. 

OpercUors dkd Differeniicd Egucttitm 

It would not be difficult to polve the linear differential equation (13.1) by 
means of the same influence hmction that would be appropriate if S(x, t) were 
an ordinary function. This influence function is relat^ to the fimction T dis¬ 
cussed in Section 3. It is, however, much simpler to make use of unitary 
operators of the form esp {± for 'this purpose. 

We shall also employ creation and annihilation operators A *(*,<) as a most 
convenient tool. These operators are connected with the operators S(x, t) and 
V,H(a:, 0 by the formula 

(13.10) A‘(x, t) = [[i^/2y'‘S(x, 0 T t[2fi*]-*^*V,g(x, <), 

see (10.10). Exp^ing S and V,S in terms of A* in the differential equation 
(13.1) we find easily that this equation is equivalent 'with equation ! 

(13.11) V,A‘(x, i) =F iQ^A"(x, <) = q=i(20^)'’''V(»). 

The initial condition (13.2) becomes 

(13.12) 0)'= [,Q*/2]‘‘'%(a:) T 

the uutial values A‘(x, 0) obey the commutation law 

(13.13) A-(x', 0)A*(x", 0) - A*(x", 0)A'(®', 0) = S(x' - x"), 
and the operators (13.4), (13.5), (13.6) become 

m = / A*(x, i)A-(x, t)clx, 

^ J OH^A (®, 0 dXf 

F(0 = -f [A*(x, 0.+ A-(x, 01[2Q*]->«y(x) dr. 


(13.14) 
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We shall introduce a further modification which, though not necessary, will 
be helpful in the discussion of special questions. 

Instead of the variable a; we shall introduce a general quantum variable s 
with the measure function m($); s need not be connected with the variable 
a: in a real manner. 

The transform of any function b(x) will be denoted by &"(«), the transform 
of its complex conjugate by We omit the superscript when we write the 

absolute value, 

(13.15) ir(5)l = 15"(s)l.= \b{s)\. 

We find it convenient to refer to the pair 5*(s) as one fimction. We say the 
function 6*(s) is quadratically integrable if || HI < • Here 

II 6 II* = (6, 6) = / r4) r 

The manifold of all these functions forms the space see Section 6. The inner 
product of two functions bi.aCa:) in ^ is 

(13.16) (6i , 5j) = J bi(x)ba(x) dx = J 6t(«)ba(s) dm(s). 

We know that the annihilation operator A~(x), like the function b(x), is 
transformed in the direct manner while the creation operator is transformed in 
the complex conjugate manner; see (8.24). Therefore, we have 

(6, A) = f b(x)A-(x) dx = f b*(s)A-(s) dm(s), 

(13.17) 

(A,b) = f A*(x)b(z) dx== f A\8)b~is) dm(s), 

using the convenient notations (b, A), {A, b) for the integrals (8.4) and (8.6). 
Wo shall, furthermore, find it conveiuent to employ the functions 

(13.18) g-(5) = [ft®]->[20®]-‘V(s). 

The differential equations to be satisfied by the operators A^is, t) can then 
be written in the form 

(13.19) V.A‘‘(s, 0 =F iQ^A\8, t) = =FiO® 3 ''(s), 
as seen from (13.11). The initial conditions 

(13.20) A*(s, 0) = ^^(s) ’ 

involve the transforms Ao(s) of the operators A "(a:, 0), see (13.12); they are 
supposed to satisfy the commutation rule 

(13.21) Ao(s04t(s") ■“ A;(s")^o(s') = S(s' - «"). 
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The operators (13.14) become 

^{t) = J 0 dm{s), 

(13.22) fr(0 = J t)Q^A~(s, i) dm(8), 

^(0 ~ f (^1 (s) dm(s) — j fi®g*(s)-4“(s, <0 dm(s). 

The last relation may simply be -written as 

(13.23) V{t) = — (A(<), Og) — (Qg, 4(0). 

The differential equations (13.19) are now easily solved. To this end we 
introduce the operators 

(13.24) 0 = ^*(s, 0 - m 
so that equations (13.19) assume the form 

(13.25) V.B‘(s, 0 T <) = 0. 

These equations are to be solved ttnder the initial conations 

(13.26) 5‘(s, 0) = 5:(s) 
with 

(13.27) St(s) = 4^(s) - g». 

The solutions of equations (13.26) are e-vidently 

(13.28) B\s, 0 = exp 

the solutions of equations (13.19) are therefore 

(13.29) 4*(s, t) = exp {±f<J2®}[4;(s) - g‘(s)] + g». 

It is convenient to introduce the functions 

(13.30) s) = exp {=Ff<0®}g*(s); 
we then may write 

(13.31) ‘ 4‘(s, <) = exp {±i<S2^}[4t(s) - g*(s) + g*(<, s)]. 

We have not yet formulated any conditions for the function j{x) describing 
the sowce distribution. We shall do so later on. At present wo only mention 
that the ri^t members of formulas (13.31)* define—improper—operators if the 

Actions g (fi) - s) are quadratically integrable, i.e. belong to the space 
w. Setting = r 

(13.32) li ff “ g(<) II* = f I g(s) - q(t, s) I* dm{s), 
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we express this condition as 

(13.33) II 3 - ?(«) II < “• 

It is certainly satisfied if the functions 3 “(s) themselves belong to ® or, setting 

(13.34) II 2 ir = / I g(s) r dm(8), 
if 

(13.35) Il3ll<“- 

There are, however, functions 3“(s) which satisfy condition (13.33) but not 

(13.35) . We shall, at first, ignore this fact, but later on we shall draw important 
conclusions from it. 

With the aid of formulas (13.31)'“ we can express the operators Nit), H(i), 
y({) in terms of Ao and q". Setting 

JVo = 17(0) = f At(s)Ao(s) dm(s), 


(13.36) 


Fo = H(0) = f A*oQ^A-o(s) dm(s), 


V, = 7(0) = -(^0, £!;■) - (oy, ^o), 
we find, from (13.22) and (13.31), 

Nit) = No-iAo,q- 2(0) - (3 - 2(0, ^o) 

(13.37) 


(13.38) 


+ (2 - 2(0, 2 “ 2(0), 

Hit) = ffo - (Ao , Q[2 - 2(0]) - (Q[2 - 2(0], Ao) 

+ (2 — 2(0, Q[2 ~ 2(0]), 


7(0 = “(Ao , 02(0) - (02(0, Ao) 

(13.39) ■ 

+ (2 - 2(0, 02(0) + (02(0, 2 - 2(0)- 

The right members of (13.38), (13.39) are defined if the function is) belongs 
to 

(13.40) l|02l|<<»; 

for then Q^g“'({, s) also belongs to 12. Of course we assume that the function 
g'“(8) satisfies condition (13.33). 

If the function 2*(s) itself belongs to 12, i.e. satisfies condition (13.35), the 
expressions (13.37) to (13.39) can be written in the form 
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N(t) = No Uo, ff) - iq, Ao) + (Ao, q(t)) 

13.41) 

+ (?(<), ^o) + 2 (ff, q) - (q, q(£)) - 
H({) = + To + (Ao, Qq(t)) + (Slq(i), .4o) 

(13.42) 

+ 2(g, llg) - (q(i), Qq) - (Cg, q(i)), 


V(t) = -(Ao, Qq(t)) - (Qq(t), Ao) + (g, Qg(i)) 

(13.43) 


+ (Qg(0, g) - 2 (g, Qg). 

Relation H(t) + F (0 = Ho + Vo is, of course, immediately verified from the 
last two formulas. 


Asymptotic Expectation Values 

We now proceed to evaluate the limits of the expected values of the ob¬ 
servables N,H,V va state as the time t increases indefinitely. 

Before determining the limits of these expectation values we shal l formulate 
two lemmas. In agreement with (13.30) we shall use in these lemmas the ab¬ 
breviation 


(13.44) . 5 (^^ 5 ) c= gxp 

for any function b(s) in We now formulate 

Lemma 1 . Suppose the field extends over the infinite space. Then 

( 6 j, & 2 ( 0 ) = J b'^i(s)b^(tj s) dm(s) 0 as ^ —> 00 , 


^ In order to prove the lemma we may choose the momentum k as the quantum 
variable s and write 

(61 , biit)) = J b\(Jc)b1(k) exp [itca] dk. 


Instead of A - , k^ , kz] one may introduce the variable (a - + \ k 

^d two angular variables. The statement then follows from a well known 
theorem in the theoiy of Fourier transforms, namely the theorem that 

(13.46) / exp {i^aj}^(a 3 ) dw —>0 as »oo 

v Mo 


for eveiy integrable function <t> of a real variable « defined for «„ < w < ». 
Note that the rtatement of the lemma would not be true if the field were 
m a box. For, the energy a, would then depend on a label a with a dis¬ 
crete range of values and formula (13.46) would not be applicable 
Next we formulate • 


imma 2 . Suppose the field ertends over the infinite space, 
which admits the operator No. Then • 


Let $ be a state 
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(13.46) ($, (Ao, 6(<))$)0, (#, (6(0, Ao)#)-»'0 aa f-*-®. 

In order to prove this statement we employ an JVo-representation of the 
state 

^ *-* {l^’^(^)n}» 

Then, by (8.10), 

($, (Ao , 6 (0)#) = Sn''* f ^t;(&)n^»-i(fc)«-ife(fcn) exp {itMn] d(Js)„ . 

n •i 

By Lemma 1, each term in this series approaches zero as ^ » since the function 

am = f K(Jo)n-i(.kH:-r(k)n-r d(Jo)n-i 

belongs to i?. The infinite series can further be majorized by the series 

independently of t. Here the first series converges since # was required to 
admit the operator No . Consequently, the first statement (13.46) follows. 
The second statement (13.46) is proved in the same way. 

We now use Lenuna 2 to determine the linlits of the expectation values of 
the observables N, H, V at the time < as < —♦». The expectation value of an 
observable L at the time t, corresponding to an operator L{t), is defined by 

(13.47) (!(<)>* = (#, i«)#)/(#, #). 

We form the expectation values of N(t), Hit), F(0 using expressions (13.41) to 
(13.43), and then derive from Lemma 2 the 

Theorem: Suppose that the field extends over the infinite space and that, further¬ 
more, II 9 II and II II are finite. Let # be a state which admits the operators 
No , Ho, Vo • 'IThe expectation values of the observables N, H, V at the time 
t then approach limits as < —; these limits are given by 

(13.48) ' {Nit))i^{No)e-Uo,q) + (.q,Ao))e + 2iq,q), 

(13.49) (ir(0>« W, + <7o)* + 2(g, Slg), 

(13.50) (7(0)* -2(g, Qg). 

We may interpret formulas (13.49) and (13.50) by saying: The initial value 
of the interaction energy V is expected to he eventuaUy absorbed in the intrinsic 
energy H; at the same time H is expected to rise by the amourU 2(g, Qq). The in¬ 
teraction energy V, on the other hand, is expected to approach the negoMve value 
-2(g, Qg). 

The quantity 2(g, Qg) has a simple significance. Using relation (13.18) to 
express g by j we find 

(13.51) 


2(g, Qg) = (i, 0"®i). 
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Since (!3*)* = — V®, it is clear that — (j, Q~®j) is simply Coulomb's inter¬ 
action energy, in case ai = 0, and Yukawa’s interaction energy in case ju > 0. 
Specifically, is the integral operator with the kernel 

[4ir I a:' — x" |]"‘ exp {—/x | «' — x" |}, 

as is well known. Therefore, the expression (j, 0"®/) can be written in the 
familiar form 

O', 

(13.52) 

= JJ y(a:')[4ir I x' — x" |]~* exp {—ja | a:' — x" |}y(a;'0 dx' dx". 

The above interpretation of formulas (13.49) and (13.50) can now be re¬ 
stated: The interaction energy V is expected to approach the Coulonib-Yukawa 
interaction energy — (j, fl”®j). The irdrinsic energy is expected to rise by an amount 
equal to the difference of the initicd and the fined expected value of V. 

The interaction energy refers, of course, to the interaction between the 
distributed sources and the boson field. These sources also exert forces on each 
other, but indirectly, with the field as intermediary. Since the field quantity 
S does not explicitly enter the expression — {j, 0"®/) for the asymptotic ex¬ 
pectation value of the interaction energy, this asymptotic value may be inter¬ 
preted as the energy of the interaction of the sources among themselves. 

In the case of an electromagnetic field subject to the influence of distributed 
charged matter, the Coulomb energy thus results as the energy of interaction. 
In case of a meson field subjected to the influence of nucleons, according to 
Ytikawa’s theory, Yukawa’s energy results as the energy of interaction between 
nucleons. It should be mentioned that the changes in the source distribution 
which results from this interaction are neglected in the formulation of the 
problem adopted in this section. 

In discussing the significance of formula (13.48) it is convenient to assume 
that the state $ is such that the number N of its particles is determined initially. 
In other words, we assume that of the sequence of iVo-representers of €» only one, 
^„(5)„ , differs from zero, so that we may write $ = . The operators A'X 

produce zero from such a state; hence formula (13.48) can be written as 

(13.53) (lV’(t))*, -> n 4- 2(g, g) as t—r<o. 

In other words, the number of particles is expected to rise 2 11 g | j®, independently 
of the initicd number n. The numbers 2 jj g 11® and 2(g, Og) will be called the 
“number increment” and the “energy inci’ement”, respectively, produced by 
the source distribution j{x). 

Note that this increase of the number of particles takes place even if» = 0, 
i.e. if in the state 4> = #o the field was in a vacuum at the time < = 0. This 
phenomenon of the creation of particles independently of the number initially 
present has been called spontaneous emission. 
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Infrared Catastrophe 

If the increment 2 1| g 1|^ is infinite, formula (13.53) shows that the number 
of particles rises indefinitely. This phenomenon has been called an “infrared 
catastrophe^', because, as we diall see below, it is due to the behavior of the 
transform of the source distribution j(jx) near fc = 0 , in other words, it 
is caused by low wave numbers. More precisely we formulate the statement: 

In case || g H is infinite but |1 g — g(0 II finite, the expected number of 
particles is finite for every finite time t but approaches infinity os ^ . 

To justify this statement we first infer from (13.37) the relation 

<iV(0>*, = « + II ? - 3(«) IT- 

Clearly, "with w = <o(fc), 

11 g - «(0 II* = 2 / [1 - coSMi] 1 q(Jc) 1* dk. 

Hence 

II s - g(^ 11* <<*/«*! 1* dfc = <* II og 11* <“• 

This-formula indicates that the failure of H g H to be finite although |1 Og H is finite 
resTjlts from the behavior of g*(fe) at those values of It for ■which w(ft) = 0 . 
Excluding a neighborhood of « = 0 tre find 

11 g “ g(0 1 1* ^ 2 f [1 — cos coi] I g(fc) 1* dk. 

Here, the right member approaches -2 1 gW |’ dA as f and this intergal 

can be made arbitrai'ily large by making e sufficiently small. Thus the above 
statement follo-ws. 

Obviously, «(&) can vanish only for m = 0, and if m equals zero, w(fc) vanishes 
for k- = 0. It is thus seen that the catastrophe in which infinitdy many particles 
are emitted is caused by the behavior of J*(k) near the small “infrared” wave 
numbers k. 

In order to investigate in greater detail under which circumstances the 
incEement2 |1 g 11“ is finite we express it in terms of j by (13.18). Wefind 

(13.54) 2(3, 3 ) = U, Q-^j) 
and, using k as quantum variable, 

(13.55) O', + I * 1*]"*'* I y(fe) 1* 

Condition (13.35), that H 3 H be finite, thus means that the integral on the right 
side of relation (13.55) shovdd be finite. 

When M > 0 this condition is satisfied if the function j"^(k) dies out sufficiently 
strongly as 1 /c 1 —; this means that the singularities of the function j(a:) may 
not be too severe. 
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When A “ Oj however, the condition || g || < » implies a severe restriction 
at k = 0. If j'^ik) is continuous at k = 0, condition (13.35) requires that 
j'‘(k) vanish at A; = 0 

(13.56) r(k) = 0 at A = 0. 

For the function j(x) this means that 

(13.57) J j(x) dx = 0, 

or, in other words, it means that the total charge he zero. 

Without giving det^s, we mention that relation (13.57), if properly in¬ 
terpreted, is necessary for || g || < to, even if j'‘(k) is not continuous at A == 0. 
Therefore, we may say that in case the rest mass n is zero ffie number of particles 
is expected to rise by a finite amount if the total charge vanishes and. by an infinite 
amaurd if it does not. 

It may be of some interest to have the increment 2{q, g) expressed in terms of 
the charge density j{x) when ju = 0 and / j(x) dx = 0. The expression is 

(13.58) 2(g, g) = —2(2ir)"* jj fix/) log | x' — x" \fix") dx' dx” if = 0. 

It is to be noted that this value does not . change if a constant is added to the 
logarithm as seen from (13.57). It should be emphasized that the relation 
II g II =00 does not exclude the possibility that the energy increment 2(g,Og) is 
finite. In other words, although the number of particles is expected to become 
i nfini te in an infrared catastrophe, the total energy carried by these infinitely 
many particles may still be expect^ to be finite. 

We mention that the infrared catastrophe has been investigated by Bloch 
and Nordsiek [29], in a more general manner, taking into account the back 
reaction of the field on the sources. 

We s^l summarize conditions (13.40), (13.33), (13.35) imposed on the 
function q (s) in order to avoid the catastrophe. We express these conditions 
in terms of the transforas fi(Je) of the charge distribution j{x), assuming the 
field to extend over the infinite space. They now read 

(13.59) 2 II II* = j oT^ li(A) |* dft <oo, 

(13.60) II ff ~ gifi) II* — J (1 — eosw^o)"* | j(A;) |* dfc <°>, 
and 

(13.61) 2 II g II* = J «“* I fik) I* < », 
with 


« = + I ft IT*. 
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We note, for example, that a point charge e at the point rco, given by 

(13.62) j{x) = e5(x — »o) 
leads to a transform 

(13.63) i*(/b) = e exp {TtAxoK 

which does not satisfy any of these three conditions. Accordingly, point charges 
are excluded. 

Modified Particles 

We proceed to discuss the notion of modified 'particles. In the process of 
solving the basic differential equations (13.19) we introduced the operators 
B*{s, t), see (13.24). It is imm^iately evident that these operators also obey 
the commutation law 

(13.64) £-(«', t)B*(s", t) - B\s", t) = S(s' - s''), 

characteristic for creation and annihilation operators. One is, therefore, in¬ 
clined to conjecture that these operators are creation and annihilation operators 
with respect to an appropriate modified particle representation. In Section 14 
we shall show that this is indeed the case provided |1 |1 <“. But even if 

II g 11 = oo it is possible to consider the operators B" as creation and annihilation 
operators; however, these operators are then no longer associated with a particle 
representation. This will be shown in Section 17, Part IV. 

Assuming 1| g H < <» we shall prove in Section 14 the existence of a repre¬ 
sentation 

(13.65) {x„(8)„(<)} 

Af 

of the state # in terms of functions Xi»(s)m “ x«(Si , * • • » O such that the 
states B‘'(s', t)^ are represented by 

B-(s', <)* ^ {(m + l)‘'*x;+x(«)»(sOW}, 

(13.66) 

B\s', {m‘'*-Syx«-x(s)-.-iW«(s' “ O)- 

M 

We can now introduce modified biquantized operators, in particular the 
modified member 

13.67) M(,t) = J B*(.s, t)B~(s, <) dm^s) 

and the modified energy 

(13.68) Htot(i) = / B*(s, O0®5'(s, 0 dm^s). 

Prom relation (13.28), 

B''(s, 0 = exp {±i<a®}B:(s), 
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we now deduce that these operators are constant in time 

(13.69) - M = constant, 

(13.70) HtotCO = -fftot = constant. 

Moreover, it follows from relation (13.28) that if we set x»(s)m(0) = x«(s)m 
the representers Xiii(s)»(0 caJi be so chosen that 

(13.71) X«(s)-(<) = exp {-f<f2®}x«(s)« •. 

Belation (13.71) makes it clear that the states with the initial representers 

X«(^)» = *««' 5(fci — K) • * • “ Am') 

are the stationary states in which the field consists of m' modified particles 
with the momenta AJ, • • ■ , Am' • Representation (13.65) together with (13.71) 
is therefore called a representation in terms of “stationary states." 

The relationship between the modified and unmodified number operators 
is evidently 

(13.72) M = 17(0 ^ (^(0, S) - (ff> -^(0) + (?> i)> 

(13.73) 17(<) = Ikf + (R(«), 9) + (9,5(0) + (?, ?), 

as seen from (13.24). The relationship between the modified and unmodified 
energies is 

(13.74) = Hit) - (^(0, flg) - Ait)) + (g, Og), 

(13.75) Af(0 “ Aftot "t" (■5(0> ®9) “ (®9» -^(0) d" (9 j 
C omparing (13.74) with (13.23) we find relation 

(13.76) = H(0 + F(<) + (g, Og). 

It thus appears that the observable V + (g, Qg), instead of V, should have 
been called “interaction energy” in order that the total energy could be obtained 
by a biquantization process from Einstein’s expression fl* = [/i* + \k |*]‘''* for 
the energy of a single particle. 

Suppose the state $ is such that the field consists of just n particles at 
the time t = 0; i.e. 4> = #,. Then, as seen from (13.72), the expected number of 
modified particles is 

(13.77) <M)^, = ^ + (g, g)- 

This number is, therefore, larger than the number n of unmodified particles; the 
difference between the two equals one half the expected eventual increase of 
the latter number. Relation (13.77) together with the limit relation for ^ 
in case the field extends over the infinite space may be written in the form 
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<iv(0)),. = - ( 5 , g), 

(13.78) 

<iNr(»)).. = <M>*» + (g, g), 

making use of (13.53) and the constancy of M. 

If the field is in a state # = in which it consists of m modified particles, 
we use (13.73) and find 

(13.79) <iNr(0>*'. = «+(?, 5); 

in words, the number of unmodified particles in the state is expected to be 
larger than the number m by the amount (g, g), independently of the time t. 

Similar facts could of course also be formulated for the energies H, V, and 
Htot • From (13.75) we find 

(13.80) (H(0)*'. = (Ht,t)*-„ + (g, Qg)j 
hence, from (13.76), 

(13.81) <F(«)),.. = -2(g, Qg). 

Note that these expectation values are independent of m; also, they do not vary 
in time. The expectation value of V(t) is in particular the same as the asymptotic 
expectation value found earlier, cf. (13.60). Therefore, this asymptotic value 
is already attained initially if the state is an eigenstate of the modified 
number M. 

In this connection we mention the fact, to be proved in Section 16, that 
the eigenstates of the modified number can be produced from the corre¬ 
sponding eigenstates of the unmodified number N by switching on the source 
distribution j{x) infinitely slowly. 

14. Particle Representation of the States of the Boson Field 
Modified by a Source Distribution 

In Section 13 we anticipated that the states 4 of the boson field would 
admit representations of the type of particle representation associated with the 
modified operators 

(14.1) B‘(s, 0 = A\s, t) - q\s). 

We want to construct such a representation. Suppose we know the repre¬ 
sentations 

(14.2) 

JV 

of the state of the field, i.e. the N (0-representations, associated with the creation 
and annihilation operators .A*(s, 0- Then we want to produce a representation 

(14.3) 
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associated with the operators t). Vice versa, the representers must, of 
course, be expressed in terms of the x« • We shall then be able to compute the 
probabilities that m modified particles will be found in the field consisting of 
n unm odified particles and vice, versa. 

Our second problem will be to find the representers ^n(s)n(i) at any time in 
terms of the representers \A«(s)n(0) at the initial time < = 0, and vice versa. 
We may also say that we want to express the representation associated with 
the operators 

(14.4) A*(s, t) — exp {±iia®}[Ao(s, 0) + g*(8) — s)], 

see (13.29), in terms of the representation associated with the operators .4o(8) 
and vice versa. Having done so we shall be able to compute the “transition” 
probabilities, such as the probability that the state will consist of n particles 
at the time t if it consisted of no particles at the time i = 0. 

We shall also compute the limits of these probabilities as t —*co. We 
shall find that these limits are the same if i —> — »; hence the over-all process 
caimot be described by a scattering operator in the strict s^e. 

The situation may be quite different if the source distribution is not constant 
in time. A scattering operator does exist if the sources i = j(x, i) are switched 
on in sudi a way that J(x, t) 0 as t —> — <*> and eventually switched oflf again 
in such a way that J(x, t) -*0 as t—* 00 . In the general case of a time dependent 
source distribution, the annihilation and creation operators can be brought into 
the form 

(14.5) ^*(8, <) = exp {±f<fl®}[Ao(8) — ^“(8, 

with an appropriate function g*(s, t), as will be shown in Section 16. 

Relations (14.4) and (14.5) are of the same type as relation (14.1) except 
for the exponential factor. Consequently, all three problems can be solved in- 
the same way. The first problem will be solved in the present section; the 
second aind third problems will be solved in Sections 15 and 16. 

Modified Particle Bepresentation 

In solving the first problem we may omit all reference to the time and ask 
for the transformation of the representation 

(14.6) ' §^{^„(s),} 

tr 

associated with operators A*(s) into a representation 

(14.6) ' 

u 

associated with operators 

(14.7) £"(8) = ^-(8) - p*(s), 
and vice versa, see (14.1). 

For the sake of generality, we have introduced here functions g'‘(8) instead 
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of g'‘(s). We assume that the functions ff“(s) belong to the space i.e. we 
assume 

(14.8) II II* = (p, gr) = j* I ff(s) |*dm(s) = J g*(s)g~(s) dm(s) <«. 

We do not require the function ^*( 5 ) to be real when the position variable x is 
taken as the quantum variable s. Of course, both the functions ^«(«)« and the 
functions Xn(s)n should belong to the class ; also relation 

(14.9) ($,#) = ziiiA,ir= ziixnii* 

n n 

is implied. 

Suppose a transformation of the representer into the representer x» exists. 
Since these representers constitute the same class of functions this transforma¬ 
tion can be expressed by means of an operator. 

We recall that at the end of the introduction the term operator was reserved 
for a mapping of the elements of a space into elements of the same space, and 
the term transformation for the mapping of the representers of eluents into 
other representers of the same elements. 

The desired transformation will be denoted by , so that relation 

(14.10) X» “ TUn 

holds. For convenience, the variables (s)» and (s)„ have been omitted in (14.10). 
The inverse of TS will be denoted by T% ; thus 

( 14 . 10 ) * . 

Let L be any operator acting on the states # and let L^, L" be the functional 
operators which represent L when is represented by and x» respectively; 
then, clearly, 

(14.11) = T^L^. 

In particular we may choose the operators A ““(«')> •B'’(s') for L and denote their 
representers by AiJ(s'), and A;Ir(sO, B^W). We then have 

(14.12) BJ^isOn ^ T^Byiar 
The functional operator Ailf(s') has the familiar form 

Ay(s') [ Us)n] = { [n + l]‘'V»+l(«).(«') }, 

(14.13) 

A^(sO{iAn(s)«} = {[nr Sy ^„-.(«),-x «(s' - s«)}. 

Note that the operator AiJ(s') here acts on ^ as a function of n, Si, 82 , • • ’ 
and in turn produces another such function; Ay (80 does not denote the trans¬ 
formation of the ?i-th component of ^ into the (n d= l)-st component of 
A''(s')4&. 

The operators By(s') are, of course, given by 

(14.14) J5iJ(«') = A]J(sO - p‘(80- 
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We now desire to determine the transformation Tu and its inverse in such 
a way that the operators 

KB%{s')T% 

are the same as the operators BMif) characterized by 

Biis')[xM = {[m + 

(14.15) 

BiCsO {x»(s)«} = x™-i(8)»-i S(s' -«»)}• 

Instead of determining directly, we shall first determine an operator T 
which transforms a state # with the JV^-repi^esenters rp into a state whose iV- 
representers are the same functions % that serve as the Jlf-representers of the 
state We may express this property by 

(14.16) = X-. 

In order to connect the operator T with the transformation Tm we introduce 
the “trivial” transformation which renames the label m into n, i.e. which 
transforms the functions x™ into the functions Xn , 

(14.17; = X» • 

The operator can then be written in the form 

(14.18) 2^ = IW . 

Clearly, since by (14.16), (14.13) the operators Bm(,s') act on the functions 
X» precisely as the operators AjD(s') act on the functions , relation (14.17) 
entails relation 

(14.19) = nBHis'). 

Combining this relation with relations (14.12) and (14.18) we find that T’' 
satisfies relation 

(14.20) A^is')T^ = 
the latter is equivalent with relation 

(14.21) A‘{s')T = TB^is'), 

which does not refer to any representation. 

We maintain t^t <fee operoior T is unitary. For, since and x™ = 
represent the same state, we have II x* If = £*• II If- On the other 
hand, it is evident that Sn || Xn If = 2m || Xm If and thus we have II If = 
2« II H’’- Ill other words, the operator T is length preserving and since Tm 

and have inverses, the same is true of T] therefore T is unitary. 

Conversely, suppose we have found a unitary operator T which satisfies 
relation (14.21). The transformation 

(14.22) riJ = l^T*’ 

defined with the aid of the inverse lu of / w then satisfies rriation (14.10) and is 
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therefore the desired transformation of the 2V-representation into the M-repre- 
sentation of the states $. 

The method of reduction of a transformation to an operator, sometimes 
called the method of “canonical transformation”, is, if possible, a most handy 
procedure. It is always possible if the representers to be transformed into An.n>i 
other form the same class of functions. Otherwise different, less elegant, methods 
must be used. In fact, even if the functions p*(s) do not belong to i.e. if 
II ^ II “ 8, simultaneous spectral representation of all the operators which 

result through biquantization can still be found with the aid of the operators S'*, 
see Section 19. A particle representation is then no longer possible; therefore, 
the method of canonical transformation is not applicable to this case. 


First Form of the Operator T 

A unitary operator T which satisfies relation (14.21) can easily be given 
explicitly in several forms. We first mention the form 

(14.23) T = T{g] = exp {(p. A) - (A, p)}. 


although we shall not use it later on. Here we have employed the abbreviation 

■^) = / dm{i), 

(14.24) 

(A, S') = j* A*(s)p"(s) dOT(s), 


in agreement with (13.18). The operators (p. A) and (A, p) are evidently 
adjoint to each other. They can be shown to be applicable to the same manifold 
of states $. Iherefore, the operator L = —i{g, A) + i{A, p) is self-adjoint, 
and the operator exp {iL} is defined, as is well known. At the same time it 
follows that the operator T{g] is unitary. In fact, its adjoint, 

(14.25) T* = T{-g) = exp {(A, p) - (p. A)}, 
is evidently its inverse, 

(14.26) T-' = T*. 

Our next task is to verify that the operator T — Tfp} satisfies relation 
(14.21). We could do this by employing a power series expansion* of T[g\, 

r{p} « LnKff, A)-(A,p)r, 

p 

and then evaluating the expression 
_ A) - (A, g)V - {(?, A) - (A, 

®In th« following we shall use the abbreviation 

rl ■« [rl]“i for r « 0, 1, • •• 

— 0 for r “ —1. —2, ••• 


for the reciprocal factorial. 
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Instead, we' shall proceed in a manner customary in the theory of continuous 
groups. We shall consider the operator T{a g] in which a is a 'variable number, 
and form the operators 

P*(«) = T{-ag}A^Cs^T{ag} - A^is') + «?*(«'•)■' 

The deri'vatives of these operators 'with respect to a are obviously ; 

£p‘(«) = -T{-agmg, A) - (A, g)}, A*(80]r{a?} +/(s0 

where the customary commutator abbreviation 
(14.27) [Li , La] = LJji — LiLi 

has been used. From the commutation rules (8.16) we deduce 
[{(ff, A) - (^ ff)}, A‘(sO] = ?V) 

and hence we ^ve 

£p-(.)-o. 

We conclude that 

P‘(l) = p"(0) = 0. 

In particular, the relation P*(l) = 0 is exactly the relation (14.21) which was 
to be derived, as seen from (14.7). 

To make this reasoning rigorous certain additional arguments are of course 
needed. These we shall not give; but assutning that they can be supplied we 
may say that with the scplidt construction of the operator T we have established 
the existence of a represeniation, the M-representation, for which the operators 
B'*(s) are creation and annihilation operators. 

We have presented the operator Tfp} as the operator T to be fo'und and. 
verified that it has the desired properties; we have not offered any motivation 
that might have led to the ^ression T{g]. This we shall now do. 

We shall assume that the functions p“'(s) = ^^(s) are real when the position 
X is taken as the quantum variable; we then can form the Hermitiah operators 

m = [2j/]-‘'*[A"(®) + A-(.x)], 

n(®) = i [ 2 f 2 *nA"(x) - A-(x)]. 

In terms of the operators B^ix) = A* (a;) — q{x) we form the operator 
H(a!) = [2Q^]-‘'*[B*(®) + B-(»)] 

which pla 3 rs the r61e of a “modified field quantity,” whdle n(x) plays the same 
r61e for A'‘(®) as for £‘(a:). Clearly, the operators H and g are'Connected by 
the relation 


H(®) = Six) - 1(®) 
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with 

}(x) = [Q72]-‘'*«(a:). 

Suppose a representation of the states # by functionals /(f) of functions 
{(«) is known hi such a way that • • 

e ^ ■ 

implies 

S(x)$^f(®)/(f). 

t 

Then the repre^ntation 

+ 1 ) 

V 

of # by functionals of ij(a:) evidently implies the representation 

H(a:)f> •«->»;(*)/(»/+ {). 

• 71 

Thus the >j-representer is fovmd from the f-representer by a translation. In 
keeping with a formula used in certain branches of operational calculus we may 
try to represent this translation by the exponential function of a differentiation, 

f(.v + f) = exp CiS/Sri]f(ri) 

or, replacing ij by f, by 

M + I) = exp {| 5 /«f}/(©• 

Here the exponential operator transforms the f-representer /(f) into the 17- 
representer /(17 .+ f) with f substituted for 17. It is thus indicated that this 
operator is the representer of the operator T, 

r* « exp {f5/fi€}. 

As we knoMT from (2.4) and (12.35), the functional operator — *5/5f is the repre- 
senter of the operator II(«), 

n(®)$<- 4 -i|/(f). 

C 3 onsequently, T* = exp {fS/^J} is the f-representer of the operator 

T = exp {ffll}. 

The inner product fll is simply 

In - / f(a:)n(a:) d® = | / f(*)[2Q*]^'»[A^(®) - A-(jc)] dx 

= 11 [2Q^n(a:).[A*(a:) - A^*)] dx 

= * / 2(»)[-4*(») ” ■A-~(x)] dx 
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or 

tin = (g, A) - (A, g). 

Thus the relation exp {t|n} = T{q} is derived. 

This derivation is perhaps of interest but we' shall no.t makei actual use 
of it. We should mention, thou^, that the form exp {z|n} is substantially the 
form in •which this operator appears in the literature; see Wentzd §7]. 

Second Form of the Operator T 

The main advantage of the form exp {(g, A) — (A, g)} of the operator T{g} 
is that its unitary character is inunediately apparent. For computation, how¬ 
ever, a different form of this operator is preferable. 

The form of the operator T{g] -which we intend to use is 

(14.28) r{g} = exp {-(g, g)/2} exp (A, -g) exp (g. A). 

The operators (g. A) and (A, g) are defined by (14.24). The operator exp (g, A) 
which may be defined by its power series 

exp (g. A) = 2 ni.g, A)" 

r 

is applicable to every state $ which has only a finite number of i^-eomponents 
different from zero. Similarly, one defines 

exp (A, -g) •= X) (-l)Vi(A, g)'. 

r 

The advantage of the form (14.28) of r{g} is this: Suppose that the M-repre- 
sentation of a state #„ is to be found which has only one iV-componesot different 
from zero. Clearly, the power series for exp (g, A)$„ breaks off after the 
(n l)-st term, since (g, A) involves only the annihilation opawtor A~. The 
power series for exp (A, —g) can then be applied to each of these w 4- 1 terms. 

Before identifsdng form (14.28) of the operator ir{g} with form (14.23) we 
must formulate and prove a few identities which will be important also in later 
parts of this exposition. These identities are 

(14.29) * A*(s') exp (g. A) = exp (g, A)B*(s'), 

(14.29) " A"(sO exp (A, -g) = exp (A, -g)B"(sO- 

In order to prove these identities we consider the operators 

Q*(a) = exp (-ag, A)A*(s') exp (ag, A) - A*(s') + ag*(s'), 

Q~(a) = exp (A, ag)A~i8') exp (A, -ag) - A"(sO + ag"(s'), 
and differentiate them -with respect to a. Using notation (14.27) we obtain 

^ 0*(a) = -e:qp (-ag, A)[(g, A), A*(sO] exp (ag. A) + g*(s'), 


^ Q"(a) = exp (A, ag)[(A, g), A“(sO] exp (A, -ag) + g"(sO. 
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By virtue of 

Kg, A), l"(sO] = U, 9), A-(s')] = 

we have 

£«-(») -0 

whence 

Q^(l) = Q^(0) = 0, 0-(l) = Q-(0) = 0 

follows and thus (14.29)'" holds. 

From identities (14.29)'" we immediately verify that the operator T = T{g} 
in the second form satisfies the condition (14.21). An additional effort is needed 
to show that the operator T{g) as defined by (14.28) is unitary. This could 
be done by identifying the two operators (14.28) and (14.23) but we prefer a 
direct approach. 

We shall establish the identity 

(14.30) exp {gi, A) exp (A, ga) = exp (gr, , pa) exp (4, g^) exp (px , A), 

in which fft(s) and fl^s(s) are any two functions in 
To this end we introduce the function 

R(a) = exp (otgi, g^ exp {A, gi) exp {agi, A) exp (A, —gi) exp (-api, A) 
and differentiate it with respect to a. Making use of the relation 

(pi, A) exp (A, -gi) = exp (A, -p 2 )[(eri, A) - (p,, gi)], 
which follows from (14.29)“, we find 

and hence 

22(1) = 22(0) = 1. 

Thus identity (14,30) is established.* 

Now we note that the adjoint of the operator T[g] as defined by (14.28) is 
(14.28)* T*{g] = T{-g) = exp {-(p, p)/2} exp (A, g) exp (-g, A). 

It is then clear that to prove the relations 

T*T » 1, rr* = 1 

we need only refer to identity (14.30) for pi == pa = —p, and pi = pa = p re¬ 
spectively. 

Thus it is shown that the operator T{g] given by (14.28) is unitary and 
satisfies condition (14.21). 

The identity of the forms (14.23) and (14.28) of the operator T could be regarded as a 
special case of a more general identity derived by Feynman [33]. 
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Modified Vacuum State 

We are now ready to solve the first specific problem, to find the IV-repre- 
sentation of the “modified vacuum state", i.e., the state $ = with the M- 
representation 

(14.31) {1,0, •••}. 

It 

We maintain that this state is givea by 

(14.32) = T{-ff}#o, 

when $0 is the unmodified vacuum state, represented by 

(14.33) #0*^ {1, 0, •••}. 

According to the definition of the operator T = ir{p} the iV-representers of the 
state 

T{g}T{-g}^o 

are the same as the Af-representers of the state r{—. Now, since 
2’{p}r{—p}<>o = ^0 > the JV-representers of this state are {1, 0, •••}. The 
state r{—has, therefore, just the ilf-representers that were required By 
(14.31). 

The modified vacuum state might also have been defined by the condition 

(14.34) = 0- 
From relation (14.21) we then would have 

A-(sor$, = rB"(s')$. = 0; 

hence there would be a constant c with | c | = 1 such that 

r#, = C$0 
or 

$, = cr“$o. 

The value c = 1 for the constant c is, of course, not determined by condition 

(14.34) . 

In order to describe ejqplicitly the iV-representers of the state $, = T'{ —p} $o 
we use form (14.28). It is clear that the relations 

exp (-g, A)$o = 2 dm(5)j $o = $o , 

and 

exp (A, p)$o = A*(s)g~{s) dTO(s)j| $o 

hold. From (14.13) we see that (A, gT^o is a state with only an »i-th component, 
namely 

lf'«(s)» = [n!]‘'*ff“(«i) ••• ?~(0- 
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Hence, the modified vacuum state has the i\r-representation 

(14.35) •*-»■ {[»l]"'V(«i) • • • »"(«-) exp {-(?, fir)/2}}. 

ir 

Note that this function is symmetric. 

From this expression we can derive the probability that a measurement of 
the number of unmodified particles yields the value n if the field is in the modified 
vacuum state. This probability is, obviously, 

(14.36) PiN, n I 3f, 0) = ni(g, gY exp {- }. 

In other words, the probability that n unmodified particles are in the field if it is 
void of modified particles is distributed according to Poissords law. A corre¬ 
sponding result was found by Bloch and Nordsieck [28], see also Thirring and 
Touschek [31] and Glauber [34]. 

The number of unmodified particles expected to be in the state is 

(14.37) {N)t,. = 2 nP{N, w | M, 0) 

n 

whence from (14.36), 

(14.38) (iV)*, = {g,g). 

This result is in agreement with (13.79). 

The Af-representation of the unmodified vacuum state is, of course, 

(14.39) # 0 + {(-l)"‘[wi]''V(sO • • • exp {-(C, fr)/2}}. 

M 

The probability of finding m modified particles in this state is 

(14.40) P(M, m I N, 0) = m\(jg, p)“ exp {- (p, ?)}, 
and the expected value of modified particles in this state is 

(14.41) <Af>*. = ig, g), 

in agreement with (13.77). 

A further discussion of modified and unmodified vacuum states will be 
given in Section 15. 

Transfiornwdion to the Modified Particle Representaiion 

In principle, it is possible to derive the Af-representation of any state * 
from the Af-representation of the vacuum state if the AT-represwitation of 
the state # is given. For, the state ^ can be obtained from the vacuum state 
#0 by applying the operator 

+ j A'"(si)^i(si) dm(8i) 

+ 2"*''* JJ A*(8i)A*(s^i/fa(.Si , Sj) dm(si) dm(,s^ + • • • , 

involving symmetric functions 4'nis)n • 
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We need only replace A'^(s) by B^(s) + 9*(s), and then apply the resulting 
operator on the vacuum state #o given in its JIf-representation, see (14.39). It is 
somewhat tedious to carry this out. 

Since the operator T is explicitly available, we may derive the result more 
directly. It is convenient to introduce the functional operator Xn,n{g} which 
transforms the ?i-th component of the state # into this component’s con¬ 
tribution to the m-ih. component Xm(s),» of the state T{g]^-, here both com¬ 
ponents refer to the iV-representation. The function xi(s)« is then at the same 
time the m-th component of the state # in the ikf-representation. We write 

(14.42) X«(s)« = = SSimnlfflV'nCs)™ 

n 

using (s)„ instead of ($)„ on the ri^t hand dde; for, we would rather indicate 
the variables of the resulting function than those of the object function. Because 
of (14.26), (14.26), the inverse transformation r{ = is given by 

(14.42) * ^;(s)» = !p^x;(8 )« = Z a:»»{ - }x;(s)„. 

Before evaluating the expression S;mB{fl'}l^'*(s)m explicitly we introduce a 
few abbreviations. We set 

(14.43) ff:(s)p = p*(sO •. • p‘(s,), p > 0, 

(14.44) l/'B(s0p(8)n-p = , • • • , sj, Sp+i, • • • , «»-p), P > 0, 

(14.45) g''p^1Ss)n-f = J • • • J g1i<^)pK(.s')p(s\-, dm(sO • • • djw(sj), p > 0. 

These expressions will also be used for p = 0; we define 

(14.43)o (7‘o(s)o = 1, 

(14.45) o gl(sMs)n = iA:(8)» . 

Now let us consider a state #« which has only the n-th W-component \f'»(s)n 
different from zero. The r-th component of the state 

exp (ff, A)#„ = 53 Plig, 

P 

is contributed by the term with p = n — r, since this term involves just n — r 
annihilations. The r-th component of exp {g, A)$„ is, therefore, 

[nlri]''®(n - r)igt-r^~Js)r. 

Note that this term is zero unless r = 0, 1, • • • , n; for, r; = 0 for r < 0 and 
(n — r) i =* 0 for r > n. 

Now applying the operator 

exp {A, -g) = 'Z, PlU, -gy 

P 

to exp (jg, .4)#, and multiplying the result by exp { —(^, g)/2}, we find the 
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m-th component of T[g\^„ . Evidently, only the term with 

p = m — r contributes since it involves just m — r creations. The result, 
after summation over r, is 

^mn{ Q } ^n(^m 

(14.46) = exp { —(g, g)/2} 22 (-l)““’’(mI»!)'''Vi(n - r)i(m - r); 

r 

• Sy gZ-T(s)m-rff«-r>/'Z(s)r . 

The ^pmmetrization here refers, of course, to the variables Si , •••,«„ of which 
m — r occur in fir^-r(s)„_, and r in g*.,^Z(s)r • Note that only the terms with 
0 < r < min (m, n) contribute since otherwise ri(n — r)j(m — r)j vanishes. 
Replacing g by —g and interchanging n and m we find 

}X>>>(^)n 

(14.46) * = exp {—(g, g)/2} (—l)’‘~'(mlnO^''‘n(n — r)i(m — r)i 

r 

• Sy rC^!)n—f • 

With the expressions (14.46) we have Sound explicitly ike desired transforma¬ 
tion frem the N- to the M-representation and its irwerse. 

Prohabilities in General 

We are now ready to compute probabilities. We first compute the prob¬ 
ability 

P{M, m\N,n) 

that m modified particles will bo found in the field immediately after n unmodified 
particles have been found. This probability is evidently 

(14.47) P(M, m I AT, n) = || ||VII II*. 

Here 

(14.48) II 1^.11" =7 I ifn(s)»|*dm(s)., 
and 

il II’ = / I 3:«»{g}\A»(s)m I* <im(s)„ 

= exp {-(g, g)}m!»! 22 S (-I)"’'’- 

n r, 

(14.49) • riir,i(» - ri)i(n - r^i(m - r,)i(m - r,)! 

’ gm—ri(®)m—rigrt—riV^n(^)ri Sy gm.-ri(s)i»—rign—ri^»(s)r, dwi(s)fl, • 

This formidable expression can be simplified considerably. It can be 
written in the form 
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(14.50) II 11* = n! 2 (n - p)ie(m - n, p; (g, g)) H H*, 

P 

in which we have used the abbreviations 

II fft'I'n II’ = / I r 

(14.61) 

= jjf ff;(sOpl^'n(sOp(s)«-Pap(s")pV'«(Op(s)n-P <iw(s')p d>w(s'0p‘?»l(s)«-P , 

and 

(14.62) 6(1, p; k) = (2pj!(pi)’ E (-1)'% + X)l(p " X)i(Z + X)ik'"^ exp {-«}. 

X 

Although the summation with respect to X is to run over all—positive and negar 
tive—^integer numbers, only the values of X for which | X [ < p and X > —Z 
contribute terms different from zero. Evidently, 0(Z, p; k) vanishes for p < 0 
and also for p > —Z, 

(14.52) e(Z, p; k) = 0 for p < 0 and for p < —Z. 

The subscript p in (14.50) is, therefore, restricted, by 

(14.53) ^ ^ p 71, 

in addition to p > 0. 

Derivation 

In order to derive formula (14.50) from (14.49) we write the integral oc¬ 
curring on the right side of (14.49) in more explicit forms. First we write it in 
the form 

j*jj* 0m~-rx(s)m-rxffn-ri(s )n'-rx^ n(^ )n—ri(5)rt 

Sy ^m-ri(s)m-r«^/ti-ri(^ )n-ri^n(s^ )n-ri(s)r* dWl(5^)n-r» (Zwi(S^Qn-rt - 

We note that we have written the S 3 rmmetrization sign Sy before only one of 
the two factors; the reason is that, automatically, only the symmetric part of 
the other factor contributes. We next write out all combinations that occur in 
this symmetrization process. Without giving the details of the combinatorial 
analysis we state that the triple integral then assumes the form 

- r)l(ra - r)i(»i - ri - + r)imir,!ra!(m - rOKw - r^I 

r 

• [/ fl''"(s)^"(«) d«»(«)j fjfff gr.-Mr.-rgt-rAs'Oo-r, 

‘ 4 ^ «(® )n-r»(5l)''»“'(^)'ffi’i—r(®l)>’i—r9'n-fi(8 )n-r. n(8^0»-i't(®a)>’>—r(®)f 

• dm(sOn-r. dm(si)r,-r dm(s")n-r. dm(s2)„_, dm(s), . 
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Here the quintuple integral can be simplified by observing that 

the last term is defined by (14.45). Consequently, the quintuple integral is 
independent of ri and ra and can be written simply as 

this term being defined by (14.51). 

We now make use of all these simplifications in the right member of (14.49) 
and cancel various factorials. Setting n — r =» p, » — ri = pi , n — Va = pj 
we then obtain 

IIir = n! EX 13 (-i)'‘"'*(» - p)i(p - Pi)i(p - Pa)i 

p Pi p* 

•pjlPsl(m - n + Pi + Pa - p)i(g, ejcp {-(p, p)} || ||». 

The summation with respect to pj or pg can be carried out when Pi + P 2 is kept 
fixed. Setting pi + P 2 — p = X we find 

2 (p ” Pi)l(pi X)ipii(p “ Pi + X)i = (2p)!(pi)*(p + X)l(p — X)i. 

pt 

After insertion of this summation we see that the coefficient of n I (re — p) 1 11 j |* 

is the same as the expression d(m — re, p; (g, g)) defined by (14.52). Thus 
formula (14.50) is proved. 

Probabilities in Seeded Cases 

We now compute probabilities in special cases. First we consider the case 
in which the field is in the vacuum state, $ = • 

After having evaluated the expression || X,nnlq}^n || explicitly we can em¬ 
ploy formulas (14.47), (14.48), (14.49) to compute the probability PiM, in\N,n) 
that m modified particles are in the field after re unmodified particles have been 
found. 

We first consider the case re = 0; i.e. we assume that the field is in an un¬ 
modified vacuum. From (14.53) we see that only p = 0 contributes; from 
(14.52) we have 

(14.54) 0(1, 0; k) = liK exp { —«}, 

whence, by (14.60) and (14.47), 

(14.66) P(M, m 1 W, 0) = mi(p, ?)" exp {- (p, p)}, 

in agreement with (14.40). 

We add the probability of finding m modified particles in the field after 
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ha-ving found one unmodified particle to be present. Setting n = 1 we derive 
from (14.50) the relation 

II II* = - 1.0; is, s)) II II* + e(»w - l, i; ig, g)) II ?i<Ai II* 

whence, by (14.47), 

P{M, m I i\r, 1) = e(m - 1, 0; (p, g)) 

(14.56) 

+ e(m-l,l;(ff,fir))||?i^x||*/|Ux II*. 

Here e(m - 1, 0; (^, g)) is given by (14.54) while Q(rn - 1, 1; {g, g)) is pven 
by the ^ression 

(14.57) 0(?, 1; k) = [(Z - 1)1*'-^ - 21\k' + (l+ 1)ik'*^] exp {-k}, 
derived from (14.52)- Note that 

(14.58) lUxl^'i 11* = I / g*(?),l/~i(s) dmis) = \ g, P, 
by (14.51). 

We specialize this formula for m = 0 and m = 1. We have 6(— 1,0;«) = 0 
as seen from (14.54) and (14.57); we find that 0(—1,1;«;) = exp {—«}. Conse¬ 
quently, 

(14.59) o PiM, 0 IIV, 1) = exp { -(g, ?)} U, l*/ll 11*. 

Since 0(0, 0; k) = exp {—ic} by (14.54) and 0(0, 1; k) = (k — 2) exp {—k} by 
(14.57), we ^d 

(14.59) x P(M, 1 I W, 1) = exp {-{g, p)}[l + [(?, ^) - 2] | g, |V|| II*]. 

We have determined the probability P(M, m\N, n) that m modified 
particles will be found after n unmodified particles have been found. We might 
just as well ask for the probaMlity P(iV, n ] JIf, m) that n unmodified 'particles 
'miU be found after m modified particles have been found. Since the inverse of the 
transformation T{g} is T{ —flfj it is clear that this probability is found by inter¬ 
changing n and m and replacing ^ by —g. Consequently, 

(14.59) P(2V, n\M,m) = PiM, m 1 N, n). 

This fact is, of course, a consequence of the general principles of Quantum theory. 

Instead of the probabilities P(W, n\M, m) = P(M, m\N, n) we could 
calculate various otW probabilities, for example, the probability that the field 
energy H lies between certain values. Probabilities such as this will be cal¬ 
culated, for the modified vacuum state, in Section 17 and again in Section 20. 
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15. Transition Prohabilities 

At the beginning of Section 14 we formulated the following problem: find 
the iV(<)-representers ^«(s)„(<) of a state $ when the iV'(0)-representers ^n(s)n(0) 
are known. We noted, however, that the representers ^'Zis)n(t) are associated 
with the creation and annihilation operators 

(15.1) A*(s, t) = exp 0) + q^{s) — s)]; 

here q^(t, s) was the abbreviation 

(16.2) q“(t, «) = exp {=Fiia®}g''(s), 

see (14.4), (13.31), (13.30). We recall that the N (0-representers refer to measure¬ 
ments to be made at the time t] the Ar(0)-representers then refer to measure¬ 
ments made at the time t = 0. 

We want to show that the JV(0-representers can be expressed explicitly in 
terms of the iV(0)-representers by the method of canonical transformation ex¬ 
plained at the beginning of Section 14. 

We observe from (16.1) that the operators 

(15.3) exp {=F»<J2®}A“(8, 0 = A*(s, 0) -t- q^is) — g*(<, s) 

are of the type of the operators B*{s) treated in the preceding section. For this 
reason we are able to determine the spectral representers associated with these 
operators. We shall call these operators “adjusted” creation and annihilation 
operators and characterize them by a label “ad”, 

(15.4) A,;;(s, t) = exp {=FzfQ®}A*(s, f). 

Evidently, these operators satisfy the appropriate commutation rule, and the 
associated number operator is simply N{i), 

(15.5) f A.i(s, t)AZ(8, t) dm{s) = Nify. 

The latter fact indicates that the term Ar(^)-representer, which we have 
used for convenience, is not sufficient to characterize the functions ^n(s)n(0‘ 
Except for a constant factor,^ these functions are characterized by the condition 

*This constant factor might still depend on t. We determine the ftanctions ^l^rr(s)n(t) 
uniquely by the stipulation that they should be the iV(0)-representers of the SchrOdinger state 

* exp 

here ITtot is given by (13.68); see also (15.16). The fact that these N (O)-representers may serve 
as JV(0-representers of is implied by the general formalism of quantum theory. In the 
present case this statement means, according to (15.7), that the iV(0)-representers 
exp If toil of the JV'(0)-representers of 0)^o’(0- In other words, it 

means that the relation 

exp { Htot]A*(8f <)# « 0) exp {—Htot}* 

holds. This relation does hold, as seen from formulas (9.1) and (10.9) applied to J?* instead of 
A'". 
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that the representation 

(15.6) 

w 

entails the representation 

A-(s, <)# A {(« + l)''V»'.i(s)»(s)(0}, 

(15.7) 

A*(8, t)$ 4. ^;-i(s)..x(8)(0}. 

If ■^^e want to be more specific we shall say, as we have done before, that 
the representers !An(s)»(0 are “associated" with the operators A“(s, <)• 

We shall now express the representers associated with the adjusted operators 
.4od(s, 0 in terms of the representers ^«(s, <)• We introduce the functions 

(15.8) = exp {=Fi<2“Q®}^:(s)(/), 
using the abbreviation 

= 0“ -j- ... 4- Q** 

for the sum of the operators S2® acting on if't(s)»(i) considered as a function of 
Si » *••,«« respectively, cf. (fe.24). 

We maintain that the functions tp^,nis)n(t) are “adjusted" iV(<)-repre- 
senters of the state # associated with the operators A^{js, t). In fact, from 
relations (15.6), (15.7), (15.4) we conclude that the representation 

(15-9) {\^:-,„(s)„(<)} 

N.ci 

entails the representation 

A.^(s', t)#^ {(n + l)‘'V:i,n.i(s)„.,(s')(0}, 

(15.10) 

.A«S(8', <)#{n'''*Sy iA.<.-i(s)„-i(i) 5(s' - s,^}. 

Utod 

In order to identify the operators ^.‘(s, t) with the operators B"{s) treated 
in Section 14, we need only set 

(15.11) p“‘(8) = q"{s) — s), 

cf; (13.30). The operator r{p| associated with these functions ^‘■(s), cf. (14.28), 
will be denoted by 

(15.12) riff-S(0} = ?7(«). 

It is evident from the theory developed in Section 14 thai the adjusted N{t)-repre- 
senters of the state are the N(fi)-^epre8enters of the stcde 

(15.13) $.(e) = 
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We shall term U{t) the transition operator. 

Clearly, the functional operator exp {± is the W(0)-representer of 

the operator exp {± } when H{Q) is the unmodified field energy 

(15.14) H(0) = j A\s, 0)i2®A-(s, 0) dm{s). 


at the time t = 0. The unadjusted N(t)-representers of the state $ are therefore 
the same functions as the N{Q)-representers of the state 

(15.15) #,(<) = exp { -miff )} 17(0#. 

The time variation of the states 4 ‘b( 0 or #«(<) may conveniently be used to 
describe what happens in the field in the course of time. The state $»(<) is 
simply the “SchrSdinger” state and its use is said to be a description in the 
“Schredinger picture”. Use of the state $„(0 will be called description in the 
“interaction picture” because it corresponds to Schwinger’s “interaction repre¬ 
sentation”. 

Clearly, what happens in the field in the course of time is actually de¬ 
scribed by the probability amplitudes fn(.s) ni(). Whether these amplitudes are 
considered as representers referring to a varying representation of a fixed state 
or .to a fixed representation of a varying state does not matter, cf. footnote 4. 

For our purposes it is preferable to employ the description in the inter¬ 
action picture. One advantage we shall gain by it stems from the fact that 
the interaction state #»(<) becomes constant if the disturbance disappears, while 
the Schrodinger state 4'«(i) would still vary in time. 

Transition ProlabiUties for the Vacuum State 

The first question we pose concerns the time variation of the state ^ow(0 
which results from the vacuum state #o»(0) = #o at the time t = 0. From 
(14.35) we see that this state has the W(0)-representation 

«o»(i) A [ni]'^n(g"(s.) - 5"(«. , 01 ••• tj’Csn) - 2“(sO(0]) 

(15.16) " 

• exp {-(g - g(0, 3 - g(<))/2f. 

Using the momentum k as the quantum variable s we may write this representa¬ 
tion in the form 


(15.17) 


* 0 »(«) A {[ni]*'“s;(i;)»(l - exp {iUai\) ••• (1 - exp {tiu,}) 

• exp {(Re [?({) - g]}}. 


« = «(ft) = [m*+ J/slT'* 


Here 
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and 

(16.18) {q, ff(0 - ^ = / I «(*) r exp [itw - 1} dft. 

The probabUity that n particles will be found at the time t if the field was 
in the vacuum state at the time < = 0 is then 

(15.19) P(Nit), n I iV(0), 0) = n\[2 (Re - g, q)T exp {2 £Re (g(i) - q, g)}, 

see (14.36). The probability thus calculated is also called a transition probability. 
The expected value of the number of particles, 

(15.20) <^'(<))*. = <^(0))*.. = 2 (Re (g - g(<), q), 

could already have been determined in Section 13, see (13.41). 

It is interesting to investigate what happens when the time t increases in¬ 
definitely. One may ask in particular whether or not the representation (15.16) 
of the state #o»(i) bas a limit as i It is seen from formula (15.17) tliat 

this is not the case. Consequently, no scattering operator in the strict sense 
exists for the process under consideration. 

The scattering operator, introduce by Heisenberg [29], can be defined as 
the miitary operator which transforms the limit $„(—») of the interaction 
state $„(f) for t ® into the limit $„(“) of #„(t) for < —>a>. 

One might also try to characterize the scattering operator as the limit of 
the “incomplete” scattering operator which transforms the state #„(—<) into 
the state #„(0. This transformation is evidently the same as that of <i>„(0) 
into 4«,(2<), since the time does not enter the problem explicitly. Therefore, 
the incomplete scattering operator in our case is, simply, the operator U(^t). 
The fact that #otr(2i) = ?7(2<)#o bas no limit as i implies, of course, that 
the operator ?7(2i) has no limit; in other words, that no scattering operator 
exists. 

Nevertheless, definite statemoits can be made about the asymptotic value 
of the transition probabilities. We first assume (g, ff) < «. As in Section 13 we 
also assume that the field extends over the infinite space. From Lemma 1, see 
(13.45), we may then deduce the relation 

(15.21) (g(0)g)~^0 BS t-*«>. 

Consequently, we may conclude from (15.19) that the probability 
■P(^(0> »^l-^(0)» 0) has a limit as t —*■<». Denoting this limit by 
P(iV„, n 1 iV(0), 0) we have 

(15.22) P(N- , n 1 mO), 0) = ni2"(g, exp {-2(g, g)}. 

The distribution of this asymptotic transition probability again obeys Poisson’s 
law, just as P(.M, m | iV, 0) does, but the expected value of the number No, is 

(15.23) {N)*. = 2iq,^, 
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in agreement "with (13.53), and not (g, q) as it is for the probabilities 
P(M, m 1 iV, 0). 

If (9i s) “ “ > 0^® easily derives the relations 

(15.21) - (g(i) - 2, 2) as 

(15.22) . P(.N{t),n\N(,0),0)^Q as and 

(15.23) . (lV(t))*-»“ as <—»•<». 

These relations express the “infrared catastrophe”: the probability that the field 
consists of a finite number of particles approaches zero, while the expected 
number of particles increases indefinitely. 

General Transition Probabilities 

So far, we have been concerned with the case in which the field was in a 
state of vacuum initially. We proceed to describe the transition operator U(t) 
and the transition probabilities P(JV'(«), n j 1V(0), no) quite generally. This can 
easily be done on the basis of results obtained in Section 14. From relation 
(14.30) combined with (15.11) we obtain the expression 

U(i) = exp {(Re (2(0 “ 2» «)} 

• exp (.4(0), g(0 - g) exp (g - g(0, ^(0)) 


for the transition operator. Metaphorically speaking, we may ^y t^t the 
transition operator U(t) effects first a series of annihilations descn^ by 
exp (g — 2(0» -^(0)) creations descnbed by exp (A (0), 


The term which the rio-th component of the state contributes to the n-th 
component of the state #„(0 = 1^(0^ could be computed explicitly by insertmg 
0 = 0 - q(t) into formula (14.46). We shaU not carry this out m detad. _ 
By in^rtion into formulas (14.47), and (14.50) we find the transition 

probability 


(15.26) 


P(1V(0, n 1 JV(0), Wo) 

= no! E (wo - p)l e(n - no, p; 2 (Re (g - g(0, ^) 

P 


• 11(2- 3(0)p^-llV 11 1^'nll*- 


Again we shall give no details. We confine ourselves to detemimng the asymp¬ 
totic value of the transition operator and the transition probabihty m the case 


( 2 , g) < “. 

First we mention the relation 
(15.26) (g(«),-4(0))$-*0 as <-»0. 
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To prove this relation we start with the iV(0)-representation 

(g(0, -4)$ A {(n + 1)*'* f q*(s)ip~^i{8)n(s) dmis)] 
ir J 

of the state (g(t), A(0)), in which ^nis)n denotes the JV(0)-representer of the 
state f>. Each component on the right side approaches zero, as follows from 
Lemma 1 of Section 13, see (13.45). The statement || A)# || —» 0 then 

follows by arguments similar to those used in the proof of Lemma 2. 

As a consequence of relation (15.26) we have 

(15.27) exp (q — q(t), A(0)) —»exp (g, A(0)) as t—>oo. 

Thus the annihilation factor of the transition operator U(t) approaches a definite 
limit. 

The same is not the case, however, for the creation part of the operator 
U(t), since no analogue to relation (15.26) holds for (A(0), ^(O)^*. This remark 
confibms the statement made before that the transition operator U(t) has no 
limit ast—*o>. 

The transition probabilities P(N{t), n \ iV(0), rio), on the other hand, have 
a limit P(N„ , n \ N(0), no). In order to deduce this limit from formula (15.25) 
we must determine the limit of the term |1 (g - q(t))p^n ||®. To this end we 
insert g = q — q(t) in expression (14.51) of this term and then apply Lemma 1. 
It follows from this lemma that 

fi'plAl(s)«-p = f ••• j g^is'i) • • • g''(s;)if't(si , • • • , «D(«)»-p dm^sO • • • dm(sj) 


approaches the function 


(15.28) 


Hence 


q1i'n(.S)n-p 

= J J 3''(«0 


) s',)(s)^-p dm(s'i) ••• dm(s'i,). 


(15.29) II (g - g(«))p 1 ^n. II* as t-^oo. 

Insertion in (15.25) yields the expression 

P(iV« , n I iV(0), no) 

(15.30) 

= no! 2 («o - p)ie(n - no , p; 2(g, g)) || g,i^„. l|y|| ||*, 

P 

This is the final formula for the asymptotic transition probability. It is remarkable 
that this probability depends ou the numbers n, no and on the function g essen¬ 
tially as the probability P(ilf, m\N,n) depends on m, n, g; the only difference 
is that 2(g, g) takes the place of (g, g). 
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Note that only the no + 1 terms with p = 0, • • • , n + 1 contribute to the 
series (15.30). 

The term in this series for which p = 0 is 

(15.31) P.,(iV„ , n 1 N(fl), no) = (n - no)i2"”“'(g, g)"“"' exp {-2(g, g)}, 
since 

6(1, 0; k) = Zik' exp {—k} 
by (14.54). We may also write 
P„(No , n 1 N(0), n„) 

(15.32) 

= [P(Ar. , no 1 m, 0)]-W„ , n I N(0), 0) exp {-2(g, g)}. 

This contribution does not depend on the function ^n.(s)«, , i.e., on the state 
of the no particles initially present; it is, therefore, called the probability of 
spontanecms emission. Note that this term vanishes if n < no. 

The terms in the series (15.30) for P(fV<D , n ] N(0), no) for which p > 0 
are said to refer to induced emission and absorption, if n > tiq and n < no , 
respectively, or to balanced emission and absorption, if n = no. 

Suppose the state of the no particles initially present is such that the func¬ 
tion ^n.(^)n. which described this state satisfies the relations 

gp\Z'n.(®)iio—<> ~ p“l>2, ••*, no; 

then no induced effects occur. For no = 1 these relations reduce to the orthog¬ 
onality relation 

/ g*(s)'l'~(s) dm(s) = 0. 

This is therefore the condition that no emission is induced when a single 
particle is present. 

We now proceed to derive from (15.30) explicitly the values of the transition 
probabilities for special values of no and n. 

For no = 0 we find again formula (15.22). For no = 1 we find 

P(N. , n 11^(0), 1) = 0(n - 1, 0; 2(g, g)) 

(15.33) 

+ e(n - 1, 1; 2(g, g)) H HVll h 11 • 

Here 6(n - 1, 0; 2(g, g)) and 6(n - 1, 1; 2(g, g)) are given by (14.54) and 
(14.67). The term 1| qipi || is defined by 

11 11* = 


f q*(s)^~i(s) dm(8) = 


cf. (14.60). Accordingly, 
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P(iV» , n 12V(0), 1) = (ra - l)l2"~‘(g, g)"“‘ exp {-2(5, g)} 

(15.34) + 2’"“(g, ?)““*[(«. - 2)i - 4(n - l)i(g, q) + 4ni(g, qf] 

• exp {-2(g, I g, iVll ir. 

The first term of the right member of (15.32) is obviously independent of 
ilfi ; hence it is independent of the state of the single particle initially present. 
This term is therefore the probability of the spontaneous emission of n particles. 
The second term in the right member of (15.34) is accordingly the probability 
of induced emission of n particles. We note that no induced effects occur if 
the representer ^i(s) of the particle present initially is orthogonal to the function 
q(s)- 

The term emission used here is appropriate only for n > 1. If n = 0, we 
should speak of absorption. There is no spontaneous absorption, since 
(—1)1 = 0. For n = 0 we find the probability of the induced absorption of one 
particle if one particle was present initially 

(15.34) o P(iV. , 0 1 W(0), 1) = exp {-2(g, g)} 1 g, 1V|| 11*. 

For n = 1 we find the probability of balanced emission and absorption, i.e. the 
probability that the number of particles does not change, if one particle was 
present initially 

P(1V« , 1 I l\r(0), 1) = exp {-2(g, g)} 

(15.34) , 

+ 2[(g, g) - 1] exp {-2(g, g)} | g, |V|| ||’. 

Finally, we write out explicitly Ibe probability of the emission of one particle, 
if one particle was present iniHally, setting n = 2, 

P(iV» , 2 I iV(0), 1) = 2(g, g) exp {-2(g, g)} 

(16.34) , 

+ [2(3, 3)* - 4(g, g) + 1] exp {-2(g, g)} | g, IVH ||*. 
Pertunbation 

The general expression (16.30) for P{Na, , n | iV(0), %) is somewhat in¬ 
volved. For many purposes one might be satisfied with an approximation to 
this expression valid if the disturbance is sufiEciently small. We substitute tq 
for 3, expand with respect to powers of « up to the second order, and then set 
e = 1. 

From (14.54) we find 

0(0, 0; k) = 1 - X, . 0(0, 1; x) = -2, 

0(1, 0; x) = X, 0(1, 1; x) = 1, 

0(-l, l;x)= 1, 


(16.35) 
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within terms of second order, while 6(1, p; k) vanishes of at least second order 

for all other values of I and p. ^ 

Accordingly, we obtain from (15.30) the approximate expressions 

P(.N„ , Tio - 1 I N(0), no) = Jio 11 llVll ^n. IIS 

(15.36) P(N. , no 1 N(0), no) = 1 “ 2(«, g)-^\\ H/l' 

P(.N^ , no + 1 1 iV'(0), no) = 2(g, g) + no 11 Qi^n. llVll 11 > 

within terms of third order in g, while aJl other transition 7^“®^ 

to at least third order in g. Here the term H gx^n. IP w given m detail by 

(15.37) 11 gx^.. IP = / I / dm(sO dm(s)n.-i 

^^dble that in first order the contribviims the 
ability due to induced effects are proportional to the nur^or of 
irdtidly, while the contribution due to spontaneous emission is independent o 

that no induced effects taie place if the state of the » particles 
preseat iaitially is such that 

gxi^».(®)».-i = / dm(sO = 0. 

At the same time we note that the term gxV'n.(s)«.-i ^ ^ 

^rnorm H g.^« H for appropriate functions even in cas^ in which 

llgll =co. Under these circumstances one could apparently calculate 
triion probability of induced emission and absorption in the lowest order, 
actually every probabiUty P(Ar- , n 1 iV(0), n) is zero m this case. 

The formulas which we have derived from an expansion of 
expression for the transition probabilities could also have been derived by a 
straightforward perturbation procedure. One need only asffl^e an exp^ion 
of the represented Uo, t) in powers of e and determine the coefficients suc¬ 
cessively. We do not intend to give details. 

Meihod of Spectral Transformation 

In conclusion we want to mention another approach to^ denning Ju 
transiUm operator i7(«) and the transition probabilities, mmely, ^P' 
in which the spectral representation qf the total energy Jlv^de' 

Since the M-representation yields such a spectral representation 
Libe this appmach as follows: Suppose the state $ d described in theJ(0 - 
representation in terms of the representers • Theii we may first find its 

M(0)-repre8enter8 by employing the transformation T{q} as d^cnM “ ® " 

tion 14^ The time variation of the M-representere is immediately found from 
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the fact that the total energy is constant. Accordingly, the AfCO-repre- 
senters are obtained by appl3nng the operator exp {—itH}. We can now 
obtain the iV(^)-representation of €>, or the JV’(0)-representation of by 

applying the inverse transformation r{—j}. Comparison of the resulting ex¬ 
pression with expression (15.15) yields the identity 

(16.39) U(.t) = exp litH)T{-q} exp 

Clearly, expression (15.12) for U(t) is much more concise than expression (15.39). 

We have described this approach because the method of “spectral trans¬ 
formation of the energy” is of general importance; moreover, we can draw 
from it an interesting conclusion concerning the asymptotic transition prob¬ 
abilities. 

Suppose Wo particles are initially present in the state #«. . We write the 
«^th component Xm(s)m of the m-representation of this state as 

X<ii(®)in ~ {5} ^?'ll«(®)ll^ j 

using the notation (14.44). The n-th component of the iV(0-eomponent is then 

^f.(s).(<) = £»»{-?} exp {-i< S" S2®}x«(s)«, 

by virtue of (15.38). The probability P(iV(0, »> Wo) can therefore be 
written as 

P(W(0, ft 1 NiO), fto) = II exp {-it S" |1*. 

We now consider the limit of this expression as the time t increases in¬ 
definitely. We maintain that the cross terms in the square of the sum approach 
zero as the time t increases indefinitely. This fact can be derived by arguments 
in which Lemma 1, see (13.45), is used; we shall not give details. The result 
can be simply stated as the identity 

(15.40) P(W, , ft 1 NiO), no) = E P(^- ,n\M, m)PiM, m 1 NiO), fto) . 

m 

This formula agrees with the classical rule for the cm/posiiion of probMlities. 
This rule holds, therefore, even in the case in which the number of modified 
particles is not measured after the initial measurement and before the final 
measurement of the unmodified number of particles. 

16. Boson Fields voider the Influence of a Source Distribution 
Which Varies in Time 

In the preceding section the source density fix) was assumed constant in 
time. We now want to show that the formulas developed in Section 14 can 
also be used to describe the transitions in cases in which the source density 
j — t) varies in time. Appropriate conditions to be imposed on the beliavior 
of the fimction fix, t) will be formulated below. These conditions concern, in 
particular, the behavior of fix, t) as t—* dcoo. 
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In accordance with previous formulations, the creation and annihilation 
operators i) should satisfy the differential equation 

(16.1) V,A*(s, t) T «) = =FiQ\"(s, t), 

in which the function 0 is given by 

(16.2) 3*(s, 0 = 2(2Q^)->'T(s, t), 

cf. (13.18). Solutions of these differential equations are sought which agree with 
given annihilation and creation operators as i —> — <». 

We shall not prescribe the operators A‘'(s, i) for i = — “ directly; in fact, 
that would be impossible. Instead, we prescribe operators A o(s) which would 
be the operators A“'(s, 0) if no sources were present up to the time t = 0. The 
operators A o(s) are prescribed by implication, namely by giving for any state # 
the Wo-representation associated with the operators A o(s), 

(16.3) #^{^^»(s),}. 

jf. 

If no sources had been present up to the time t, the operators A*(s, i) would 
have been given by 

exp {=biiO®}Ao(s). 

Implying that the effect of the sources vanishes as < —»• — », we write the initial 
conditions imposed on the operators A’“(8, t) in the form 

(16.4) exp A''(s, <) "^ At(s) as < —»—<». 

Note that the left members here are the “adjusted” operators, cf. (15.4). 
With the aid of 

(16.6) i) = f exp {=FzyQ®}3'‘(s, Odf', 

J —go 

the solutions of equations (16.1) which satisfy condition (16.4) are easily de¬ 
scribed. These solutions are 

(16.6) A''(s, <) = exp {} [At(s) — g'^(s, «)], 
as is immediately verified. 

The conditions on the function j{x, t) referred to above will now be formu¬ 
lated: The function j(x, t) should behave in such a way that the integration 
entering the definition of g“{s, t) can be performed, that the resulting function 
^“■(s, t) belongs to i.e. that the norm 1| g{t) 1| is finite, and that 

(16.7) l|fl(OI|-*-0 as 

If the fimction j(,x, t) satisfies these requirements we say the source distribution 
has been switched on 'properly. Note that we do not require the functions j{s, t) 
or g(8, t) to belong to 
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If the function j(x, t) is specialized to be zero for i < 0 and to be constant 
in time for i > 0, relation (16.6) reduces, of course, to relation (15.11). In fact, 
the problem treated in Section 15 may be included among the problems treated 
here: it results when no sources are present up to the time i = 0 and constant 
sources are switched on instantaneously at the time r = 0. The operators 
.d'“(s, 0) of Section 15 then agree with the operator A o(s) of the present section. 

Relation (16.6) is of the same type as relation (15.1); therefore the trans¬ 
formation of a representation dissociated with the operators ii'S(s) into a repre¬ 
sentation associated with the operators A''(s, t) can be given explicitly. 

As in Section 15, we find that the transition can be more easily described 
by the Schrodinger picture or the interaction picture than by the Heisenberg 
picture. We denote here as Schrodinger state the state #a(0 whose Nq- repre¬ 
senters are the Ar(^)-representers of the state #. The interaction state $„(f) 
is connected with the SchrQdinger state by relation 

(16.8) #a(<) = exp {—ztHo}#„(<)> 
in which 

Ha = j A o(s) Q ®A ■J(s) dm{s). 

Prom the arguments at the beginning of Section 15 we conclude that the 
interaction state is given by 

(16.9) $„«) = = Talg(m; 

the subscript o indicates that the operators A o are to take the place of A* in 
(14.23) or (14.28). Note that relation (16.7) implies that, as < —» — the 
transition operator U(t) = Ta{g{t)} approaches the identity, 

(16.10) ro{p(<)}->l as 

In order to discuss the implications of formula (16.9) tre consider the 
problem of switching on a constant source distribution. In other words, we assume 

(16.11) j(x, t) = j{x) for r < f <00, 

but we do not specify what the function j(x, t) is for f < r. The function 
p*(s, t) given by (16.5) may, in this case, be written in the form 

(16.12) p*(s, /) = g‘(s, O -1- g'‘(r, s) — q*(t, s) for t> T. 

Here {“(i, s) is defined by 

(16.13) — exp {=FziQ®}g'“(s) 

and g*(s) is derived from j{x) in accordance with (16.2). We are using the 
“caret” although we did not use it for the same function in Section 15; we want 
to emphasize that the function g*(^, s) should not be confused with the function 
3*(s, t) associated with the source distribution j{x, t). . 



QUANTUM THEORY OT FIELDS 


107 


The term g^^s, T) in formula (16.12) embodies the effect of the process of 
switching on the source distribution. The other terms are obviously inde¬ 
pendent of this process. If the source is switched on instantaneously at the 
time t = r the first term vanishes, g*‘{s, f) = 0. This agrees with formula 
(15.11) if one sets t~ = 0. 

Infinitely Slow Switch-on 

We say a source distribution is switched on infinitely slowly* “quasi- 
statically”, or “adiabatically”, up to the time t = t~ ii 

(16.14) g“'{s, 0 = — ^“(i, s, r) = —exp {=Fi<f2®}3'‘(s, <)> t<f. 

To justify this definition let us first consider a source distribution which 
has been switched on linearly during a finite time interval, 

(O, — w < i ^ fo > 

(16.15) j(x, <) = < 

ur - - Qfix, f), u^t< r. 

From (16.5) we find 

g (s, i) *= — [(i to) (J, fo) ~ [^^"(^ ~ ^o)Q ] ]? it> s, t ) 

- [=Fi(r - <o)Q®r‘g'“(<o,s, o for to<i< r. 
Letting <o approach — » we find 

(16.16) p*(s, {) -* —q“(.t, s, r) for t < 

hence, in particular, p‘'(s, f) —*■ s, <“). 

It is important to realize that condition (16.14) for an infinitely slow proc¬ 
ess of switching on implies that the function g*'(s, t~) belongs to i.e. 
(g(r), g(r)) < 00. On the other hand, it is not necessary to impose this condi¬ 
tion for the process of linear switching on, provided (q, flg) < <». The breakdown 
of the limit process if (qiC), qif)) = (g, g) = <» is apparent when one realizes 
that the transition operator ro{~g(^")}> which is still defined for the linear 
switch on, does not converge to a transition operator. We express this situation 
by saying that it is impossible to switch on a source disirbution infinitely slowly 
up to the time t — t~ if {qif), qif)) = “. We may also say that it is impossible 
to create an infrared catastrophe by switching on the sources infinitely slowly 
as required by (16.7). 

The process of infinitely slow switch on can also be xised to handle source 
distributions j{x, t) "which as i —»• — » do not die out. To this end, the process 
described by the function fix, t) may be replaced by an infinitely slow process 
in which the source j{x, f) is attained at the time t — f. To this modified 
process, according to (16.14), (16.5), the fimction 


‘For such processes in connection with single particles see [27], [32]. 
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(16.17) 


g'^(t,s) = — exp {=Fir£ 2 ®} 5 *(s, O 

± iO® J^_ exp f) dt' 


is assigned. Assuming the function g'*(s, 0 to possess a continuous derivative 
with respect to t, we may write formula (16.17) in the form 

g^Ci, s) = —exp {=Fi<Q®}g''(s, f) + exp {=F*i'Q^} dg'^(s, t'). 

We now let f approach — ». We assume that the limit function 

(16.18) g^it, s) = —exp {^itQ^]q'^(s, t) + f exp dg*(s, t') 

J .00 

exists and satisfies condition (16.7) and assign this function to the switching 
on process described by the function j(x, t). Formula (16.18) holds, of course, 
also if the source distribution j(x, t) approaches zero sufiBciently strongly as 
t —> — 00 . 

We see from formulas (16.18) and (16.14) that a process of infinitely slow 
switch on up to the time t = t~ can also be characterized by the condition 

^16.19) f exp dq*(s, i') = 0, 

J .00 

provided a continuous derivative dq'‘(s, t)/dt exists. This relation can not be 
satisfied for all values of s unless dq (s, t) = 0 for i < f; i.e. if q(s) is time- 
independent. We assume here that g(s, t) satisfies a suitable condition such as 

(16.20) f I dq(s, t)Jdt | d< < «. 

J .00 

Since a time-independent source distribution does not satisfy condition (16.7) 
we may say: Ara infinitely slow process of switching on cannot he realized as a 
proper switching on process', it is always to he considered the limit of such proper 
processes. 

Suppose the source distribution is constant after it has been switched on 
infinitely slowly. Then we have 


(16-21) g\s, t) — — g*(i, s) for t> f; 

th^ the process remains “infinitely slow” from t = f on. The operators 
A*(s, t) are then given by 

(16.22) A (s, /) = ejq) {±*fQ^}Ao(s) 4- g'*(s) for t > f, 
as seen from (16.6). This relation may also be expressed in the form 

(16.23) B*(s, i) = exp {±f<Q®}A‘;(8, t) for t > r, 
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which involves the modified creation and annihilation operators introduced in 
Section 14. This formula has an interesting consequence: Suppose the field is 
originally in the vacuum state #o, so that A'i{s)^o = 0; then B‘(s, t)^o = 0 
for t > r. In other words, the state is in the modified vacuum state from 
t = r on. Similarly we find that an eigenstate of the number operator Nq goes 
over into a corresponding eigenstate of the modified number operator M. Thus 
the stationary eigenstates of the modified number can be produced from the corre¬ 
sponding eigenstates of the unmodified number by switching on the source distribution 
infinitely slowly. 


Removing Sinks from Sources 

The following particular switching on process is of considerable interest: 
Two congruent source and sink distributions are originally superimposed so that 
they cancel each other; the source distribution is then kept stationary while the 
sink distribution is removed to infinity. Describing the path of the moved 
sinks by a continuous function a(i) for which 


a{t) —> 0 
a(<) 1 —> 00 


(16.24) 

we may express this process by 

(16.25) i(x 


as 


t —> 0, 


- io 

JoCa:), 


-Mx-a(t)), t<0, 

t > 0 . 

The transform of this function is 

(16.26) j\k, 0 = [1 — exp {=Fifta(<)}]j*(fc) for t < 0; 
hence the function g'‘(k, t) approaches the function 

(16.27) g^ik, 0) = dbiw / exp {=Fi««}[l — exp {=Fifto(<)}] dt q^oQe) 


as t approaches zero through negative values. 

The factor of g o(fc) in (16.29) is finite, if e.g. the function a(t) has a con¬ 
tinuous derivative o(<) for which « 1 a{t) 1 (ft < <». It could be shown that 
this factor vanishes with u strongly enough to make g*{k, 0) belong to ^ if 
(g, Qg) < 00 even if (g, g) = “. Therefore, the process of removing sinks from 
sources just described could also be used to switch on a source distribution 
with (g, g) = ». 


Switching Off 

So far we considered the effects of switching on a source distribution; now 
we shall consider the effects of switching a source distribution on and then off 
again. We assume that the source distribution behaves in the same way for 
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t—*co as for i —» — ». We may formulate this assumption by requiring that 
the functions s) given by (16.6) possess limits 

(16.28) gZ(.s) = dziQ^ j exp {=Ff«a®}g*(s, 0 as t-»oo 
in the sense that 

(16.29) II ff(<) - II-^0 as <-^oo. 

Therefore the transition U(t) = ro{g(t)}, see (16.9), also possesses a limit 

(16.30) i7(co) = ro{g.}. 

Since To {fl'(0} —^lasi—♦ — <» by (16.10), it is clear that osymptofo'c imnsfiion 
operator U{«>) = To{g„} is simply Heisenberg's scattering operator for the present 
problem. For, the scattering operator is characterized by the property that it 
transforms the limit of the interaction state #„(0 as < —» into the limit of 
the interaction state as t —»«. Thus, while no scattering operator exists when 
the source distribution is not switched oflE, as shown in Section 15, there exists a 
scattering operator when the source distribution is switched on and off. 

We say that a source distribution is switched off infinitely slowly beginning 
at the time < = if 

(16.31) g\s, t) - g\s, C) = g*(t% s, t) - g‘«, a, f), f < t, 

in analogy to (16.14). 

Let us consider the case in which the source distribution is switched on 
infimtely slowly up to a certain time, kept constant for a while, and then switched 
off infinitely slowly. Note that a period during which the sources are kept 
constant may be incorporated in any period of infinitely slow switching. Hence 
we may set t* = f. Comparing (16.30) with (16.14) we find that (16.14) 
holds for arbitrary < > In this case, letting < —^ ®, we derive relation 

(16.32) gZis) = 0 

from (16.31). As a consequence, the scattering operator l!7(oo) reduces to the 
identity. In other words, no scattering takes place asymptotically if the sources 
are switched on infinitely slowly, kept constant for a while, and then switched off 
again infinitely slowly. 

Lorentz Invariant Formulation 

The problem treated in Sections 15, 16 referred to a particular Lorentz 
frame with respect to which the source distribution is constant. No Lorentz 
frame, however, is distinguished if, as in the present section, any time de¬ 
pendent source distribution is considered. Although it is true that the definition 
of the scattering operator given here involves reference to a particular Lorentz 
frame, one should expect this operator to be actually independent of the choice 
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of this frame. In order to prove that this is the case, one may either carry out 
the transformation to a new frame, or one may express the scattering operator 
in a form which shows its invariance under Lorentz transformation explicitly. 

Elegant Lorentz invariant expressions for the scattering operator and for 
the assunptotic transition probabilities were derived by Glauber [34], using ideas 
of Schwinger; see also [31]. We proceed to show that Glauber's expressions are 
identical with ours. 

We use the first form (14.23) for the operator T{ga.} and accordingly write 
the scattering operator (16.30) in the form 

(16.33) 17(co) = exp {(sr. , Ao) - (Ao, p-)}. 

We insert formula (16.28) for gZ(.s) and express g*(8, t) in terms of f(8, t) using 
(16.2). Using (16.6) we obtain 

(g„ , A) - (A, g„) = i / (20®)“/“ / [AZs) exp {0 

+ At(s) exp {i4Q®}j“(s, {)]dtdm(s) 
= i f ( 20 ®)“/“ £ lAs, i)A-(s, £) 

+ A''(s, t)]dtds + iy 

with 


y - i jl *)V,ff"(s, «) - p“(s, f)V,g'^(s, t)] dtdmis). 

Now we use s = ® as quantum variable so that t) = j{x, t) and 
employ relation (8.29). We find 

(16.34) I7(«) = exp {fy} exp JJ jix, <)S(*, ^ d<da;|. 

The second factor is Lorentz invariant. In order to show that the constant y 
is also Lorentz invariant we express y in terms of j{x, t), in the form 

y - i J (20*)"“ j J ^ (<" ~ O exp { -i«'0*};(», t') 

• exp {zi"0“^}j(», t") dt' dt" dx 


or 


“ “ I !L 


• j(x'', t") dx" dt" dx' dt', 


(16.35) 


y 
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using the improper function 

(16.36) r(a;, t) = 8ga(t)(if)~^ sin iOf S(x). 

Note that the contribution from the real part of the exponential function drops 
out since y is obviously real. 

The function r(a;, i) evidently satisfies the differential equation 
A®r + (ifyr = 0 for tpiO. 

Letting < approach zero through positive or negative values we see that 
r(a;, t) satisfies the initial conditions 


r(a:, 0) = 0, VjFCa:, 0) = S(x) and —S(x), 


respectively. This fact is suflScient to identify the function r(®, i) with the 
function !+(*, i) + r_(a:, i) in the notation of Section 3. This function is 
simply the fundamental solution of Jordan and Pauli denoted by A(x, t) in 
Schwinger’s work. Its Lorentz invariant character is thus evident. Formula 
(16.34) together with (16.35), (16.36) agrees with that of Glauber. 

Another quantity which is independent of the Lorentz frame is the prob¬ 
ability P(JVo, ft 1 iV-o., 0) that ft particles will be found eventually, i.e. as ^ , 

if the field was in a vacuum originally i.e. for f —> — ®. Prom (16.30) and 

(14.36) we find 

(16.37) P(2V, , ft I , 0) = ftl(p« , gf„)" exp {-(fl'. , fl'»)/2}. 

By (16.28) and (16.2), the quantity (po., p®) is given by 

(P- , P-) = //__ j J{x, 0(2Q*’)"‘ exp {z-(i" - V)£i^]j{x, t") dt' dt" dx 


or, since only the real part of the exponential function contributes, by 


(16.38) 


with 


(P- , P-) = I }J <0r‘”(a:' - x", f - t") 


• j{x", t") dx' dt' dx" dt" 


(16.39) r''’(a:, t) = (f2*^)~‘ cos 5(x). 

The improper function r‘”(a;, t) evidently satisfies the differential equation 
+ (sf)*r<” =0 for < ?£ 0 

and the initial condition 


r«’(x, 0) = 8(x), v,r<”(x, o) = o. 
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From these facts one can deduce that r”’ is the function 

€) = (ar“)-Vsgn[<* - I * 11 M’ - I a: I* r‘'*7x(M I - I a: |* ^ 

also denoted by A“'(a:, t). For ^ = 0, in particular, we have 

r'"(a!, t) = (2x1-11 x\^- fr\ M = 0, 

cf. (4.10). Incidentally, — §xr**1a:, t) is Bb,dainard’s fundamental solution. 

Since the function r‘‘1a:, t) is evidently Lorentz invariant the same is true 
of the number (gm , gJ). Formula (16.37) together with (16.38) agrees with 
that of Glauber. 

17. Modified Vacuum States 

Extending the terminology introduced in Section 14, we call any state a 
“modified vacuum state” if it possesses the iV-representation. 

(17.1) •«->• {[ni]‘''V»(s)» exp { -(g, g)/2 }}. 

Here 

(17.2) g~(s)^ = g-(8i) • • • £r"(sj 
and g~(,s) is any function in the space i.e. 

iff, ff) = J I ffi^) I* <^«(s) < " • 

We shall also say that the state 4>, is “generated” by the function g. We do not, 
however, imply any more that this function g~(8) is related to a source dis¬ 
tribution. Nevertheless, we shall speak of the “modified” number operator M 
and the associated “modified” creation and aimihilation operators 

Als) - g\s). 

One may describe a modified vacuum state by sa3ring that in such a state 
each particle is prepared in the same way, and that this preparation is char^ 
acterized by the function g~is) considered as the probability amplitude of a 
single particle. The number of these single particles, however, is not determined 
in such a state. The probability of finding n single particles, 

(17.3) PiN, re I M, 0) = niig, ?)" e:!qp {-(ff, ff)} 
follows Poisson’s law. 

In previous sections we were concerned with the probabilities that certain 
numbers of particles would be found and with the expectation values of the num¬ 
ber of particles. In the present section we shall derive more detailed information, 
confining ourselves, however, to the modified vacuum state. ' 

We shall first calculate the expected, number of particles for which the ob- 
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servdble S has values s in a region (R of the s-space. We denote this number by- 
TP'® . To evaluate this number we first consider any state represented as 

The probability that there are n particles altogether of which the first p are in 
(R, while the remaining n — p are in the complementary region (R*, is evidently 

/ f Un(sW).- J* dm(s), dmCO.-, . 

The probability that any p particles are in (R, and the remaining ones in a* is 

n!pi(n — p)l f [ 1 <^'«(s),(8')«-, I* dm(s); . 

y® 

The expected number of particles is, therefore, 

= 2 SwKp — l)l(» - p)l /* f I i^'»(s),(«')»-, 1* dm(s)„ d7n(8'),_, 

n p •'(R 

“ 'Hn fyi — l)I(rl(n — 1 — (r)l 

n c 

n l UsUlisOn-r-. I* dm(s) ^+1 din{s')n^i^f > 
or 

(17.4) Wtt = f f I ^„(s')n-i(s) I* dm(s')n-i dm{s). 

Note that the integration with respect to s is extended over the region (R while 
the integration with respect to (sf , • - • , sLi) is extended over the whole 

(si , • • • , si-i)-space. Expression (17.4) may be written symbolically in the 
form 

TT® =5 f dw(s) 

where dw{8) is defined by 

(17.6) dwis) = En/ U,(sO»-i(s) J* dm(s')„_i dm(s). 

We say dwis) is the expected number of particles having values of 5 in a cell 
of content dm(s) located at s, or even simpler, of particles ‘liavii^ the value” 

8 = s. 

The symbolic expressions 

(17.7) dw(8) = <A*(«)4"(s)>* dm(«) = \\ A~{8)^ jj’ dm(s) 

could also be verified formally. 



QUANTUM THEORY OF FIELDS 


115 


We caa now easily calculate the number dto(s) of particles expected if the 
field is in the modified vacuum state Inserting into (17.6) the functions 
given by (17.1) we find 

dw(s) = 2 (n - l)i(e', flf)"“‘ 1 flf(s) |®dm(s) exp {-(p, fir)} 

n 


or 

(17.8) dw(a) = 1 g(8) 1* dm{s). 

This noteworthy formula for the number of particles with /S = s in the state 
gives a simple interpretation of the modulus | gis) ] of the function g (s) 
which characterizes the modified vacuum state. 

Other expectation values may be derived from formula (17.8). Let the 
observable A = X(iS) be a function of the observable S. Then one may de¬ 
termine the amount of the quantity A carried by the particles expected to have 
the value 8 = s. This amount is evidently X(s) dte(s) in general, and 

(17.9) \(s) dw(8) = X(s) 1 fir(s) 1* dmia) 

when the field is in the modified vacuum state . 

Let us, for example, choose the momentum s = fc as quantum variable and 
the energy Q = uik) as observable. The amount of intrinsic energy Q of the 
particles expected to have the momentum k is found to be 

«(fc) 1 fi(fc) 1* d&, 

if the field is in the modified vacuum state . 

Inflvmce of a Source DutnbvHon 

We now proceed to investigate how these expected values vary when the 
field is imder the influence of a source distribution. In particular, we assume: 
the field was in a state of vacuum origboally, i. e. at f = — * i the sources having 
been switched on so as to attain the distribution j{x) at the time i — 0, and 
this distribution is kept constant from then on. The function g($, t) which 
“generates” the state of the field at the time t is given by 

(17.10) fir*(s, <) = g"(.s) + ?*(«) - sl*,«) 

in accordance with (16.12), (16.13). The function g*(.8) “generates” the state 
at the time « = 0; it embodies the effect of the switching on process. 
Consequently, the expected number of particles having /S = s at the time t is 

(17.11) dwia, i) - I fi(s) + g(s) — q{t, a) dm(s), 
or 

(17.12) dv)(a, £) = dw/a) 4- dw<»(«, *) + dw^ia, t). 
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■with 




(17.13) 

dWi,(s) 

= 1 g(s) 1* dm(s), 


(17.14) 

dwu(s, i) 

= 2(Sie.g*(8) 1 [ff“(s) - q~(t, s)] 

1 dm(8), 

(17.16) 

dw,,(s, t) 

“ 1 3(f,«) - S(s) 1“ dm(i). 


The last term. 

which is independent of the initial state. 

may be ascribed to 


spontaneous processes, the middle term to induced processes. 

In case l^e quantum variable s is the momentum k we have 


exp {dbi<Q®} = exp {±i<co}, = n* + | A |*. 

Hence, we find 

(17.16) dw„ik, f) = 4 sin* (at/2) | q(k) 1* dk. 

Therefore, the number of particles with the momentum k spontaneovisly emitted 
per unit time is expected to be 

(17.17) Vi dw,,(k, <) = 2 sin <oi I q(k) |* dk. 

Thus it is expected that particles of every momentum are emitted and re¬ 
absorbed spontaneously; the flux of these particles is expected to oscillate with 
the circular frequency w. 

Suppose the source distribution consists of two congruent but opposite 
distributions described by a function jo(x) and placed at the points x — ±o, 

(17.18) j{x) = jo(x - a) - jo(x -b a). 

Then we have 

(17.19) q'^(k) =2 Bin kaq1(k) 

in obvious notation. Accordin^y, the number of spontaneously emitted or re¬ 
absorbed particles depends on the distance of the two source distributions in 
such a way that it vanishes if 2ak is an integral multiple of 2ir. It may be of 
some interest to formulate this condition without assuming that Planck’s con¬ 
stant h has the value 2ir. In terms of the momentum p = kh/2v the condition 
is that the product 2ap be an integral multiple of h. 

In order to illustrate the expression for the induced emission we assume, 
for example, that the Add at the time t = 0 was so prepared that nearly all 
particles have the momentum ko or —fco . Specifically, we assume that the 
function g(k) characterizing the modified vacuum state at that time is given by 

(17.20) g"(k) = ip(k - ko) + 6/5(4 + ko). 

Here the real valued function ^(k ko) should be an approximation to Dirac’s 
3-function 5(4 =F 4o). As before, we assume the source distribution for f > 0 
to be given by j(x) = joix - a) - jo(x + a). 
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From the second relation (17.14) we find 


(17.21) 


dwtJjk, 0 = —46[j3(Jb — ko) + /3(ft + h)] 

• sin ka Sm go(^!)[l — e^ 


Only particles with a momentum nearly equal to dblbo are therefore expected 
to be emitted or re-absorbed. No induced process is expected to take place if 
the number 2koa is nearly an integer multiple of 2ir, i.e. if 2poa is nearly an 
integral multiple of A. 

Of course, one could also calculate <Ae number of particles expeded to be 
found at a point x in space.^ We confine ourselves to the calculation of the 
contribution due to spontaneous emission assuming that the source distribution 
is concentrated at the origin 


(17.22) j(x) = e8(x). 

This distribution is, of course, improper but it can be considered as approxi¬ 
mating a proper distribution. According to (17.18), the spontaneously emitted 
number of particles expected to be found at the point x is 

(17.23) dw.,ix, 0 = e* I [1 - exp {t< 1 V. |}] 1 2V. T®'* S(a!) 1* dx. 


We have 


{it I V. I}] 1 V. r*'* Six) 


= (2r)“* j V- ~ ®XP {** 1^1}]!^ ®sp {ibxc} dk 

= (2t)"* 2 I a: 1“^ f [1 — exp {it [ fc |}] [ A I”*''* sin (| A | | a; |)d | fc | 
Jo 

•Throughout this exposition we have designated the observable X associated with a 
single particle as the “position” of the particle. The reason was that the observable X is 
connected with the momentum K by the Fourier transformation and obeys the commutation 
law XK — KX **Nevertheless the observable X does not possess all the properties which 
are commonly implied when one speaks of the position of a particle. 

First of all, the observable X depends on the Lorentz frame to which it is referred; cf. 
Pauli [1, p. 260], see also [30]. Suppose, for example, the held consists of one particle in a state 
in which measurement of X at the time < » 0 would yield approximately the value zero. If, 
instead, the ^^position” X' at the time t' ^ Ovb measured with reference to a different Lorentz 
frame which passes through a; 0, i « 0, an arbitrarily large value of [ Jf' | may be found with a 
positive probability. 

Secondly, the procedures commonly employed for the measurement of the position of a 
particle of matter would not yield the value of the observable X for a boson because a boson 
field does not interact with external forces in the same way as matter. 

The notion of “number of particles to be found at a point in space” should, therefore, be 
understood with these qualifications in mind. 
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= 1 X r‘ f [1 - esp [itff]] sin (1 x\(i^ da 

Jo 

= ir"*(2i)"‘ I X r‘ 2'*^* f [(1 + 0 exp { -1 » I T*} 
J 0 


- (1 - 0 exp {-I a: I T*} - (1 + ») exp {-[< + I» |]r®} 

+ (1 + i) exp {-f< - I ® |]t’}] dr 

if < > I ® |. Hence 

[1 - exp {it 1 V. Hi 1 V. 5(®) 

(17.24) 

= (2r)-*'* 12® r‘ [21 * r''*- (1 - *){[t+1 * ir'* -it-\x ir'*}. 

For large values of i | a; we therefore have 

[1 — exp {it I Vx |}] 1 V, r*^* S(x) 

~(2^)-»'*[| a; r*+ 1(1-00, 


(17.25) 


whence 

(17.26) dw„(x, t) ~ 1 4rj: |“’ [1 + 1 ® dx for t » | a; [. 

A refined expression for this number of particles expected to be found at the 
point X can be derived from formula (17.25). 

Prdbabiliiy IHstnbvition of the Energy 

In the present section we have mainly been concerned with the number of 
paHifilen in a modified vacuum state for which the observable S is expected to 
have the value s. We proceed to discuss a different question which can be 
answered in connection with modified vacuum states. 

Let 


B = [X(jS)] = J A*(s)\(s)A~(s) dm(s) 

be an operator which results through biquantization from the single particle 
operator A = \(S). We then ask for the probability P(/3) that a measurement 
of the observable B will yield a value less than a number 13 when the field is in 
the modified vacump state . For example, we may ask for ffie probabiliiy 
P(e) that the energy H = [(u(H)] of the field wiU be found to have a value below a 
number e. 

We suppose the state of the field is represented as 

* {l?'n(s)»}. 
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We further denote by (Rj the region in the (s, , • • • , s,)-space in which 

Ksi) + • • • + X(a„) < jS. 

Then the desired probability is evidently, 

(17.28) P(0) = T, [ I Us)n I* dm(s)„ . 

n *>ain,0 

If # is the modified vacuum state so that 

V'«(«)« = (aO'^VCsx) ••• ff~(Sn) exp {-(g, g)/2}, 

we fiind 

(17.29) P0)= En\ f. 1 p(si) 1* ■ • • I p(sO 1“ dm(s)» exp {-(ff, p)}. 

In a manner well known from the theory of probability, this expression can 
be cast in a different form which, under certain circumstances, permits us to 
evaluate it more easily. 

We use the discontinuity factor 

(17.30) (2«')“* f exp {g\0 — X(si) — ... — X(s,^]}«“^ dz — D(«), 

J Si 

which has the value 

= 1 if (s), is in (Rj , 

D(»)« _ 

= 0 if (s), is outside of the closure (R.3 . 

Here the path J3 extends in the right half plane from « = Xo — toz = aso + *"» 

Xo > 0. 

We insert this factor in formula (17.28) and interchange the order of inte¬ 
gration and summation. Moreover we make use of the identity 

J exp { -»X(«i) - ... — z\(s^] I g(si) |® • - • 1 gis,^ |® dm(s)n = Z"(aX), 

involving the n-th power of the “partition ftmction” 

(17.31) Z(«X) = j* exp {—«X(8)} I g(s) ]* dm(s). 

Then we find 

P(/S) == f 2 ni^( 2 X) erqp dz 

•fji n 

or 

P(/3) = (SW)"' f exp {Z(zk) + Pz]z~^ dz. 

J £ 


(17.32) 
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We aHfl.11 derive this formula in a different manner in Section 20 on the 
basis of the occupation number representation. There we shall also discuss 
possibilities of approximate evaluation of its right member. We have derived 
this formula here because we wanted to show that this can be done easily on 
the basis of the particle representation. 
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Part IV. Occupation Number Representation and Fields of 

Different Kinds 


18. Occupation NunAef Representation 

An occupation number representation of the states of a field is customarily 
employed only for fields enclosed in a box. To every eigenstate^, of the energy 
of single particles one assigns the number n, of particles which are in this state. 
The label r, which runs over the integer values r = 1, 2, • • • , assumes the role 
of the “quantum variable” here generally denoted by 8. As explained in Section 
7, the states # of the field may be represented by a probability amplitude 
^ in, ytii, • • •) considered as a function of the occupation numbers ni, n 2 , ■ • • . 

In the course of our exposition we have asserted several times that a similar 
occupation number representation is always possible, no matter which quantum 
variable 8 is chosen. In particular, s could be any continuous quantum variable, 
such as the momentum or the position of a single particle. In such a case the 
occupation number, which we shall denote by v(s), depends on a continuous 
variable but may assume only the integral values v = 0, 1, 2, • • • . 

We had also remarked several times that the formulation of general occupa¬ 
tion number representations is more cumbersome than that of particle representa¬ 
tions. Nevertheless, valuable information can be derived from such general 
occupation number representations. For this reason we shall describe such 
representations in the present Part IV. 

One might be inclined to derive the desired representations involving a 
continuous variable s by limiting processes from a representation involving a 
discrete quantum variable; for example, one might consider a field which extends 
over the whole space as the limit of fields enclosed in a box. We shall not proceed 
in this manner. Instead we shall employ partitions of the 8-space in cells 
and consider states in which the probability of finding each cell occupied by a 
certain number of particles is independent of the distribution of the particles 
within the cells. We shall consider refinements of sucTh partitions and then 
perform a limit process. 

One might also be inclined to introduce a kind of occupation number density 
as a function of 8 and to determine the total number of particles as an integral 
of such a density over the whole 8-space. Such a procedure, however, would 
result in very clumsy formulas. Instead, we shall employ the occupation number 
vis) itself, i.e. the number of particles at the place s; the total number of particles 
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is given as a sum >>(8) to be extended over all points s of the fr-space. Of 
course, this sum is finite only if a finite number of places are occupied. 

It should be noted that, in general, there are no proper states of the field 
in which the value of v at each point s can be predicted with certainty; nor is, 
in general, a probability assigned to each distribution of occupation numbers v{s). 
Such probabilities will rather be assigned to manifolds of occupation functions 
v(s) which comprise functions y(,s) obtained from each other by varying slightly 
the places s that are occupied. 

Instead of saying that a state $ of the field is represented by a function of 
the infinitely many variables »<(s), we prefer to say that the representer of $ 
is a “functional” fiv) of the “occupation function” y(s). The inner product of 
two states $ and will be expressed in the form* 

n»'(s)l[dm(8)r’, 

p « 

in which the summation refers to all possible dccupation functions j»(s) and 
the infinite product H. to all possible points s. To be sure, this expression is 
only a symbol for the result of a certain limit process; we find it, however, advan* 
tageous to employ this and similar symbolic expressions. The evaluation of 
expectation values and probabilities can be greatly simplified by formal pro¬ 
cedures using such symbols. Of course, these formal operations can be justified 
rigorously. 

Complete proofs of the statements made in the following sections will in 
general be omitted or merely indicated when they would involve lengthy argu¬ 
ments of a standard pattern; only in a few cases will proofs be carried through. 

The occupation number representation refen-ed to will be developed in the 
present section in connection with the particle representation. In Section 19 
we shall develop a different type of occupation number representation. In 
analyzing this different type of representation we shall realize that there are 
cases in which it is not equivalent with a particle representation. In other words, 
we shall be able to describe fields whose states do not admit a particle representa¬ 
tion and, accordingly, do not possess a vacuum state. It will be shown that in a 
certain sense such fields "without vacuum occur in nature. 

In spite of the non-existence of a vacuum various expectation values and 
probabilities can be calculated for such fields. This will be shown in Section 20. 

In Section 21 we shall show how our considerations, so far concerning only 
boson fields, can be carried over to fermion fields. In this connection we 
refer to Dirac’s idea of an electron field which may consist of a finite number of 
electrons with a positive energy while every state "with a negative energy is 
occupied. With the aid of the two kinds of fields—the one with and the other 
"without vacuum—^we shall be able to give Dirac’s idea, in a somewhat modified 
form, a precise mathematical meaning. This fact might be of interest although 

^As ia Part III, we use the abbreviation nl - 1/a! forn - 0, I, • • • and nl - 0 for 
n - -1, -2, • • • . 
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the notion of electrons with hegative enei^ has really never been used explicitly 
by physicists. 


Particle and Occupation RepreserUaiion 

In the particle representation the state is represented by a system of functions 
^n(8)n , which may be considered as one function of the in^tely many variables 
n, $ 1 , $2 ,••• . The possible values of these variables are the possible values of 
the observables N, Si , Sa , • • • ’. The observable AT is the total number of 
particles comporing the field; the observable Sr is the quantity S associated with 
the r-th particle. The symmetry of the function »insures that these particles 

are indistinguishable. 

We recall that the symbol S stands for any complete set of observables 
associated with a single particle. This observable may have a continuous, 
discrete, or mixed spectrum. The nature of the spectrum of jS is embodied in 
the measure function m(S) associated with S. On occasion we shall refer to the 
point eigenvalues of <S; they are values of a such that the set which consists 
of exactly this point has a positive measure, ni(s®). 

Instead of the observables N, 8i, 8a , • ■ • , the occupation numbers may be 
employed as observables. The occupation number •iV(s) associated with a point 
s is the number of particles for which the quantity 8 has the value a. The possible 
values of N (s) will be denoted by v(s). At each point s the number v may assume 
the values » = 0,1, 2, • • • ; we therefore call it “integer-valued”. The totality 
of the occupation numbers associated with all points a is given by the observable 
2V as a function iV(s) of a, which will be termed the “occupation distribution”. 
The possible values of this manifold of observables iV(s) are given by functions 
v(8), which will be called “occupation functions” or ^ply “occupations”. 
Specifically, we shall use the term “occupation” for any integer-valued function 
v(s) which equals zero except for a finite number of values s. The total number 
of particles in an occupation is then finite: 

(18.1) 2 k*) < *• 

This requirement does not at all mean that we restrict ourselves to considering 
states of the field in which the expectation value of the total number of particles 
is finite. What is implied is that we diall assign a probability amplitude only to 
occupations which involve a finite total number of particles. 

The notion of probability amplitude is not quite adequate for the present 
purpose since in general the field does not possess a discrete manifold of proper 
eigenstates for the set of operators N{a). Instead we consider functions—or 
rather functionals— fiv) of the occupation ^(s) as representers of the states of the 
field. We must set up a Hilbert space of these “occupation functionals” with 
respect to an appropriate unit form assigned to them. Furthermore we must 
represent the observables of the field by appropriate functional operators. The 
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probability that any such observable has a value in a given range when the Md 
is in a given state can then be expressed with the aid of the representer f(v) of the 
state. 

The functionals /(v) to be introduced will first be expressed in terms of the 
representers ^.(s). of the particle representation. 

Let vis) be any occupation. From the function vis) we shall derive a number 
n and values Si, Sj, • • •, s. ; the value of fiv) for this occupation !>(«) will then 
be defined in terms of the value of for these values of n, Si, • • * , s,. We 
first set 

(18.2) n=X)»'(«)- 

« 

This number is finite by (18.1). Consequently, there are at most n distinct 
values 8 — s”’, • • • for which vis) 5 ^ 0. Uang the notation 

Vt = !>(«“’). »'* = 

we set 

*1 = • • • = «,, = s”’, «„+i = • • • = • • • . 

Clearly n values s,, •••,«, are thus determined, since vj + va + • • • = n. With 
the aid of the given function ^.(a). we now assign to the occupation vis) the 
number 

(18.3) /(»-) = [nrV»(«).. 

In this way, the functional fiv) is defined for all occupations satisfying condition 
(18.2) provided the particle representers V'i.(«)i. are given. The factor is 
merely chosen for convenience. 

Vice versa, we can express the functions i^,(«). in temos of the functional /(>>). 
Let any values of n, Si, • • • , Sn be given. For every value of s let vis) be the 
number of values among Si , • • • , Sn which equal s. Thus an occupation is 
described. Then the value of i^,(s). for the given values of n, Si , Sa , ■ * ■ is 
evidently obtmned by inverting (18.3), 

(18.03)' ^,(8). - [ni]*'*/W. 

As an example we mention the functional fiv) = fmiv) which represents 
the vacuum state ; it is, evidently, 

(=1 if vis) = 0, 

(18.4) /„»< 

(=0 if vis) 0. 

Similarly, the representers f (v) of states in which there are n particles are charac¬ 
terized by the condition that they vanish unless X). >'( 8 ) = n. 

The description, given above, of tiie transformation of the two represents^ 
tions into each other cannot be taken literally. For, the value of a function 
4 '.is)n at a particular set of values of the variables 81 , • • • , s, may be altered 
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without altering the state represented; in fact, two functions may serve 
as representere for the same state if they differ in a set of measure zero. Such 
a change in the function fn(8)« evidently induces a change in the functional /(v) 

Occupation Functionals 

Before giving the transformation (18.3) a precise meaning we must describe 
a nutnifold of occupation functionals /(») independently of the functions 
and define for them a unit form (/, /). To this end we shall first introduce 
functionals which depend only on the total number of particles in certain cells 
of a partition of the s-space. From these special functionals we shall obtain 
all functionals / (v) by a limit process. This process is nothing but a generalization 
of one of the posable processes by which the integral of a finite number of 
variables can be defined. 

A "partition” (P of the s-space is given by a subdiviaon of this space into 
distinct rectangular—^bounded or semi-infinite—cells. These cells need not be 
sets of the same dimension as the SHspace; in fact, a single point s may serve as a 
cdl. The r^on formed by all bounded cells in (P, the “finite part” of (P, will be 
denoted by (R = (R*^, the cells composing it by C*, fc = 1, 2, • • • . The region 
formed by the remaining cdls will be denoted by 6,^ . 

'Vi^th reference to such a partition we form for every occupation v(s) the 
numbers 

= £ K»)» 

sine* 

(18.5) fe=l, 2, •••, 

>*• = 2 K*)- 

• tnO* 

We then say that a functional fiv) is “compatible” with the partition (P if it 
depends only on the values , lb = 1, 2, • • - , and , and if it vamshes unless 
V* = 0. Accordingly, there is a function , r*, • - • ,v^) such that 

(18.6) fiv) = f\v, ,n, • • • 
and 

(18.6) ' /*'(v, ,va, • • • , pj = 0 unless = 0. 

We now define the ixmer product of two functions /, / which are compatible 
with the partition (P. To this end we introduce the measure 

(18.7) »» /* dm(s), Ar = 1, 2, • - • 

Je* 

of the cdls . We then set 

(18.8) (/,/)- E ?•'(»'. 0 )f\y, 0) n 

ritr*,*** * 
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The summation indicated by the symbol T!,. exteada over vi = 0,1,2, •••, 
va = 0, 1, 2 , ••• ,vt — 0, 1, 2, • • •; the subscript k in the product £( 3 nmbol Jl* 
extends over all values of k to which cells 6* are assigned. We further stipulate 
that 


ml* = 1 if = 0 

even if m* = 0. The series (18.8) converges if the series 

(18.8)' II/ir = (/,/) 

and (7, 7) conve]^, which we assume. 

A partition (P' is called a “refinement” of the partition (P if each cell of (P' 
is contained in a cell of (P and the region d' associated with (?' contains the region 
<R associated with so that 6* is contained in . Clearly, a function f(v) 
which is compatible mth (P is also compatible with CP'. We maintain that the 
valud of the inner product (/, 7 ) of two functions compatible with (P is unchanged 
if it is taken with respect to the refined partition CP'. 

To see that this is so, let <3^ and 6^ denote all cells of CP' which compose 
Ck and respectively, so that 

^rk ^ ^k I ^^rk ” ^k* f 

r r 

and 

2 Vr, +>'*=>'#. 

r 

We observ^'e that the inner product of / and / with reference to (P' can be written 
in the form 

•n E Uy'rkllm'rk]" E n 

Now we first note that 


E n y'rkllmU]" = 

by the binomial theorem. Secondly, we note that the contribution from , 
j • • * to the inner product vanishes unless • = 0; and in that 

case the contribution evidently consists exactly of the factor 1. The statement 
that the expression (18.8) does not change if a partition is refined thus follows. 
Since evidently any two partitions have a common refinement, any two 
functionals compatible with two partitions are compatible with a common par¬ 
tition. Therefore, the manifold of functions which are compatible with some 
partition forms a linear space in which the inner product is defined by (18.8). 
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One of the axioms to be satisfied by the elements of an inner product space 
is that vanishing of the unit form, (/, /) = 0, implies vanishing of the element, 
/ = 0. This condition is not necessarily satisfied by the compatible functionals. 
For example, if there is a cell 6, with measure zero, the unit form vanishes for 
any functional /“’(•'i , ■ • • , v^) which vanishes unless v*. = 0, fc r, y, = 0. 
In order to avoid this occurrence one might assign a new entity to each class of 
equivalent functionals, terming two functionals fiiy), f^iy) “equivalent” if 
— /2) = 0. Instead, we find it more convenient to say that two such 
functionals are “equal”, /, “ = ” fa , or simply /, = fa . With this stipulation 
the manifold of compatible functionals remains a linear space. This identification 
of two functionals is analogous to the identification of two quadratically integrable 
functions of a finite number of variables if they differ only in a set of measure 
zero. 

This linear space of compatible functionals will be extended to a complete 
linear space, a Hilbert space of functionals; these functionals will then be estab¬ 
lished as representers of states. 

To complete this linear space one need only assign an “ideal element” to 
everj' Cauchy sequence of compatible functionals, i.e. to every sequence of 
functionals /,(y) for which (J, — /,,/, — /,)—>■ 0 as <r, r —>• “. These ideal 
elements will also be called “occupation functionals” and denoted by f(v). The 
manifold of all—original and ideal-—elements established by such a process of 
completion forms a Hilbert space“. The Hilbert space of all—compatible and 
ideal—occupation functionals f(v) will be denoted by S8. 

Naturally, it would be of interest to investigate the possibility of identifying 
the ideal occupation functionals with functionals in the proper sense, i.e. with 
assignments of complex numbers / to occupations y(s). For our purposes, however 
it is not necessary to do so; for, it is possible to calculate the desired probabilities 
and expectation values using only compatible and ideal functionals. 

For the inner product of two occupation functionals fiy) and /(v) in 93, 
now defined, we adopt the symbolic notation 

(18.10) (/, ?) = z Mm n K8)i[dm(8)]'''> 

p « 

in order to indicate that the inner product originated from the expression (18.8) 
valid for functionals compatible with partition (P. We should look at expression 
(18.10) in the following way: For every occaipation v{s) we form the infinite 
product ri, v(.s)i[dm(.s*)]*'^*- in which the variable s extends over the whole 
s-space. We multiply the result, which depends on the choice of y(s), by the value 
which the functional Jiv)fiv) has for the occupation p{s). Finally we take the 
sum of the values of the product S{v)f{p) FI* which result from 


*The simple process of completing an “inner product space*’ to a Hilbert space—analogous 
to the process of completing the set of rational numbers by introducing irrational numbers—is 
mentioned only casually in the introductions to Hilbert space [41, p. 17). In the following we 
shall make frequent use of this, and related, completion processes. 
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all possible choices of the occupation v(,a). Of course, this description is not to 
be taken literally, but it is a helpful guide in performing formal operations which 
can be justified rigorously, as will be indicated later on. 


Correspondence between Occupation Functionals and 
Particle Representers 

We proceed to establish a one-to-one correspondence between the “func¬ 
tionals” /(v) in SB and the particle representers of the states 4*, thus establishing 
a rigorous basis for the formal arguments given above. 

Let us first assume that the functional /(v) is compatible nith a partition 6». 
Then the assignment (18.3)' can be carried out. The resulting function ^«{s)„ 
is evidently constant whenever any of the variables s, , • • • , s, varies over a 
cell of the partition. The value of this function when s, lies in a cell C*, , s* in a 
cell e*., • • • , s„ in e*., will be denoted by . Note that ^n(s)„ = 0 if 

one of the values s, , s», • • • , or s, lies in 6* since /(»>) = 0 unless y* = 0. The 
unit-form of the state 4> represented by this function can therefore be expressed as 


( 18 . 11 ) 


($,$)= 23 /* I iA.(s). I* d(s)« 

n 


-Z L IK 

I» 


1* TO*. • • • TO*. . 


To any set of numbers, v\ , vt , • • • with vi + Vi + ■ ■ • = » there are 
nlviivji • • • sets of numbers fc'i, fc*, • • • ,Kof which y, are equal to 1, y* equal to 2, 
and so on. Consequently, there are just w!yily*l • • • terms | f*.i® which 
are equal to nj | .f(y,, y*, • ■ • , 0) |* by virtue of (18.3)'. The expression (18.11) 
for (#, 4>) can therefore be written as 

(#, #) = 23 y.iy,i I r(y. , y* , • • ■ , 0) |* [to.]'-[to*]'- • • • J 

I'l.Fi,*** 

hence, by (18.9), as 

(18.12) (#, $) = (/, /). 

Now, let /(y) be any functional in 33 and /„(y) be a sequence of functionals 
compatible with partitions (?« such that 

II/-- / II-^0, as «->»; 

then, also 

ll/.-/«l|-»0 as 
By virtue of (18.10) the relation 

11 11 —»0 as a, es 
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holds for the states which correspond to . Accordin^y, the states 

converge to a limit state $ which is represented by the “functional” f{v); 
on the other hand, # is also represented by functions . Thus a definite 
set of functions ^n(s)n is assigned to the functional fiv). This assignment will be 
indicated symbolically by formula (18.3)'. 

In a similar way a functional /(k) in 93 can be assigned to every function 
V',(8)n of n, Si , Sa , • • • which represents a state We need only approximate 
i'Mx by functions (s)„ which are constant when any of the variables Sj, Sa, 

• • • runs over a cell (S of a partition (P“ and vanish whenever any of these variables 
lies in . We then employ formula (18.3) to assign to V'»"’(s)» a functional 
faiy) which is compatible with <P“. The identity I1 II = || ^*0 — II 

implies the existence of a functional /(v) in 99 such that || /« — Z# || -^ 0. This 
functional is then assigned to the function ^.(s). and thus represents the state #. 

Representation by Occupation Functioruds 

The representation of the state by the functional / (v) in 93 will be indicated 
by 

(18.13) ^ ^ /(v). 

9 

If a definite value can be ascribed to the functional /()») when >'(8) is a par¬ 
ticular occupation >'0(8), this value /(vo) may be interpreted as the amplitude 
of the probability that a measurement of the occupation ^stribution in the state $ 
yields the result v(8) = »'o(8). This interpretation, however, requires some quali¬ 
fication. If one could speak properly of the probability that a measurement of 
the observable N{s) yields the result vo(s), the expression 

/(»'o)in»'o(«)lWm(8)]'-<*>]‘'’, 

« 

rather than /(po), should be regarded as the amplitude of this probability, in 
keeping with (18.10); the value of the functional /(vq) itself might, therefore, 
be called the “relative” probability amplitude. 

Properly one can speak of the probability that Nis) has the “value” >'0(8) 
only if the occupation distribution N(s) has a proper eigenstate with the 
“eigenvalue” v{s) « vo(8). Then the representor of this eigenstate, a functional 
/o(>') which vanishes when vifi) 9 ^ vois), belongs to the Hilbert space 93. In 
general, however, there is no such fimctional in 93 and in that case no state 
exists in which the occupation has the definite value vo(8). Nevertheless, one can 
in general speak of the probability Pr {y{N) in a] that a measurement of an 
observable y{N) which is a functional of Nis) yields a result which lies in an in¬ 
terval I of the y-axis. More generally, one can speak of the expectation value 
(y(iV))* of such an observable y{N) when the field is in a state We shall define 
and evaluate such expectation values later on. 
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Different^Fonns of the Occupation Representation 

The occupation number representation of states which we have introduced 
depends essentially on the choice of the quantum variable s. For example, if 
the field is enclosed in a box, we may choose s to be a label characterizing the 
eigenstates of the energy of a single particle also assumed to be enclosed in the 
box. The special form to which the occupation functionals reduce in this case 
will be discussed below. 

In general, however, the occupation number representation which we have 
introduced is not restricted to cases in which the quantum variable s is discrete. 
This variable may, for example, stand for the position of a single particle or for 
its momentum if the fidid extends over the infinite space. In this case the notion 
of an integer valued function, j<(s), of a continuous variable s must be used. It 
may, perhaps, be preferable to use the function 

f “• f r(a') dm(s0 • • • 

where I is the dimension of the s-space and s = {s,, ■ • • , St). It has also been 
suggested to use instead of v(s) the symbolic function v(8)/dm(,8) as “occupation 
density”; the representation of the creation operator, see (18.17)■*■, would then 
assume a simpler form, but other formulas woqld become very clumsy. In any 
case, we regard it as most natural to use the occupation vCs) itself as the inde¬ 
pendent variable of our functionals. 

The role of the occupation function v of a continuous variable s is also 
illuminated by the following fact, which will be proved in Section 21. Call 
“effective” every occupation v(s) which assumes the value 0 or 1 (but not a 
value > 1) at every place s which is not a point eigenvalue of 8 . Furthermore, 
call “effective” every functional in 18 which vanishes for every non-effective 
occupation. Then every functional in 18 “equals” an effective one. Conse¬ 
quently, if s is not a point eigenvalue of S, the terms involving values »'(s) > 1 
do not contribute to the expression (18.10). In other words, the prdboMlUy of an 
occupation distrihution is not ejected by mvUiple occupations of points s, which 
are not point eigerwalues. One may also say that the oscHMor assigned to such a 
value of s is effectively excited at most to the first level. Similar statements have been 
made in the literature, see e.g. [14]. However, there seems liardly to be an 
occasion to make use of this simplification. 

Occupation Functions of a Discrete VariahU 

We shall now discuss the simple form to which the occupation number 
representation reduces when 8 has a pure point spectram. We denote the eigen¬ 
values of 8 by s'", r = 1,2, • • • ; the measure jn(e) of a cell 0 in the s-space then 
consists of the sum of the contributions wi, = mis’) of all eigenvalues s' in the cell, 

m(e) = 2 m, . 

• 'ine 
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We confine ourselves to the case in which each finite cdl contains only a finite 
number of eigenvalues. Incidentally, if s is a label of the eigenstates of single 
particles in case the field is enclosed in a box, one may simply identify s with r. 

It is natural to expect that only the values 

n, = !»(«') 

of the occupation function at the eigenvalues s' and the functionals 

/W = /*(«! , na, • • •) 

of the values of a, i r = 1, 2, • • • need be considered. These functionals must, 
of course, vanish if infinitely many among the numbers ni , tij , • •. differ from 
zero. Each term in the infinite series 

( 18 . 10 )“ (/“,/“)= z 1 , na , • • •) r n nAmV 

is then defined. Here the summation sign Z product sign may be 

understood in the literal sense. The functionals /“ are further restricted by the 
condition (/*, /“) < <o, Since the manifold of all finite sets of numbers , ria, • • • 
is countable, it is clear that the manifold of such functionals f forms a Hilbert 
^ce S5“. 

It can now be stated that it is possible to restrict oneself to the space 
for, in a sense to be explained, thi^ space is equivalent with the Hilbert space 83 
of functionals /(i>) introduced before. 

In order to indicate how this can be shown we call an occupation vija) 
“effective” if it vanishes except for a finite number of eigenvalues s'; we call a 
functional }{») “effective” if it vanishes for every non-effective occupation v(s'). 
(The term “effective” here is different from, though analogous to, the same term 
used above.) Every effective functional /(•') evidently corresponds to a func¬ 
tional /*(nt , fh as introduced above. One could then verify that every 
functional/(i») in 83 is “equal” to an effective functional when equality of two 
functionals fi , fa means H/i — /jH = Oas stipulated above. For effective 
functionals f (v) the unit form (/, /) as defined by (18.10) evidently agrees with 
the unit form as defined by (18.10)“. Therefore, the Hilbert spaces © and ©“ 
are identical. 

The occupation numbers n, considered here are those referred to in Section 7. 
The representation in terms of functionals /“(nj , «* , • • •)—^there denoted by 
V/(n,, , • • •)—is essentially that employed in the literature (see e.g. (19, III, 6]). 

It was mentioned earlier that, in general, proper eigenstates for the occupa¬ 
tion distribution do not exist. If, however, the quantum variable is discrete, such 
eigenstates do exist. In fact, every occupation n, = n? with Zr«? < “ occurs 
as an “eigenvalue”. The representer /“(n,, n*, • • •) of the corresponding eigen¬ 
state is given by 

{ = c if % = n?, rta = nS , • • • 

■ 

= 0 otherwise 
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where c is any constant ^ 0. The unit form 

(/*./*)= c* n nlinir' 

r 

is finite and positive because of < »; hence this functional f belongs to 

the space 93°. 


Annihilation and Creation Operators 


We proceed to consider the annihilation and creation operators A*(a), 
associated with the particle representation V* {^n(s)n}, and investigate how 
they are lepresented when ^ is represented by f(v). Let y*(a) be any quadratic- 
ally integrable function. Then the states 

J A'-(s')y’(s') times') # 


are also represented by functionals in IB if the state assumed to admit these 
operators, is represented by the functional /(v). We set 

(18.14)* f A-(« 07 '(«') dm(«') $ 4^ f At>(s')y'(s') times') f(v) 

thus defining the qunbolic operators A7*)(s) acting on functionals f(v). 

Let us first assume that the functional /(») is compatible with a partition <P. 
We then express the right member of (18.14)~ in terms of /(>'). Let i'(s) be an 
integer-valued function with i'(s) = n, and choose (s). such that i'(«) is the 
number of values among Si , ■ * * , a. wMch equal s. Then, clearly, by (18.3), 


/ A7.,(«')7*(«') dmes') fev) = [n!]‘'*In + 1]"* / dm(sO. 

In order to express the value of (<),(«') in terms of /(i*) we follow the sugu- 
ments that led to (18.3). The number of values among a,, • • • , a. , a' which 
equal a is evidently 


»'(a) H- j.'(a). 


Here we use the Kronecker function 


(18.15) 



if a = s' 

if a 3>^ a'. 


Consequently, by (18.3)', 

^^...(a),(a') = ((n + l)i]‘'7(v + S..) 


and hence 


(18.16)" j A7„(s')7*(s') dmes') fev) = //(»'+ 5.')7*(s') dm(s'). 
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We express this rdation Efymholically as 

(18.17)- A7„(s')/(..) « f(p + 

Next we express the ri^t member of (18.14)'^ in terms of From (18.3) 
we deduce 


j* .4t„(«')7"(«') dm(sO f(y) « [n!]''V'* Sy i^.-i(a)«-i‘y~(«») 

where again (s). is so chosen that v(js) is the number of values in (a), which equal 
a. The number of values in (a),_i which equal a is then v(a) — 8,.(s). By (18.3)', 
therefore, 

= [(n - l)i]‘'»/(*' - «.0- 

Consequently, 

Sy ^.-,(8).-.7-(a.) - I(n - l)i]*'V‘ ± f(y - 5..)7-(a0. 

«-l 

Since the number of values among the ai, • • • , a, which equal a' is just equal to 
v($'), this expresdon becomes 

Sy ^,-.(a),..7-(a0 = [(n - l)i]’^V‘ EK«')/(>' “ «.'>y'(aO, 

s' 

whence 

(18.16) * f Am(s)7 ~(8) dm(s) ffy) = 2 »'(#)/(»' “ Oy"(«)- 

Using the symbolic relationship 

(18.18) J..(a) = 8(a — a') <im(aO 

between Kronecker’s and Dirac's delta functions, we may express relation (18.16) * 
i^jimbolically as 

(18.17) * Ar„(s')/(v) - ((im(a')rV(8')/(,r - «..)• 

Formulas (18.16)“ have been estabUshed in the case of a functional /(v) which 
is compatible with a partition (P. Such comi>atible functionals represent states 
of a certain class. The annihilation and creation operators / il“(a) 7 “( 8 ) dm(a) 
are applicable to the states of a larger manifold. O', dense in the Hilbert space O 
of all states. Therefore, the operators / 47»>(«)7'’(«) dw»(a) are applicable to the 
functionals /(v) of the manifold formed by the representei’s/(i') of states in O'. 
It is expedient to use the formulas (18.16)“ and (18.17)“ to describe these 
operators symbolically. 

The operators / A7»)(8)7“(8) d»n(8) have so far been defined in connection 
with the particle representation. However they should also be defined directly, 
independently of the particle representation. To this end these operators should 
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first be defined for compatible functionals by (18.16) and then extended by the 
process of closure; cf. [40]. We do not intend to give the details of this straight- 
fonvard process. 

The symbolic formulas 

(18.17) - ^7o(s0/(»') = f(v + «.•), 

(18.17) " ^t„(s')/W = [dm(s)]-V(sO/(«' - «.-) 

are the natural generalizations of those given by Jordan and Klem (see e.g. [1], 
[4]) for the case of a discrete quantum variable s. These formulas have a certain 
elegant appearance, but they do not show clearly on which functionals f(v) the 
operators A‘,y are applicable. One of the main advantages of the particle 
representation is that this difficulty does not arise. 

Formal Operations 

We shall now perform the evaluations of a few inner products and expecta¬ 
tion values in a purely formal manner as if the variable s in the expression 
n. running over a finite number of values. The validity 

of this procedure could always be established in the following manner: First 
one assumes that every functional which occurs is compatible with a partition 
and that every function of s which occurs is piecewise constant; by this we mean 
that the function is constant on the bounded cells of a partition and vanishes 
on the unbounded cells. For such functionals and functions the desired opera¬ 
tions are permitted. The validity of these operations for functionals and functions 
of a more general nature can then be established by limit processes. We shall 
not carry out details. 

Of particular interest will be the functional 

(18.19) f.iy) = n [«7"(s)]''*’ 

« 

generated by a function for which 

(18.20) f I g(s) I* dm(s) < » . 

For, this functional is the representer of the equidistribution state to be di.scussed 
later on. 

Here and in the following we use our earlier convention to denote the 
complex conjugate of a function g~{s) by g*(s) and to set 

I 9~(s) I = 1 I = I gis) |. 

If the function g~(s) is piecewise constant with reference to a partition (P, 
and hence vanishes in e, , the functional f,(v) is defined by (18.19) as it stands, 
provided relation 

(18.21) 


[ff"(«) ” = 1 
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is adopted even if g~(a) = 0. Clearly, /,(>>) is then compatible with <P. In 
general, fg(y) should be defined as the limit of a sequence of such compatible 
functionals. 

To evaluate the unit form (/,, /,) we take the following steps: 

t 

(/., /.) = Z n I g(s) 

9 » a 

= Z n »'(«)l[| ff(«) I* dm(8)]’‘*’ 

9 • 

= n Z K«)l[| ( 7 (fi) r d7n(s)]’‘“ 

a >(a)-iO,l.*** 

“ n exp {| p(8) |’dOT(8)} 

$ 

= exp { £ I p(«) I* dni(8)} 

M 

or 

(18.22) (/,, /,) = exp I p(8) I® d»i(s)|. 


Note that in these formal operations no distinction is made between the integral 
sign / and the summation sign X)- 

It would not be difficult to justify this result by the procedure indicated 
above. 

Another evaluation which will play a role is: 


z (Z x(8)v(8)) I fM r n K«)i[<fm(s)r‘*» 

(18.23) 

“ / M«) I gis) I*dm(8) exp |j* ] gf(s) |* dm(8)| 


It is valid if 


(18.24) j I X(8) I I g(8) I* dm(8) < «. 

To derive identity (18.23) fomoally we first assume X(s) = S,>(8) and proceed as 
follows: 

ZKsO \f,(p) I* nK8)iWm(s)r'*> 

9 « 

= Z' n K*)!!! ?(«) l’dm( 8 )]'<'>K 80 - 1 ]I[| j 7(8') r dm(80r'*'’. 

9 $r^t' 

The prime in the summation sign indicates that the summation is to extend 
over all integer valued functions >'(a) for which v(s') 3^ 0. This condition can also 
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be expressed by saying that the function v(s) — 5,.(s) extends over all integer 
valued functions vrithout restriction. Changing the notation by substituting 
v(jb) + 8,<(8) for »>(s) we may write the last identity in the form 


n«'(e)l[dm(s)r> 

r a • 

= L n "(S)!!! g(8) r dm(s)r‘'V(«)i[| j(«') I* dmCsOI"'’*’ 

p aH«' 


= E nK«)l[| 9 ( 8 ) I* dm(s)r''> I g{s') |* dm(s') 

p a 


= I ?(«') I* d»»(«0 exp J I gia) |* dm(a). 

Multiplication by X(sO and summation with respect to a' then yields identity 
(18.23). 


BiquarUized Operatora 

With the aid of formal operations we can derive a simple expression for the 
operator which acts on functionals f(v) and represents the operator 

[X(-S)] = = f A*(a)\(a)A-ia) dm(s)-, 

we recall that this operator results through biquantization from the single 
particle operator A assumed to be a function A = X(S) of S, see (10.7). Suppose 
the state $ is represented by the functional f(v); then, as seen from (18.17)“ 
the state .d*X(S)A“i> is represented by the functional 

I [dm(a0]-'y{8')Ha')f(p)dm(a) = E X(«')K8')/(«')- 

In other words, we obtain the representer A t)HS)AJ.) of the operator A *\(S)A ~ 
by simply multiplying by E. H8)v{a ): 

(18.25) At.MS)AJ,, = 'E\ia)v(a). 

a 

The number operator AT = .4"''.A", in particular, is represented by 

(18.26) Ar<„=EKs); 

a 

the meaning of ^ p(8) will be significant throughout this section. 

Formula (18.25) for the j^-representers of A^X(S)A'' motivates the symbolic 
notations 

(18.27) A\s)A^(s) dm(s) - N(8) . 
and 

(18.28) A"X(S)A- = f A*(a)X(a)A-(s) dm(s) = E X(«)A^(s) 
for the represented operators themselves. 
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Rdation (18.25) may also be interpreted as expressing the fact that the 
representation of the states * by functionals f{v) yields the spectral representa¬ 
tion of the operators X), X(8)JV(fi) since application of these operators is repre¬ 
sented by multiplication by the functional X(s)i>(s) of vis). One may also 
say that the representation of by /(v) jdelds the simultaneous spectral repre¬ 
sentation of the operators Nis), although these operators are improper unless 
8 is a point eigenvalue. 


Modified Vacuum State 

The functional /,(»>) = H. [jf"(8)]'‘*’ considered above, see (18.19), is the 
occupation number representer of a state whose particle representer is 

l('.(«), = [ni]'''*g“(8,) • • • g~isn), n > 0, 

(18.29) 

= 1, n = 0, 

as is seen from the argument used to derive (18.3)'. Except for a factor 
^ / I Q(s) I* dm(8)}, the state 9, is that investigated in Part III, see (14.85). 

It was called a modified vacuum state because it is the vacuum state of the 
modified creation and annihilation operators 

(18.30) B*(8) = il‘(8) - (7*(8). 

We note that evaluation (18.22), which leads to formula 

(18.31) i9,, 9,) = exp jj" 1 gis) |* dm(8)|, 

is confirmed by the results of Section 14. 

Application of the annihilation operator A7,)(s'), described by (18.17), on 
the functional f,iv) gives 

(18.32) - AUs')f.iv) * 9'ii')h(y). 

whence 

(18.33) B7o(a')/,W = 0, 

thus confirming that f,iv) represents the modified vacuum state. 

Ffom the description (18.17)* of the creation operator A^is) we derive 
relation 

(18.32)* p-(8') dm(8')A*„(8')/,(>') = KaOAW 

involving the creation operator A*,). 

In order to make proper relations out of the symbolic relations (18.32) we 
may introduce functions f (s) for which 

/ I f(«) I* 1 ?(«) 1’<^»»(«) < *1 


( 18 . 34 ) 
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and deduce from (18.32) the relations 

(18.35) “ J ff*(s)f(s)^7.)(s) dm(s) /.(v) = J f(s) [ g(s) dm(a) f,(v), 

(18.35) * j AU(.s)t{s)g'(s) d/n(s) /,(»-) = 23 .(■(«)>'(«)/.(»')• 

In these relations application of the annihilation operator consists in multiplica¬ 
tion by a constant given as an integral, while application of the creation operator 
consists in multiplication by a sum which is linear in v(s). 

The unit form of the functional ^{s)v{s)fo{v) could easily be evaluated 
by using formal operations as indicated above. More general evaluations of this 
kind will be given in Section 20. 

Expectation Values 

We have seen above, see (18.25) and (18.28), that the biquantized operator 
A*HS)A-= '£\{s)N{8) 

a 

is represented by multiplication by X(«)»'(s). The expectation value of the 
observable 2]. Hs)N{s) in the modified vacuum state is therefore given by 

(E X(s)iV(s))*. = E Z X(a)Ks) I fM I’ n >'(®)ilrfm(s)]''*V(/., /.)• 

a ¥ a I 

From formulas (18.23), (18.22) we then have 

(18.37) (E X(s)iV(s)>*, = / X(s) I g(?) ^ dm(s). 

In particular, the expected value of the total number of particles is 

(18.38) {N)i„ = j I g{a) |'* dm{s) 
in agreement with (14.38). 

Symbolically, we can say that the expected number of those particles for 
which the observable S has the value s is 

(18.39) <A^(s)>*, = I g{s) 1* dm(s), 

and hence the expected value of the observable X(<S) earned by these particles is 

(18.40) (X(fi)iV(s))*, » X(8) I j/(s) r dm(8). 

These formulas are in agreement with (17.8) and (17.9). As a matter of fact, the 
derivation of these formulas on the basis of the occupation number representation 
appears to be simpler and more natural than that baaed on particle representation. 
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JSquidistribution State 

It is desirable to have a characterization of the state which does not refer 
to the fact that it is a modified vacuum state. We shall term it a “rdhitive 
equidistribution” state, because, as formula (18.39) indicates, the number of 
particles is expected to be equally distributed over the s-space relative to the 
weight I g{s) |* dm{a). Relative equidistribution states will play a primary role 
in the subsequent considerations. 

19. Myriotic and Amyriotic Fields 

In the present section we shall first discuss an—apparently minor—generali¬ 
zation of occupation number representations discussed in Section 18. We 
introduce a measure function w(S), called the “weight”, which may differ from 
the measure function m(S), and then the functional 

(19.1) f(y) = /(.) exp {ilT} 
involving the “total weight” 

(19.2) ^ 

here the integration is extended over the whole s-space. Using the symbolic 
expression (18.10) we may write the unit form of the functional fiv) as 

(19.3) (7, 7r = E I /(-) r n K®)il<im(s)]'''> exp {- W}. 

r « 

Writing the exponential function symbolically as a product, 

(19.4) exp {W} = n ®xp {dw(a)}, 

we may write relation (19.3) even in the form 

(19.3)' (7,7)* = E i 7(0 r n »'(«)lld»n(8)r‘*’ esq) {-dw(8)}. 

p « 

So far it has been tacitly assumed that the total weight W is finite. It is 
remarkable that this restriction can be dropped. We shall introduce functionals 
7(0 independently of the functionals /(O and without assuming W < ». We 
s^ll define a unit form for these functionals and adopt the symbolic expression 
(19.3)' to describe it. In case W = <»,_it is not possible to write this expression 
in the form (19.3) and the functionals 7(0 are no longer connected by relation 
(19.1) with functionals /(O of the type considered in Section 18. Nevertheless, 
it is possible to carry over to the functionals 7(0 many of the operations intro¬ 
duced in Section 18 for the functionals f{v). 
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In particular, we E^aU introduce creation and annihilation operators ^‘ 0 ( 8 ) 
acting on the functionals J(v); they will be described symbolically by 

(19.4) - A7,M(y) = fiv + «.,) 

(19.4) * At.Wm = [dm(«')]-V(«')/(»' - «.<), 

i.e. in the same way as the operators iir>)( 8 ) acting on the functionals f(v) intro* 
duced in Section 18, see (IS.!?)*. Also the operators 

(19.5) J .4t,)(«)X(«)A7„(s) dm(s) = 2 X(s)v(«), 

cf. (18.25), will be introduced for certain functions X( 8 ). In case W — <», 
however, it is not possible to introduce the operator 

(19.6) Ar<„ = f AUi)A7Mdm(s) = LK*), 
although it is possible to introduce the operator 

(19.7) A7(„(e) = f A*,)(8)A(,)(8) dmia) = Y, K*). 

•'6 ainO 

associated with any cell 0 provided that the wdght w(e) = /« dw(a) of the cell 
is finite. 

The significance of the possibility of introducing functionals f(v) associated 
with different weights will become apparent when we consider these functionals as 
representers of states $ of a field, 

(19.8) 

9 

assuming that the unit form ($, 9) is given by the expression (19.3)' 

(19-9) («, 4>) = (7, jO". 

The operators A7»)(s) acting on functionals J{v) are then the repi^esenters of 
creation and annihilation operators A'*(a) acting on states $ of the field. For, 
evidraitly, these operators .4*(8) obey the commutation law 


(19.10) 

The operator 

(19.11) 


[^-(8'), A*ia")] = 5(8' - 8"), 

[A[-(8'), A-ia")] = [A*(8'), A*(8")] = 0. 


N(e) = [ A*(a)A~(a) dm(s), 

Je 


r^resented by the operator N^ie), furthermore correq)ondB to the number of 
particles in the cell 0 , and the operator 
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(19.12) ^ ~ j 

represented by Ni,-, , corresponds to the total number of particles in the field. 

Suppose a field for which operators are defined possesses a representa¬ 
tion (19.8) such that the operators A“‘(s) are represented by Ari.)(s). Then the 
number operator N does not exist in case the total weight W involved is infinite. 

To make this statement about the non-existence of the number operator 
more specific, we may consider the expectation value 

(19.13) (iV(e)), = 23 I /W r (S K®)) n »'(s)l[dm(«)]'‘*’ exp {-dwCs)} 

p «in6 t 

of the number N{e) of particles in a cell 6 when the field is in a state ^ repre¬ 
sented by the functional 7(y). The statement then is that in case TF = ® this 
expected value increases indefinitely when the cell 6 tends to cover the whole 
s-space, whatever the state $ may be. Symbolically we express this statement 
by the formula 

(19.14) (Ar)« = CD if H^=:O0, 

although properly speaking the operator N is not defined for IfT = ». 

Fields with an infinite total we^t W which admit a representation as 
described will be called ‘^myriotic*’'; they will be called ^'amyriotic'^ if they possess 
such a representation with TF < «. The fact express^ by formula (19.14) 
may also be expressed by saying that the total number of particles is expected 
to be infinite in every state of a myriotic field. For this reason the term ^'myrio- 
tic^' was chosen. 

Fields which admit particle representations and hence occupation number 
representations of the type describ^ in Section 18 will be called “ordinary”. 
It will turn out that amyriotic fields are ordinary and vice versa. Therefore, the 
terms ordinary and amyriotic may eventually be interchanged. 

The impossibility of defining a number operator N for myriotic fields implies 
that myriotic fidda do not possess particle representationSf and hence, in particular, 
that myriotic fields do not possess vacuurn states; this is perhaps the most striking 
property of such fields. On the other hand, as we shall show later on, myriotic 
fields possess eguidistribution states, similar to the equidistribution states of ordi¬ 
nary fields described in the last subsection of Section 18. 

The existence of myriotic and amyriotic fields throws light on the question— 
raised at the starting point of this exposition—whether or not there exist operators 
E(a;), II(x) which obey the commutation laws or, what is equivalent, whether or 
not creation and annihilation operators A*{x) really exist. The answer was 
afiSrxnative: a realization of operators -4‘*'(x) could be given with the aid of the 
particle representation of the field. It was stated at the end of Section 5 that 
this realization is not the only one and that there are other realizations not 
derivable from a particle representation. The results of the present section 
confirm this statement, since myriotic fields do not admit particle representations. 
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The representation (19.8) of the states of the field by functionals f{v) of 
the occupation v(s) evidently depends on the choice of the quantum variable s. 
The property of being myriotic or amyriotic, however, does not depend on this 
choice. Fields of both kinds can be associated with any quantum variable s, 
since a weight function iy(S) with / dw{8) = » and J dw{s) < <» can always be 
found. Of course, we assume that the space of single particle states has an infinite 
dimension so that the spectrum of S does not consist of a finite number of values. 

We may, for example, let the variable s be a label for the energy eigenstates 
of particles enclosed in a box so that x»(s) is given by a sequence nj , n 2 , • • • of 
integers. Functionals J{v) associated with a finite or infinite total weight may 
then be introduced just as well as if 8 were a continuous variable. In other 
w'ords, even a field enclosed m a box may be myriotic or amyriotic, Myriotic fields 
in a box will be discussed at the end of this section. 

Whether a field is myriotic or amyriotic depends on the operators A*(s) 
connected with a representation (19.8). Properly, we should therefore speak 
of an “A-representation.” It may happen, that other creation and annihilation 
operators B*(s) are defined for the field and that the field admits a B-representa- 
tion of the type (19.8). It is then not excluded that the field is myriotic with 
respect to the operators B, but ordinary with respect to the operators A. 

The question naturally arises whether or not the fields occurring in nature 
are myriotic or amyriotic; but this question is perhaps rather academic. States 
of both kinds of fields are constructed by limit processes; although these processes 
differ they both start wdth states described in terms of the distribution of a finite 
number of particles over a finite number of cells. The different limit processes 
may be appropriate for different experimental situations. The question, how¬ 
ever, whether or not a field which is ordinary with respect to operators A'^(s) 
is also ordinary with respect to other operators B'"(s) appears to have a physical 
significance. A situation in which the field is ordinary with respect to operators 
A*(s) and myriotic with respect to operators B’^(«) arises in connection \vith the 
infrared catastrophe treated in Part III. The operators A'‘(s) may be referred 
to the unmodified field and the operators B*(s) to the modified field or vice versa. 
This ease will be discussed in more detail later on. It is interesting to note that 
the vacuum state with respect to the operators A*(s) appears as a relative 
equidistribution state with respect to the operators B*(a). In any case, this 
example shows that in a certain sense myriotic fields do occur in nature. 


Functionals of the Second Type 

Before defining the functionals J(v) referred to above we shall introduce 
another class of functionals<i»(j^). Eventually \ve shall express the functionals J(v) 
in teims of the functionals <l>{v) in the form 

/(.) = <!>{.) n [*■(«)]’'”. 

« 


(19.15) 
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Here o~(s) is a function which is connected with the weight differential dw(s) 
by the relation 

<19.16) I v(s) I* dm(a) = dw(s); 

other requirements on v{s) will be specified later on. At first we shall be solely 
concerned with the functionals <^(v). 

The nature of these functionals will depend only on the nature of the 
weight function io(S) and not on the original measure function m{S). As empha¬ 
sized above, we do not assume that the integral J dwia) is finite when extended 
over the whole s-space. We do not even require that this integral extended over 
every bounded region be finite. 

As before, we employ partitions (P of the 8-space into bounded and semi¬ 
infinite rectangular cells. The collection of all those cells C* of (P for which the 
weight 

(19.17) to* = 

is finite will be denoted by (R, the remainder by e* . 

In contrast to our stipulations in Section 18 we do not require that the 
occupation vis) lead to a finite total number S. ^o require the 

total number 

(19.18) »'c! = Z »’(s) 

to be finite for every bounded cell for which the weight IT^(C) is finite. In view 
of the fact that the total number of particles is expected to be infinite if the 
field is myriotic, it would be incongruous—though not impossible— to restrict 
the occupations vis) to functions with *'(®) “ • 

With reference to a partition (P we again set 

(19.19) V* = S Ks), = Z »'(«)• 

According to our assumption, the numbers vi, are required to be finite, but not 
the numbers v^ . 

In order to define the functionals «/>(»'), we introduce a notion of compatibility 
which differs from that introduced in Section 18. We say a functional riv) is 
compotibls in the second Tficinneir with a partition (P if it depends only on the values 
Vi , but not on v^ . We recall that in Section 17 a function t(j') was called compat¬ 
ible—we would now say compatible in the first manner—with a partition <9 if it 
depends only on the values and v^ (on in such a way as to vanish unless 
— 0). For functionals riv) which are compatible with CP in the second m^nnei 
we introduce the “integral” 

hir) = Z r(.») n»'*IwJ‘exp {-w*}. 
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It will be convenient to work with this expression; the inner product of two 
functionals will be derived from it as a special case. 

Again it is obvious that the manifold of functionals which are compatible 
with some partition forms a linear space. It remains to show that the value of 
I„(t) is not changed when referred to a refinement (P' of <P. 

Denoting by Cj* all cells of (P' which compose the cell 6* of <P we have 

2 "J* = = Wk 

r r 

and hence 


2 n exp {-«>;*} = exp {-m*}. 

Therefore, the argument given in Section 18 applies to all cells e' of (?' which lie 
in CR. A new argument is needed for those cells G'. of CP' which lie in CJl' but outside 
of <R. Since the functional t{v) is compatible with (P in the second manner, its 
value does not depend on the values of v', assigned to these cells. Consequently, 
these cells contribute the factor 


2 n»'f.iK'.]’'‘-exp {-loM 


to the expression 7„(t), taken with reference to the refinement CP', Thi .9 factor 
has evidently the value 1. Thus, the invariance of the expression /„(r) under 
refinement is proved. 

It is to be noted that both the presence of the exponential factor and the 
assumption that 0(v) does not depend on , are material for this invariance. 

We say that a functional t(v) “equals” zero if /„(| r |) = 0. After having 
made this stipulation we can extend the linear space of compatible functionals 
t(v) with respect to the norm 7„(| t |) to a closed space by adjoining ideal 
elements. We then write ssnnbolically 

(19.20) 7„(t) = T(y) n ''(s)i[du>(8)]’‘'’ exp {—dioCs)}. 

P 9 

In a similar way we constmct a Hilbert space . We begin with functionals 
which are compatible with a partition (P and define the unit form 

(19.21) (<t>,<t>)v = X) I ^(»') I* n »'*1«’** exp {—to*). 

yi.F.,-** AH* 

Evidently, the inner product can be expressed mth the aid of the expression 
as (0, <!>)„ = I„{\ ^ |“) and, therefore, we can conclude that the expression 
(0, 0)« is not changed when referred to a refinement of the pailition (P. Again 
we set 0(v) = 0 if (<^, 0)„ = 0. The linear space of the compatible functionals 
0(j') with this stipulation can be extended to a complete space by adjoining 
ideal elements. For the unit form we use the notation 
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(19.22) (*, ^)» = z 1 I* n K«)i[d«>(«)r“’ exp {-dw{8)} 

n « 

= /.(I ^ 1“). 

The inner product of two functionals 4>(y) and i{v) in will be written as 

(19.22) ' («, 5)^ = Z n v(s)i[dii>(s)]'‘*> exp { -dw(,8)]. 

P t 

It could easily be shown that to any pair of functionals 0(i'), $(»») in there 
corresponds a functional r(v) in , denoted by <t>(y)^(y) such that 

(19.23) (*,^)« =/»(^). 

Conditions on w(jS) and v(8) 

We assume that the weight function w(S) can be generated from a function 
i;"(s), the “weight amplitude”, and its conjugate t>*(s) such that relation 

(19.16) dw(s) = I i>(s) I® dm(s) 

holds. We do not require that the weight w(e) = /« dw(s) is finite for every 
bounded cell 6; we do require, however, that partitions (? can be found such that 
the collection Z ® of ® of partition over which w(6) is not defined has 
an arbitrarily small measure Z w(®)- In addition, we require that to every 
function 7 “(s) for which / | y(s) |* dm(s) < «• a function {"(s) exists such that 
'/"(s) =* t(s)v“‘(s). This condition is satisfied, for example, if | v(s) \ > 0 
throughout. 


Annihilation and Creation. Operators 

With the aid of the functions v*{s) we shall define annihilation and creation 
operators acting on functionals in ®«,. Without being perfectly consistent 
in our notation we denote these operators by All(s). We shall define these 
operators in such a way that they can be described sirmbolically by 

(19.24) - A:(s')<l>(y) = + «.•), 

(19.24) * A:(s')<f>(r) = «*(s')[d«?(s')]-'l-(8')«(>’ “ «.')• 

In a formal manner one verifies that these formulas are consistent with the for¬ 
mulas (19.4), when the functionals 7(v) and <h(r) are connected by (19.15). 
A formal verification can also be given for the commutation law 

(19.25) (A-.(s'), A*.(8")] = «..(«”)[d»n(s')]-* = «(«' - s"). 

Note that Dirac’s delta function S(s' — s") occurring on the right refers to the 
measure function 7n(S) although io(S) enters the right member of relation (19.241*, 



146 


K. O. FRIEDRICHS 


Formulas (19.24) ate the symbolic expression of relations 

(19.26) " j 'Y*{s)A~r{s) dmis)<t>iv) = j {■(8')^(»' + dw(s'), 

(19.26) * j y~{$)A\(s) dm(s)<l>{v) - ^ - S..), 


where y^is) = f (8)t)*(s), as before; relation (19.25) expresses the statement that 
the commutator of the operators in (19.26) is 


(19.27) 


[/ 


fi(8)»*(8)A';(8) dm(s), 


/ f2(s)i'"(s)A*(8) dm(8) j 
= / I i'Cs) I* dwis) = j I 7(») [“ dmis). 


The operators / f(8)«''(8)A*(8) dm(s) will, of course, first be defined for 
functionals <l>{v) which are compatible with a partition in the second manner. 
In addition, we shall assume initially the function f (s) to be piecewise constant 
with respect to a partition; this iinplies that C(s) = 0 on the cells 6 for which 
io(C) is not defined. We may refer 4> and f to the same common refinement (F 
of the partitions to which they were referred onginally. Setting 


f(s) = in e* «)(e*) = Wk, 


and 


as before, and 


>'* = 2 >'(«)» 
« inG* 


4>{p) = </>*’(»', .V2 , •••), 


■we define the right members of (19.26) as 

2 + 5i(fc), V2 + i2(fc), • • •)» 

k 

£ f*»'t^*’(»'i — 8i(fc)> I'a — •••)• 

k 

Now an arbitrary function f(s) may be approximated by one which is 
piecewise constant and an arbitrary functional <l>{v) by one which is compatible; 
the right members of (19.26) may then be defined by a limit process—provided 
the function f (s) satisfies the condition 

(19.28) j I f(s) 1 dw{s) < 00 

and the functional <l>{v) satisfies the condition 
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(19.29) 22 (23 1 f(«) I Ks)) I 4>(y) r nKs)l[d«»(s)]'‘*’ exp { ~dw($)] < «., 

V « 

We do not want to give details here. 

We note that the class of functions {'(s) for which the operators / ^{s)v*{s) • 
A^{s) dm{8) are defined depends on the weight function This remark 

should be added as a qualification to the statement made above that -there are 
different, non-equivalent, realizations of the creation and annihilation operators, 
satisfying commutation law (19.25). 

The Fundionala ](v) 

The annihilation and creation operators acting on the functionals depend 

on the function see (19.17), and thus do not have the desired form (19.4). 
We may attain this form by introducing the functionals 

'm = ^(v) n 

9 

instead of see (19.15). The factor n, [»"(«)]'**’ occurring here is defined 
for occupations i»(s) for which 52, v(s) is finite and for those functions «“(») 
which tend to 1 sufficiently strongly as | s ] —> «. Otherwise, we are forced to 
introduce f(y) as a symbolic entity and to define the terms entering formulas 
(19.4) by 

/(.+a.O = *(•' + «.') n 

« 

= «(^ + s.o«“(s') nr(«)]’“’, 

f 

[dmis')rW)liv - «.') “ v-i80v*{s%dw{s')rW)<t>(y - 5.0 n [«“(s)r‘*’-‘"“* 

« 

= [dw(«0]"«*(8')Ks0«(«' - 5.0. 

The identity 

(19.30) (/, Jr = (4,, <t>). , 

(cf. (19.3) and (19.21)), which would result by formal arguments, 

(JJ)" = E I /(»') r n >'(«)i[dm(s)r‘'> exp [-dw(,s)\ 

f 9 

= E I* n bCs) \*<s) nKs)i[dm(s)r<-’ exp {-dwis)} 

P 9 9 

“ E 1 «(") r n «'(s)i[d«-(s)]''-’ exp {-di/;(s)} 

P 9 

— (^> ^)» > 

must also be adopted by definition. 
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Later on we shall employ only the functionals ^(y) instead of the functionals 
f(y) as representers of states; forjthis reason one need not worry about the difl5- 
culty of defining the functionals J(y) precisely. 

We had referred to the functionate J(v) instead of the functionals <l>{v) at the 
beginning of this section because we wanted to make it clear that the essential 
difference between the functionals introduced in this section and tliose introduced 
in Section 18 for ordinary fields lies in the presence of the factor exp { —dw{3 )} 
in the unit form. The presence of the factor O* [*’”(«)]’'*’ is of secondary 
significance. In fact, even if v~(s) sa L there would be a difference between the 
frmctionals and f(v). If / dm(s) = ®, the functionals ^(y) would represent 
states of a myriotic field, while the functionals f(v) would represent the states of 
an ordinary fidd. Furthermore, it seems likely that various other functionals 
could take the place of the factor 17. [»”(«)]'*'* provided the form (19.24) of 
the annihilation and creation operators is properly modified. 

In case the total weight W => f dw(s) is finite, the functionals f(v) could be 
given a proper meaning by identifying them with the functionals f (y) exp 
of the first type. We may express this identification also by the formula 

(19.31) f(y) * IT b'Cs)]”**’ exp 

» 

Since the functionals /(v\ of the first tsrpe are defined only for occupations v(,s) 
with a finite total number 2, v{s), the product Jl. [^"(s)]'**’ involves only a 
finite number of factors and may, therefore, be understood in the literal sense. 
Nevertheless, in order to establish the identification (19.31) properly, some 
lengthy—though standard—arguments are needed, which we do not want to 
give in detail. After having established this identification one is permitted 
to identify the terms ordinary and amyriotic. 

Represmtaiion by Functionals <t>(y) 

We shall find it convenient to use the functionals <t>{v) in as representers 
of states# instead of the functionals/(v). We call these functions ^(v) “reduced” 
representers and write 

(19.32) # <t>(_y). 

From formulas (19.24) we then deduce that the biquantized operator 

(19.33) A*\{S)A- = J A*(e)X(s)A-(s) dm{s) 

is represented by multiplication by 

(19.33) . A*,\(<S)A-; = E X(8)Ks). 

Comparing this formula with (19.5) one sees that it does not matter whether the 
functionals <tt(y) or f(y) are taken as representers. Equation (19.33). shows that 
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the operator A’'(0), corresponding to the number of particles in the cell C, is 
represented by 

(19.34) Ar.(e) = 23 Ks) = Kc) 

• in <P 

as before, see (19.7) and (19.18). 

Proof that Myriolic Fields Possess No Vacuum States 

We proceed to prove the most striking property of myriotic fields, namely 
that they do not possess a vacuum state. The vacuum state $v,o may be defined 
by the property that for each cell C the operator 

N(<S,) = f A*(s)A~(s) dm(s) 

Je 

is applicable to the state and transforms it into 4* = 0. We also may say 
that for each cell 6 the expectation value of the number N{G) of 

particles in the cell C is defined for and has the value zero. The reduced 
representer 0,,,(v) of such a state is obviously characterized by the condition 

(19.35) 2: KO 1 *«.(»>) 1* n >'(8)i(rf«;(s)l’‘*> exp { -dw(s) } = 0 

for every cell G. Here, as before, i'(e) = 23. i«« •'(«)• The statement that no 
vacuum state exists if the field is myriotic then reduces to the statement 
^,„(v) s Oif W =». 

Since the functional ^„c(»') may be an ideal element we really should prove 
this: Suppose 4l'{v) is a sequence of compatible functionals for which the relations 

(«' - - «')- 

(19.36) = 23 I ~ r n »'(«)ild«’(«)r‘'’ exp {-dw(s)} 

w * 


and 


(19.37) 


-♦0 as T —► • 

{<t>\ A^(e)^')v = 13 "(C) I I* n»'(«)il<^“(s)r‘” exp j -dw(«)) 


—►0 as r -* to 

hold; then also relation 

(«f»', «')» = 23 I r n «’(«)ilrfw(s)r‘*’ exp {-dwis)\ 

(19.38) 

—►0 as r—» 


holds. 
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Belation (19.36) means that to every « > 0 a tr, > 0 exists such that 

(19.39) («' - .^' - ^')„ < « if <r > <r. , T > T. . 

From now on we shall choose a — a, . Furthermom, we shall choose the cell 
G = 6. in such a way that it contains all bounded cells of the partition (P with 
which the functional ^'(v) = 4>''{v) is compatible, and that ii)(e) = /« du’(s) is 
so large that 

|0'(O) r exp {-ti>(e)} < «. 

Here ^'(0) is the value of for v{s) s 0. Such a cell 6 can be found since, 
by assumption, / dw{s) = «. 

We assume that the functionals which will occur are compatible with parti¬ 
tions (P so chosen that the cell 6 is composed of a finite number of cells of <P; 
such a partition can always be found by proper subdivision. We introduce two 
linear subspaces in the space of all sudh compatible functionals ^(y). The func¬ 
tionals 4ti(v) are characterized by the condition (y) = 0 for all y(s) with y^ = 0; 
the functionals 4 > 2 (y) by the condition <^(y) — 0 for all y(s) with j/(6) > 1. Evi¬ 
dently the product ^i(y)^a(v) vanishes for any pair of such functionals. It is also 
clear that each compatible functional is the sum 

</>(y) = <f>,(y) -1- <&*(k) 
of two functionals of these two types. 

Since the cell G contains all bounded cells of the partition (P, the value of 
^'(i») is independent of the values of ^(s) for points outside of G; the same is true 
of ^i(y). Kow, ^(k) is zero unless y(s) s 0 in C. In other words, 

if »<(s) = 0 in 6, 

0, y(e) > 1. 

As a consequence, only the terms with »-(s) s 0 contribute to the value of 
; hence 

(<f> 2 , <th)w = 1 4 >’{ 0 ) I'* o.xp {—u’(e)} < «. 

Relation (19.38) implies 

(<t>2 ~ 4>l) <t>2 ~ < i<l>’ ~ , 4>’ ~ < <; 

therefore, 

(^a , (t>l)u < 2(4)1 ,0a)u. + 2e < 4« for every t > o- = o-, . 

We estimate (4>[ , 4>\)„ with the aid of relation (19.37). According to this 
relation there is a number t, > c — a, such that 

(4)', N,(&)4>)^ <6 for T > T, . 
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Consequently, 

j N ,(<3)<^I)„ < € for T > T. , 

Now v(g) > 1 whenever ^I(v) ?«£ 0. Therefore, 

(4>i I ) N.(6)^i)» < e for t > t, . 

Altogether 

(^’■j = (*i I + ('I'J, ^ 2 )» < 6e for T > T, ; 

thus we have derived the statement to be proved. 

By similar arguments one can prove the statement made earlier that the 
number operator N cannot be defined Jor myriotic fields. More precisely, for every 
state 4> of a myriotic field the expected value (iV(e))* of the number of particles 
contained in a cell 6 tends to infinity as the cell C tends to cover the whole s-space. 
We do not give details of the proof. 

Equidistnbviion State 

While myriotic fields do not possess a vacuum state, they possess another 
state which plays a basic role similar to the role the vacuum state plays for 
ordinary fields. This is the state #, with the reduced representer <t>{v) = 1, 

(19.40) 4', A 1, 
or 

(19.40) ' n [»■(«)]"*’, 

9 a 

see (19.32) and (19.8), In case the total weight W is finite and hence the field 
ordinary, this state possesses the representer 

/.(»') = n [«"(8)r“’ exp l-hW\ 

a 

of the first type as seen from (19.1) and (19.15). Hence the state is an 
“equidistribution” state in the sense explained at the end of Section 18. We 
adopt the same designation also for the state f*, in case the field is myriotic. 

In an improper sense we may say that the probability that the occupation 
distribution N(s) is given by the function vis) when the field is in the state 
is given by 

nKs)iW8)r’exp {-fMs)t, 

a 

and hence distributed according to Poisson’s law. If we restrict ourselves to 
occupations vis) which assume only the values v = 0 or v = 1 we may say that 
the probability of an occupation vis) which assumes only the values »» = CT and 
»> = 1 is proportional to the product 

n dwis) 

r(*)-l 
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of the weighted measures of the places at which particles occur. Relative to 
these weights, given by the differential dw(s), one may therefore say that in the 
state #, all places s are equally likely to be occupied. Therefore, the term 
“state of relative equidistribution” or simply “equidistribution state” may be 
justified. In a different way, this term can be motivated after having calculated 
the expected number of particles in any cell. 

In order to illustrate the nature of the equidistribution state, we determine 
the probability that no particle will be found in a region (R when the field is in 
this state. Assuming that (R is the finite part of a partition (P, we obtain this 
probability from formula (19.21) by inserting the functional which equals 
one for vj = vj = • • • = 0, and zero otherwise. The result is 

(19.41) Pr(Af((R) = 0) = exp {-ir((R)}. 

Of course, this formula holds also for more general regions (ft. I.etting (ft expand 
so as to cover the whole space we find 

(19.41) » Pr (JV = 0) = exp { —W^l. 

This formula shows that in the equidistribution state of a myriotic field the probabil¬ 
ity is zero that no particle wiU be found, so that with certainty at least one particle 
will be found. This fact confirms the statement that a myriotic field cannot be in 
a vacuum state. 


Expectation Values 

The expected value of the blquantized observable X), \{s)N(s) in the equi¬ 
distribution state can be calculated by formal operations which may be justified 
in the way described in Section 18. We find 

<E Hmu. 

« 

= n''(s)l[duj(s)J'‘*’ exp l-dt»(8)l 

r » 

= Z(rMs').dw(s')) n Ws) - «.'(s))i[dw(s)r“*‘'''‘*’ exp {-d«.(«)}, 

F s' * 

whence 

(19.42) <12 X(s)Ar(8)>*. = j* X(8) dv}{8) 
or, sjrmbolically, 

(19.42) ' <lV(s)>*. = dtois). 

Note that N{8) itself is not a proper operator while 52* ^(s)^(») is proper if 
/ I X(8) I dw{s) < 00 . 
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The formulas (19.42), (1^.42)' are the analogues of formulas (18.37) and 
(18.39). Formula (19.43)' may be interpreted by saying that the number of 
particles is expected to be equally distributed over the s-space relative to the 
weight dw(8). Thus, as in Section 18, the term equidistribution state might be 
justified. 


Infrared Ccdastropfie 

The equidistribution state may be interpreted as the vacuum state with 
respect to the modified annihilation and creation operators 

(19.43) S*(s) = ^“(s)-«*(«). 

For, applying this operator to the equidistribution state with the representer 
<l>{v) s 1, see (19.40), we derive from (19.24)", with<^(v) = 0, the relation 

(19.44) = 0 

for every s'. Thus, even if the field is myriotic with respect to the operators. 
.4.‘(s), it is ordinary with respect to the operators 5'‘(s). 

This fact has some bearing on the problem of the infrared catastrophe 
discussed in Part III, Section 13. We may consider the operators S* as the 
unmodified operators, denoted by A* in Part III, and the operators A* as the 
modified operators, setting v‘{s) - g''(s), see (13.18). The condition / | q{s) !*• 
dm(,H) = 00 by which the infrared catastrophe was characterized in Part III 
is then exactly the condition that the total weight W be infinite or, in other words, 
the condition that the field be myriotic with respect to the modified operators A*. 
Since myriotic fields admit no particle representation with respect to the operators 
A*, w'e were not able to treat problems such as the spectral representation of 
the modified energy A*<o(S)A“ in Part III. Since we now know that an occupar 
tion number representation of the second type does exist for myriotic fields 
we are able to treat this problem. In fact, the modified energy operator 
A*«()Si)A~ = 2, w(8)N(s) is simply represented by multiplication of the 
represeiiter^(j') by X). «(s)v(s). Since this factor is a function of the independent 
variable v{8) it is clear that the representation of the states $ by the functionals 
4>{v) gives a spectral representation of the energy operator A*u(S)A~. Various 
special questions connected w’ith this spectral representation will be discussed in 
Sectiori 20. 


Occupation Functions of a Discrete Variable 

It was stated earlier that myriotic and amyriotic fields can be associated with 
any quantum variable s, provided that s is not restricted to run over only a finite 
number of values. This statement implies that both kinds of fields can be 
associated with a discrete quantum variable s, which runs over a discrete set of 
eigenvalues s = s’", r = 1, 2, • • • . Thus, in particular, both kinds of fields are 
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possible even if the fields are enclosed in a box. Naturally, this statement refers 
to the mathematical possibility of satisfying the basic equations set up to charac¬ 
terize the fields; no claim is made about the actual occurrence of both VinHa of 
fields enclosed in a box. 

We proceed to describe in detail the nature of the functionals ^(»>) of the 
i^ce which may represent states of myriotic or amyiiotic fields with reference 
to a discrete quantum variable. As in Section 18, we assume that each bounded 
«-ceIl contains at most a finite number of eigenvalues s'. The weight of any such 
cell 6 is then the sum of the contributions w, = dw(s') of all eigenvalues a' in e, 

w(G) = 23 Wr . 

As in Section 18 we introduce the special occupation numbers 

Ur = v(a") 

and the special functionals 

0(v) = , n2, • • •) • 

In contrast to the stipulation concerning the functionals f{ni , nj , • * made 
there, we now stipulate that the functional ^ , • • •) depends only on a 
finite number of variables iii , na, • • • . For these functionals 0®(ni , , • • •) 

we define the unit form 

(19.45) (0°, == 2 I , na, • • •) |* Yl exp {—. 

*•» »*■»* • • r 

In this su mma tion the variables ni, 712 , • • • , »r > • ’ • should be restricted to a 
finite number containing all those on which , Wj , • • •) actually depends. 
Automatically there is no contribution from those variables n, on which ^®(n, , 
n*, • • •) does not depend because of the relation 

OB 

53 ejq) {-w,} « 1. 

nf-O 

The linear space of functionals , n*, ^ •) for which the form (^®, 
is finite will be denoted by , 

It is remarkable that this space ® ® is not complete. In other words, there 
are sequences of functionals ^J(v) for which 

(^5 ~ ^®, 0 S ~ —♦0 as O', T —♦ <*», 

and which neither dejKnd on n,+i , , • • • nor converge to a functional 

^ (n,, Tij, • • •) depending only on a finite number of the variables n,. It would 
not be difihcult to construct such a sequence. The reason for the incompleteness 
of the space ® ® is that in order to describe a functional , n*, • • ■) its values 
must be given for aU sequences fii , n 2 , • • ■ ; and these sequences form a non- 
denumerable set. Note that the reason for the completeness of the space S3® 
of functionals /®(7i,, nj, • • ■) of the first type, described in Section 18, was that 



QUANTUM THEORY OF FIELDS 


155 


the values of such a functional need be given only for those sequences Wi, nj, • • • 
which have a finite number of terms different from zero; and the set of such 
sequences is denumerable. 

The space can, of course, be closed off to a Hilbert space by introducing 
“ideal” functionals. This Hilbert space will be denoted by . The ideal 
functionals will also be denoted by 4 >°(ni , rh , • • •) and the expression (19.45) 
will be adopted for the unit form. 

It would be possible to identify the ideal functionals with proper functionals 
, •• •) defined for almost all sequences ni, nj , ■ • • . The qualification 
“almost” refers to a measure -which, according to Kolmogorov [37], can be intro¬ 
duced in the manifold of all sequences n,, Jij, • • •. The functionals 1 , • • •) I* 

are then integrable with respect to this measure and the -value of this integral 
is exactly the unit form (19.45). In fact, this unit form is nothing but a special 
case of the integral introduced by Kolmogorov. For our purposes it is not neces¬ 
sary to make use of these possibilities. 

We must identify the space of functionals ^“(ni, n*, • • •) with the space 

of functionals 4 >(,v) of the second type in the case, assumed here, that the 
quantum variable s has a discrete spectrum of values s', r = 1, 2, • • ■ . To this 
end we may call an occupation i'(s) “effective” if it vanishes unless s is such an 
eigenvalue. Furthermore we call a functional ^(i') “effective” if it vanishes for 
all non-effective occupations and depends only on a finite number of variables 
v{$') = n, ; such an effective functional is evidently a functional ^“(j*) in . 
It can then be shown that every such effective functional for which expresmon 
(19.45) is finite is a functional in , i.e. the limit of a sequence of compatible 
functionals in ; one can also show that each compatible functional in 
“equals” such an effective functional. In this way one can establish the identity 
of the spaces and . 


Myriotic Field in a Box 

Assume, for example, that the particles composing the field are confined to a 
box, so that the spectrum of the energy is discrete. We let r = 1, 2, 3, • • • be a 
label characterizing a complete set of orthogonal eigenstates for the energy with 
the eigenvalues Wr . To each such eigenstate we may asagn the weight w, . 
The states of the field may then be represented by functionals ^“(ni , rij, • ■ ■) 
so that the probability of the occupation ni , n 2 , • • • is 

I <^>1, n», • • •) 1“ n e.xp { -Wr\. 

The field is myriotic if the weights are so chosen that that is in 

particular the case if all weights w, are equal. Then the field can not be in an 
eigenstate for the occupation N{a), i.e. in a state in which the probability that 
the occupation differs from a particular one is zero. Describing this statement 
in terms of oscillators assigned to the various quantum numbers r, we may say 
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that a myriotic field cannot be in a state in which each oscillator is excited to a 
definite level n,. Such an eigenstate of ilie occupation would be an eigenstate 
of the total enei^ ,* it is thus indicated that a myriotic field cannot be 

in a stationary state in a strict sense. 

On the other hand, we know that a myriotic field may in a state of “relative 
equidistribution” be characterized by the representer ^®(n, , tq , •••) = 1. 
The probability 

ejq) {-lOr}, 

r 

of the occupation ni, , • • • in this state is evidently distributed according to 

Poisson’s law. 

20. ProbabUilies and Expectation Values for the Equidistribution State 

In this section we shall evaluate the inner product of states which can be 
constructed by various procedures from the equidistribution state 4>. . In 
terms of the reduced representers of these states the inner product 

can be written in the fdrm 

(20.1) Ur) - Z <v) n exp { -dwi8)\ 

with t(v) = see (19.22), (19.23). Therefore, we shall evaluate the 

expression /«(t) for various types of functionals t(i'). 

lirst we shall show that the expression J„(t) is easily evaluated if t{v) is a 
polyiiomial in v. Since the inner product of states produced from by applying 
a finite number of creation operators can be written as such an expression it will 
be easy to evaluate inner products of this kind. 

Secondly, we shall evaluate the expression J*(r) for functions t{v) of the 
form t(p) — H(Z. ^(«)>'(s)) io which 11 (a) is any function which can be repre¬ 
sented by a complex integral of a certain kind. Note that Z* Ms)>'(s) is the 
representer of the observable Z* ^(s)N(s) obtained through biquantization of 
the observable X(®). Hence H(Zt is the representer of the function 

H(Z. ^(s)JV(s)) of Z. X(«)N(a). 

Using an appropriate step function ff(a) we shall be able to calculate the 
probability P(k) that the observable Z» X(«)JV(s) has a value less than any given 
number k when the field is in the state . 

Another question which we shall answer arises in the following situation. 
Suppose that the value of the observable Z* X(s)iV(8) has been measured and 
that a value between k and * -t- dx has been found; then the field is in a new state, 
i*... • We then ask for the expected value (iV(s))*.., of the occupation distribu¬ 
tion N(s) in this new state. The answer is contained in the remarkably simple 
formula 


(20.2) 


W)*... = [1’'(k)]“P'(« - X(8)) dw(s). 
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Under suitable circumstances this expression is approximately given by 
the expression 

(20.3) (iV(s))*... = exp {-e,\{s)} dw(8) 

with an appropriate number depending on k. 

Calculations of this type are very familiar from the theoiy of statistical 
mechanics, cf. [38] and [39], but they occur now in an essentially different 
situation. There an ensemble of stationary states of the field is considered, each 
with a definite weight. Here we consider one state of the field which, in general, is 
not stationary. This state may, however, be considered as a linear combination 
of stationary states with coefficients whose squares take the place of weights. 
Consequently, there is a strict analogy between the probabilities and expectation 
values to be evaluated here and the corresponding probabilities and expectation 
values in statistical mechanics. Incidentally, if X(s) — «>($) is the energy, the 
quantity 97* is the analogue of the temperature. 

One of the reasons that we present these calculations is that in statistical 
mechanics the assumption is, in general, made that the manifold of stationary 
states is discrete. In ovu: notation this nrould mean that the values of the quan¬ 
tum variable s are restricted to a discrete spectrum; we intend to show that such a 
restriction is not necessary. 

Among the many questions that could be answered by explicit evaluation, 
we have selected some that do not involve the expectation value of the total 
number of particles and therefore may be asked also for myriotic fields. To 
answer these questions the occupation number representation seems the appropri¬ 
ate tool, while for ordinary fields the particle representation could be employed 
with somewhat greater ease. 

The methods used for the calculations are closely related to, and to a large 
extent identical with, familiar methods used in the theory of probability. Never¬ 
theless, these calculations are given here because of the specific significance pf 
our results in field quantum theory. However, we do not intend to justify all 
evaluations with complete rigor. 

Evaluation of I^{t) for Polynomials t{v) 

We shall at first be concerned with the evaluation of the inner product of 
two states which can be derived from the equidistribution state 4», by applying 
creation operators a finite number of times. Specifically, we form such new states 
from the equidistribution state 4», by applying ?i-fold creation operators such as 

AM 

(20.4) 

= J J A*(8,) ••• A*(«).f,(s),»"(«,) ••• v~{8)ndm{si) 

where f,(s), is an appropriate symmetric function of s, , • • • , s, . Since the re- 
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duced representer of the state is the functional = 1, cf. (19.40), the re¬ 
duced representer of the state is 

(20.5) 4>(v) = 2 f»(s)»>'(sj) • * • "W, 

* 1 ,•••»•« 

as seen from (19.19)*. It is of some interest to know how to evaluate the unit 
form of such a state or, more generally, the inner product of two such states. 
Denoting by and 4 >2(.v) the representers of two such states, the inner product 
is given by expression 

(20.6) liMi) = L n »'(8)l[<f«'(«)]"*’ exp {-d«7(«)}, 

cf. (19.20), (19.22). Evidently, the product ^i(»')^(»') is a polynomial in v(«) 
and the evaluation of is therefore a special case of the evaluation of the 

expression I(t) for polynomials t(i'). 

The evaluation of the e.xpression J„(t) is particularly simple for a special 
class of polynomials, which we term “pseudo-polynomials.” First we assign to 
every power v’ of the integer v the polynomial 

(20.7) [/],. = v(y - 1) •••(»-- <r + 1), 

called the “pseudo-power”. To the product v(fii)v(s 2 ) • • • »'(«,) of the values of 
j'(s) at the points s,, • • •, s, we then assign the “pseudo-product” [>'(«,) • • • ^(Sr)],. 
in the following manner. We denote by p the number of the distinct points 
s‘, • • • ,8' among the points s,, • • • , Sr, and by vi, ,<r, the number of times 

each p occurs, so that <r, -f- • • • -1- <r, = r. Then we set 

(20.8) Wsj) ••• »'(Sr)]». == [^'‘(s')]*. ••• • 

To any homogeneous polynomial 

(20.9) p,(i') = S ar(s)rK8i) • • • »’(«r) 

we finally assign the homogeneous “pseudo-polynomial” 

(20.10) {PrC")]** = X) a,(8)rfv(s,) • • • v(8,)l„ . 

We now maintain that the value of the expression for such a pseudo¬ 
polynomial is given by 

(20.11) i«([Pr],.) = / ■■■ / ar(«)r d«»(si) ••• dw(«r), 
provided 

(20.12) /•■•/ I a,(8), I dtt(«i) • • • dw(s,) < «. 

Stripping the coefficients a, from relation (20.11), we may express this relation 
symbolically by the formula 
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(20.13) /«(Ksi) ••• Ksr)]#.) = dw{si) ••• dwiSr). 

The evaluation of the expression /„(t) for a general polynomial r^v) cm 
easily be deduced from formula (20.11). To do this we need only write the given 
polynomial as a pseudo-polynomial which can be done in a routine fashion by 
making use of the recursion formula 

(20.14) [»/(s,) ••• Ksr)]*.^®) = K«i) ••• KsOfKs) + 5.,(s) + ••• + 5.,(8)}]p. , 
which immediately follows from (20.8). Thus we find, for example, 

(20.14) i KsOKsa) = [»'(si)i'(sj) + Ksi)5..(s.i)L, , 

>'(s,)»»(Sj)»(S3) = [»'(Si)»’(Sa)»'(S3) + + »’(Si)>'(Sa)*..(*3) 

(20.14) a 

+ »'(«a)l'(S3)8..(Si) + »'(Si)5.,(S2)5..(S3)]p. . 

We shall deduce formula (20.11), or rather (20.13), by formal operations. 
The validity of the result could be proved rigorously in the way outlined in 
Section 18, by first assuming 0 ,( 5 ), to be piecewise constant and then approximat¬ 
ing a general function ar(s)r by such piecewise constant functions. 

The formal proof proceeds as follows: Using (20.8) we write 

IMd •••>'(®r)U 

= Z 1'''‘(8')L ••• [/'(sOU. n »'(s)i[dt®(s)]''"' exp {-dwi8)\ 

¥ H 

= E [»-'■(«')L. ••• l«'"(®')]p. n K®)i(dw(s)r''’exp {-d«>(s)}. 

Obviously, 

l>'"(s')],.Ks')i = W) - 

therefore, when >>(8') is replaced by >>(s'’) -f a, for p = 1, • • • , r, the I»([»'(si) 
•' • »'(Sr)]p,) assumes the form 

exp {-diP(s')l ••• i/(s')i[dw(sOr"'*" exp {-dip(s')} 

¥ 

- (Z >'(s')ildw(s')r‘*'’''‘ exp l-dw(s')i) 

••• (Z K«')ild«;(/)]''"’'" exp {-dw(s')} 

Ha") 


= [d«)(s')J'’ [d«>(s'’)r" = dw(s,) ••• dw(Sr)- 

Thus formula (20.13) is obtained. 

P'ormula (20.11) will first l)e applied to a linear polynomial p(v) = 
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?(«)>'(«)• This polynomial is obviously its own pseudo-polynomial. There¬ 
fore, (20.11) yields 

(20.15) mm = / f(«) du>(fi), 

in agreement with (19.41). Next we consider the square p{v) = | i'(s)>'(s) I* 

of the polynomial f(8)«'(s). We easily derive from (20.14), the identity 

I z Ks)^*) r = [ E + z i m r k«)l ; 

hence formula (20.11) 3 delds 

(20.16) /„(i E mxs) r) = f m dw(s) ‘ + f i m r dw(s). 

Note that the functional ^(v) = E» t(s)p(s) is the representer of the state 

(20.17) =/^^(a)f(«)i»'(s)dm(s)$. ; 

therefore, formula (20.16) gives the value of the unit form || ||* of this 

state. 

Using the process described by formula (20.14) one could easily calculate the 
inner products of states obtained by applying any number of creation operators 
on the equipartition state $,. 

Evaluation of the Expression /«(r) Complex Integration 

We proceed to evaluate the expression /„(t) for a more general class of 
functionals t{v), namely, for functionals of the form 

(20.18) r(,.) =H(E^(«>(s)). 

< 

Here X(8) is a function of s with properties to be specified and II{oi) is a function 
of one variable a. We recall that H(E» h{s)v(js)) is the representer of the observ¬ 
able H(E. X(s)iV(s)). In particular, we are interested in step functions H(a) = 1 
for a < K, H(a) = 0 for a > x; the corresponding operator is then the projection 
into states in which E* X(s)JV(s) with certainty has a value < k. 

If the function H(a) were a polynomial in a or could easily be appro.ximated 
by polynomials, the results of the preceding subsection could be used. For step 
functions, and various other functions, a different approach is much more .suitable. 
In this approach we assume that the function H(a) admits the repre.sentation 

(20.19) H{a) = f exp {za}h(z) dz 

Je 

formed with the aid of an analytic function h(z) which is regular in the neighbor¬ 
hood of the path £ and behaves appropriately when z approaches infinity along 
the path. 
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The advantage of the representation (20.19) is that it enables one to reduce 
the evaluation of \is)v(s))) to the evaluation of exp {z 2* ^(«)>'(*) 11 

for, this expression can be evaluated explicitly. 

We proceed in a formal manner: We substitute Ha)v(s) for a in (20.19) 
and form the expression I„(t) for the resulting functional. By virtue of the 
linear dependence of I»(r) on t we obtain 

(20.20) /«(H(2 M8)K«))) = f I«(exp Iz Ms)y(8)})h(z) dz. 

Writing the exponential function occurring here as a product, 
exp {z ]C^(sMs)} = n 

t • 

= n exp {zX(«)}’“’ 

a 

and using the formula 

SKs)!*'**’ = exp {o} 

•■(t) 

we obtain 

r.(exp {z Ex(«M«))) = E n exp {zX(s)}’‘*> 11 K«)lW«(»)r‘*' exp {-du;(s)} 

« P • • 

= 22 n*'(s)l[exp {isX(«)} dw(«)r‘*’ exp {—dw(«)} 

r « 

= n (2>'(«)l[exp {*^(»)) dwis)]’^'^) exp {—dw(«)}. 

a ••(a) 

By virtue of the formula 22-(.) ''Wio"” = exp {o}, the last expression equals 
n exp {exp izX(«)} dvo(fi)] exp {-dw(s)} » H exp {exp {zX(«)} - 1} diij(«) 

« exp jj [exp {zX(«)} — 1] dw(«).| 

Introducing the function 

(20.21) F(z) - y(z;X) =- f (ejq? {zX’Cs)} - 1] dw(«) 

we can write the result in the form 

(20.22) /.(mqp {z 22 X(«)K»)}) = e*P 

Insertion of (20.22) into (20.20) gives the baaie formula 

(20.23) /.(H(E X(8)i-(«))) “ exp { Y(z)lh(z) dz. 
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The argument given is well known from the theory of probability. In the 
language of this theory we may say: For each value of « one may consider »(«) 
as a random variable having a Poisson probability distribution with the mean 
All these variables are independent of each other. The same is true of 
the variables exp {*X(s)i»(8)}. Hence 

I,(exp {z £x(«>(s)}) = n -f.Cexp {«X(«>(«)}). 

4 4 

Since the mean of 

exp {«X(«X«)} = exp {aX(s)}’‘*’ 
is 


exp {exp {«X(8)} — 1} dw(i), 

identity (20.23) results. 

The function Y(z; X) which occurs in identity (20.23) is connected with the 
function 

(20.24) Z(z) = J exp {4X(s)} dw(s), 
by the relation 

(20.25) Z(z)^Y(z)exp{W}. 

Since the function Z(z) corresponds to the "partition function” in statistical 
mechanics we shall call Y(z) the “adjusted partition function”. The function 
Z{z) would occur in formula (20.23) instead of Y(z) if the functional 7 „(t) were 
defined in the first manner, i.e., without the factors exp {—d«>(8)}. Clearly, 
in the case W = f dw(s) = «, in which we are particularly interested^ only one 
of the two integrals, Z(z) or Y(z), can exist. Conditions will be formulated under 
which Y(z), rather than Z(z), is defined. 

Conditions on X(8), w(e), and h{z), 

/ 

It is, of coiirse, possible to establish the basic formula (20.23) rigorously, 
defining at the same time the meaning of the functional H(j^, X(s)»»(8)), provided 
the functions X(s), w(G), and h{z) satisfy appropriate conditions. We ahull 
formulate a few such conditions, but we shall not carry out all the details. 

First we require that the function X(8) is non-negative, 

(20.26) X(8) > 0, 

and int^able with respect to the weight to(C), i.e. 

(20.27) Jx(8)d«>(8)< ®. 
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The number 

(20.28) 

as seen from (19.41), is the expectation value of the observable 23. X(s)iV(8), 
cf. (20.35), in the equidistribution state . 

Conditions (20.26), (20.27) imply that the weight of the region X(«) > I is 
finite for every I > 0, 

(20.29) f dw(s) < ®, 1 > 0. 

Consequently, if IT = / dw(s) is infinite, this infinity must originate from the 
weight to at those places s at which X(8) = 0. 

Under conditions (20.26), (20.27) the adjusted partition function V(z; X) 
and its derivative F.( 2 ) are defined in the left half-plane, (Re z = x < 0. Spe¬ 
cifically, the estimates 

(20.30) (Re y(z) <0, 

(20.31) 1 y(a) I < xo 1 e I, 

(20.32) 1 y.(z) I < Ko 

are easily derived from (20.26), (20.27), (20.28). 

More detailed information about the behavior of F( 2 ) as 1 2 1 -♦ “ when 
(Re z ^ 0 can be obtained if more specific requirements are imposed on X(«) 
and u)(<S). In particular, we can formulate conditions which insure that F( 2 ) 
behaves in such a way that 

(20.33) I exp {r( 2 )} 1 < 7 1 2 r' for 1 2 i > P. (Re 2 < 0 

with appropriate numbers / 9 , 7 , p > 0. To formulate such conditions, we may 
introduce the function 

(20.34) P(Q = - / 

and require the existence of a non-n^ative number /3 such that the inequality 

Ate 

(20.35) / 1 dpCO - isr' dlj < mo 

Jo 

holds for appropiiate poative numbers Zo ORd ^ • With 

4 >(z) - f [1 - exp { 2 Z}]r' dl 
Jo 

we then find 

1 y(2) + /3^(2) 1 < 2WJO + 2p(Zo) 
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and, since 

I 0(«) - log (-z) I < OT, for \z\> P, (Rez < 0, 
with appropriate wii and p > 0 , we obtain 

I n*) + « log (—z) I < 2 jn, + 2 p(Zo) + am, 

whence (20.33) follows with an appropriate number 7 . 

Conditions (20.26), (20.27), (20.32) are satisfied in the case of the infrared 
catastrophe treated in Part III provided the quantities s, X and w are interpreted ^ 
as follows: « = fc, X = w = 11: |, du> = ] g |* dfc = § | /(A:) H ifc T* dib, see (13.18) 
and (13.54 to 13.61). 

Condition (20.27) becomes 

(20.36) 1/bW nftrdifc < 00 , 

cf. (13.60), (13.51). From (20.31) we find 

p(o = -|/ b(*)n*rdft, 

whence I dp(t)/dl 2t |i( 0 ) |*. Consequently, condition (20.32) is satisfied 
with /3 = 2r |y( 0 ) f iij(k) is sufficiently smooth at A = 0 . 

Conditions on the function A(z) under which the integral exp { Y(z )} h(z) dz 
is defined can now easily be given. Suppose the function Y{z), in the left half¬ 
plane, dies out at infinity strongly enough, e.g., suppose it satisfies condition 
(20.33). Then it is sufficient that, in this half-plane, the function h(z) vanish of 
first order at infinity. In this case the line ® < 0 may be taken as the path £. 

In the following section we shall confine ourselves to the consideration of the 
function z"* exp {— kz\ with k > 0 . 


EvaiucUum of PrebabUities 


We shall employ formula (20.23) in order to derive an explicit expression 
for the probability Pr («) that the biquantized observable [X(«)], which we also 
denote by 

(20.37) K » £ X(«)^’(*), 

« 


lies below a value k if the field is in the equidistribution state 4 ,. If we choose 
8 = k and X = «, the quantity K is exactly the energy of the field. 

Let us denote by ij.(a) the shifted unit step function, 

fl.(a) = 1 for a < K, 

(20.38) 


= 0 for a > K, 

and fonn the operator ij,(K). This operator projects any state into a state in 
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which a measurement of the quantity K with certainty would yield a value < x. 
The probability Pr (x) can therefore be written as the inner product 

(20.39) Pr (x) = ($., 

of the state #, into the state . Since the state is represented by the 

functional <l>(v) = 1 and the operator i 7 ,(K) is represented by multiplication by 
the functional 9,(2. X(s)»'(8)), the state i;,(K)$, is represented by the functional 
^(v) = ^(«)»'(<))- By virtue of (19.21), ther^ore, the probability Pr (x) 

is given by 

Pr(x) - E^.(Ex(a>(«)) nK«)l[d«’(«)]’‘*' exp {-dw(8)} 

(20.40) 

= r»(u.(Ex(»>(»))). 

We now observe that the unit step function i),(a) admits a representation 
of the form (20.19), namely 

(20.41) riXa) = exp {(« - x)8}2“‘ dz, for a x, 

when we take as path £ any straight line z = Xi + iy on the left half-plane 
*1 < 0 traversed from y = + “ toy** —The function i/,(a) is therefore of 
the form (20.19) with A(z) = exp {- xz). 

We assume that the function X(s) and the weight io(C) satisfy the conditions 
formulated in the previous subsection. Condition (20.27), in particular, does not 
appear to be unduly restrictive. For, if this condition is not satisfied, i.e. if 
the expectation value xo of the observable K is infinite, the probability that K 
lies below a finite value will, in general, be zero.* 

Having adopted these conditions, formula (20.23) is applicable. Combined 
with (20.38) it yields the main result 

(20.42) Pr (x) = exp {y(z) xz}z"* dz. 

It may seem desirable to verify the relations 

(20.43) Pr (0) = 0, 

(20.44) Pr (k) —> 1 as ic —► «, 

•As an example consider a field enclosed in a box; let a ■■ 1, 2, 3, • * • be a label of the 
eigenstates of the energy «(s) of single particles which we take as a function X(«) and assume 
ta(s) 00 as s —► 00 . Further assume that each of these states has the same weight w > 0, 
so that / «(«) dw(js) ta S# w(s) ■■ oo. Then the unadjusted, but not the adjusted partition 
function is defined. Suppose now that the field is myriotio and in the equidistribution state 
associated with the weight dw{8). Then the probability that the total energy of the field lies 
below a finite value is zero. 
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from fonnula (20.42). The first relation could be derived by deforming the path 
£ towards — » and making use of the behavior of Y(z) at infinity, as expressed 
by (20.35). 

In order to derive relation (20.44) one may first set 

(20.46) 1 — Pr (k) = ^ ^ [1 — exp f Vizi], exp j —«}z"' dz 

and then deform the path £ into the imaginaiy axis. On this axis the function 
1 exp {- kz} I is bounded independently of k. After inflation by parts one can 
then deduce from (20.30) and (20.33) that the integral (20.45) can be made 
arbitrarily small by making k sufficiently large. 

Saddle Point Method 

Provided k < kq , the integral (20.42) may be calculated approximately 
with the aid of the saddle point method. Since the function 

Y.ix) = j exp {irX(«) }X(s) dto(«) 

varies monotonically-from 0 to kq when z = x varies from — » to 0 along the nega¬ 
tive real axis, it assumes every real value < «o once on this axis. The point 
z — X = — 6, at which Yi assumes the value k, 

(20.46) Y.{—$,) = j exp {-»,X(s)}X(8) dw(«) = *, « < *#, 

is the saddle point for the real part (Re {Y{z) — kz]. Placing the path £ through 
this point, we derive in the well-known manner (e.g. [42]) the approximate 
expression 

(20.47) Pr(K) » [2x6iYU-9.)r'\ 

which is valid for z < *0 if the ratio [ Fj„(-fl.)r;!(-e,) | is sufficiently small. 

For values k > ko one may use expression (20.45) for 1 — Pr (z) and try 
to deform the path £ as far to the right as possible. 

We do not intend to present further details concerning the nature of the 
function Pr (z). The primary aim of our discussion was to show that, even for 
myriotic fields, significant quantities can, in principle, be calculated. 

Conditioned Eguidistribution State 

The last quantity to be discussed in this section is closely analogous to a 
quantity of great importance in statisticsal mecdmnics. 

Assume the field to be in the equidistribution state ; suppose we wish to 
m^re the value of the observable K => \(s)N(s). The probability that 

this value will be found to lie between the values of z and zi is obviously 
Pr (z.) - Pr (z). 
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Suppose now the indicated measurement has been made and the observable 
K has been found to have a value between k and ki . Then the field is in a 
new state which we denote by ^n.jc.icj and term a “conditioned” equidistribution 
state. The representer of this state is the functional 

(20.46) <!>(?>) = (*.) - Pr («)]-''* - 

I 

Here we have used the abbreviation 

(20.47) ij..<.(«) = »?..(«) •“ >».(“); 

ef. (20.38). The denominator [Pr (ki) — Pr (*)]'^* insures that || 1| = 1. 

We intend to calculate the expected value {r)*,,„,,. of the observable 

(20.48) r = £ r(s)^(s) 

« 

in the state . Simple expressions can be derived for this expectation value. 
Because of (^.46) the desired expectation value can be written as 

(P)*i.«.«» “ I P^..«.«t) 

= f(«)>'(s)»?<.«.(2 K«)»'(«)))[Pr («i) ■“ Pr (“)r‘ 

a « 

or, with the abbreviation 

(20.49) ■?„(£ {■(8)»’(«)»J«(2 Hs)v{8 ))) = Q(k; f), 

« « 

as 

(20.50) (r>...,,. = [Q(k, ; r) - Q(k; r)][Pr M - Pr («)]“'• 

It will be shown that the remarkably concise formula 

(20.51) Q(.k] f) = J Pr (k - W)W) dtt;(s') 

holds for the quantity Q{k; f). If Pr («) is expressed as the complex integral 
(20.42) and the two integrations are interchanged, this formula becomes 

(20.52) Q(k; t) = exp { y(z) - exp {sX(a0}r(80 (iw(s')]«"" ds. 

Formula (20.51) shows that it is sufficient to know the function P(k) in 
order to be able to calculate the expectation value of F »= £, X(s)iV’(s). 

Formula (20.52) could be derived in the same way as formula (20.42). 
a more direct—though not rigorous—procedure is the following: We introduce 
the expression 


(20.53) 


Q(z;\) = UEMsMsHCEKsXs))) 
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which is of the form (20.20) with = ai;«(a) and h{z) — exp {— ic«}/2jri«*, 
provided we choose the path £ as in (20.42). Ihierefore, 

(20.54) Q(k; X) »= exp { Y(z) - «}«-* dz. 

Now, as seen from (20.53) and (20.49), the expression Q(k; S^) is nothing but 
the first variation of the expression Q(k; \) considered as a functional of X(a) 
with S\{s) = f(«) since ij,(a) is the derivative of [a — x] 7 .(a). 

On the other hand we can calculate the first variation of Q( k; X) from (20.54). 
As seen from (20.21), the first variation of Y(z) is a/exp{ 2 X( 8 )}f(«)ciu>(«); 
hence the first variation of the right member of (20.54) is exactly the right member 
of (20.52). Thtis the latter formula is verified. 

An approximate expression for Q(k; t) can be obtained from the saddle point 
method under the circumstances indicated in the previous subsection. Assuming 
that {"(s') vanishes whenever X(80 is not small compared with x, we may employ 
the same saddle point z — —d, for the approximate evaluation of expression 
(20.52) that was employed for the evaluation of Pr («), see (20.45). The result 
is evidently 

(20.55) Q(k; r) « / exp {-fl.X(«')lr(«0 dw(8') Pr (x). 


Furthermore, let us assume that the value xi + dx lies so near to x that we may 
use the saddle point z = —6, even for the approximate evaluation of Pr (x,). 
Then the denominator on the right hand side of (20.50) can be cancelled and the 
simple formula 


(Z . .. 

(20.56) 

«= j exp { — dw(,s') 


results. For f (s) => X(s) this formula reduces by (20.46) to the formula 


(20.57) 


<K>, 


= <Z 






as it should. Relation (20.56) may be expressed s 3 nmbolically by formula 

(20.58) <JV(«')>*.. = exp {-e.X(«')i dwis'), 

which expresses the expected number of particles occupying the place s' on the 
shell 2!^, i'(8)X(s) = X. This formula corresponds closely to an important formula 
in statistical mechanics. The saddle point method employed here, of course, 
corresponds to the method of Darwin and Fowler [39]. 

21 . Occupation Number Representation For Fermion Fields 

Occupation number representations of the types described in the previous 
sections for boson fields can also be developed for fermion fields. In fact the 
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notions introduced for boson fields will be used for fermion fields also, but 
various new notions will be needed in addition. We shall first give a formal 
description of the occupation representation for fermions and later on indicate 
how the terms employed in it can be defined rigorously. 

RepreseniaHon of the First Type 

The occupation representers f(v) for boson fields were introduced by relation 
(18.3), 

f{v) = [nI]‘'V»(s)n, 

connecting them with the particle representers . The occupation >>(«) 

was connected with the set («), of n points , ■ • • , s, through relation 

(21.1) »'(«)=«..(«)+••• + «..(«). 

Essentially the same connection will be noaintained for fermion fields; of course, 
there must be deviations due to the antisymmetry of the fermion representers 
^nis)n . These representers change sign when the arrangement {«i , • • • , a.) 
undergoes an odd permutation while the occupation »(«)—and hence the value 
of any function f{y) of it—is independent of this arrangement. Therefore, 
relation (18.3) is to be replaced by the relation 

(21.2) fiv) = ±[n!]‘'V»(»)« 

in which the signature of the right member is to be assigned to the arrangement 
{«i, • • •, «ii 1 in a proper way. This will be done below. The antissonmetry of the 
function \Aii(s)>i Also implies that this function vanishes whenever two of the points 
Si , •• • , a. are the same. As seen from (21.1), this is the case exactly when 
^(s) > 1 for at least one point s. Thus it is clear that the occupation representer 
/(r) vanishes unless the occupation number v{s) satisfies the condition 

(21.3) p(js) = 0 or v(s) = 1 for all values of s. 

Occupations v{s) satisfying this condition will be called 'T-admitted,” or 
simply “admitted.” Functionals f(y) which vanish unless the occupation v{8) 
is F-admitted will also be called “F-admitted.” 

With the aid of the functional F(v) defined by 

{ =1 if v(s) is admitted, 

= 0 if Ks) is not admitted, 

we can transform any functional f(y) into the F-admitted functional F(p)f(v). 
Evidently, every F-admitted functional f(p) is reproduced by multiplication by 

Fiy), 

(21.5) 


Fiv)f{p) = f(p) if fip) is F-admitted. 
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So’far in the discussion the functionals f{v) have been understood in the 
literal sense. Eventually, we must enlarge the space of admitted functionals to a 
closed space 33^. This could be done directly. We prefer, however, to introduce 
the space 33^ as a subspace of the Hilbert space 33 of all—proper and ideal— 
occupation representers for a boson field. To this end we shall extend the operator 
which consists in multiplication of proper functionals f(v) by F{v) to an operator 
F applicable to all '‘functionals” of S3. This operator F is evidently a projector 
cf. (19.41). The associated closed subspace, consisting of all "functionals” of 
the form Ff{v)j will be defined as the Hilbert space 

Of course, expression (18.10) for the unit form (/, /) of a functional f{v) 
in 33 also applies to functionals in 33^. It is, however, convenient to adopt the 
simpler expression 

( 21 . 6 ) (/,/)= i I /(*-) r n 

r-O » 

for f{p) in 33^, which is motivated by the fact that j^(s)i has the value one 
whenever p(s) = 0 or 1. 

We proceed to describe in more detail the relationship between particle and 
occupation representers ^«(s)n and f{p) referred to above. 

First let us assume the function ^„(s)n to be given. Let v(s) be an F-admitted 
occupation for which 

(21.7) n=£Ks)<«>. 

The finiteness of this sum iinplies that there is a finite number of points s for 
■which v(s) > 0. The F-admission of i'(s) implies that there are exactly n distinct 
points s = a,, • • • , s„ for which ><(8) = 1. This set, (s)„ = {si, • • • , s,[, is then 
to be insetted in the right member of formula (21.2). 

The sign db occurring in this foimula must be so determined that it changes 
when (s)„ = {si , • ■ • , 8„1 undergoes an odd permutation. In order to give this 
sign a definite value we assign a “standard” order to every set of n distinct 
points 8. 

For example, we may employ a lexicographic order to this end. Let 
8“’, s‘®’, ■ • • , s""’ be the coordinates of the point s. Under the following circum¬ 
stances we set 8, < Sj: if | | < | a”’ |, if j sj” | = | s"’ | and s{'’ < si", if 

.si" = si" and | si" | < | si®‘ | and so on. This ordering procedure is possible if 
the measure 7n(0l) of every bounded region (R is finite. Otherwise the procedure 
must be slightly modified. 

The permutation that must be applied to the arrangement (.«)„ = {si , Sj, 
• • • , 8,} of n distinct points in order to produce the standard order will be 
denoted by P{s)„. With the aid of the ordering function 

».(«).= 1 if P(8)»iseven, 


( 21 . 8 ) 


<r«(s), = — 1 if P(s). is odd, 
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we then define the functional /(v) specifically by the formula 

(21.9) m = ln\Y'^<rXs)nMB)n . 

Since both <r„(s)„ and are antisymmetric, the value of f{p) is independent of 
the arrangement 

Vice versa, let a functional /(v) in 95^ be given. Let S| , • • • , be any set of 
n points and define the occupation y(s) by relation (21.1). Then the value 
^n(s)„ of the function \f/„ for the particular arguments (s)„ = |si » * • • > «»} can be 
expressed as 

(21.10) Us)n = [«i]'^V.(8)J(r) 

in terms of the value f(j>) of the functional / for the particular occupation r(s), 
given by (21.1). 

The state which has the particle representer ^.(s), can just as well be 
represented by the functional f{v) given by (21.9). This representation will be 
denoted by 

<21.11) #^/(r). 

The creation and annihilation operators A'*(s) for fermion states satisfy the 
conditions 

< 21 . 12 ) [A-(s'), A"(a")J. = «(«' “ s"), 

<21.12)* [A-(sO, A-(0]. = [^*(s0, A*(s'0]* = 0, 

see (8.20). Here the notation 

<21.13) [A,BU^AB + BA 

for the “anticommutator” of two operators A and B has been used. 

In order to describe the effect which these annihilation and creation operators 
have on the representing functionals /(r), we must relate the ordering of the 
n numbers Si , • • • , to the orderings of the numbers S| , • • • , s«_i , and 
, • • • , s«) Snri • To this end we assign to every admitted occupation »(«) and 
every point s' the number 

<21.14) t(»', s') = ff»(s)«'’’»+i(s)-.(®0> 

iti which (s)„ is defined by (21.1). Note that the value of r is independent of the 
arrangement of the points Si , • • • , s„ . With the aid of this number t we may 
describe the annihilation and creation operators by 

<21.15)“ A"(8')« r(v, s')/(« + 5.0, 

<21.15)* A*(8')4&«-> [d?n(s')j“*r(i' — 5,- , s')p{s')F{v)f(p — 5,0. 
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If the factor F(v) were omitted from the i^ht member of (21.15) it could happen 
that this member would be different from zero for an occupation v(s) with 
vis^) - 2, which would not be admitted. Furthermore we note that«'(«) — {..(«) 
is not defined if v(a') » 0; therefore, w'e stipulate 

(21.16) KsO/(*’ - «.') “0 if KsO = 0. 

The identity of the description (21.16)" of the annihilation operator with 
the description (8.2) in terms of the particle representation is immediately 
verified by using (21.10) and (21.9). 

In order to identify (21.15)* with (S.ll)^,,, we assume the representer f{v) 
of * to be given and determine from (8.11)x.* the representer f'(v) of 
To this end f'{v) will be expressed in terms of the particle representer ^i(«), 
of .4*(«0*; this function will be expressed in terms of the particle representer 
^n-i(s)«-i of which in turn will be expressed in terms of f (v). Thus f'(v) will 
be expressed in terms of f (p). 

Let v(8) = 5.,(s) + • • • + 5..(s) be an occupation, if v(sO = 0, also 
f'(v) = 0, as seen from (8.11)^,, the right member of (21.15)* vanishes by (21.16). 
Let then i'(s') = 1. Clearly, s' is one of the points s,, • • • , s,. We first assume 
s' = Sn and find 

1^.-i(«)»-. = [(n - l)i]‘'V«).../(r - «.,) 
from (21.10). Then from (8.11)ji., we have 

lAi(»)- = »‘'VV»-i(«)»-j«(«' - 8^, 

or, since Dirac’s delta function is connected with Kronecker’s delta function 
by «(«' — «,) = 5..(s.)/dm(s'), see (18.17), 

mn = n-''V,-.(«).-.[d»»(«')]’‘ 

= [ni]‘^®<r(«)n-i/(»' — i.')[«f»«(8')I"'> 

whence by (21.9) 

f'(y) = v(«),-i(s')<r(s)»_,/(i'— 8..)[dm(s')r'. 

Because of (21.4) this is just the right member of (21.15)*. Since this right mem¬ 
ber is independent of the position of s in the arrangement Si, • • • , s„, the same 
result would have been found for any such position instead of s' = «, . Finally, 
let »'(s') > 1; then the right member of (21.15)* vanishes because of (21.4). 
Thus it is shown that the annihilation and creation operators possess the occupa¬ 
tion representation (21.15) if they possess the particle representation (8.11). 

Independently of this particle representation one could verify that operators 
il*(s) defined by the representation (21.15) satisfy the commutation laws (21.12). 

The expressions (21.15) are the natural generalizations of the expres.sions 
given by Jordan and Wigner (see e.g. [1, 4]) for the case of a discrete quantum 
variable s. 
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Representation of the Second Type 

Representations of the states of the field by functionals of the second type, 
described for boson fields in Section 19, can also be set up for fermion fields. 
We confine ourselves to describing representations by reduced functionals ^(v) 
with the aid of a measure function w(6). The space of fermion representers 
^(i') can again be defined as the subspace of all functionals 4)(v) in which are 
of the form 

(21.17) = F(y)^{y), 

where F(v) is the functional defined by (21.2); properly speaking, multiplicatipn 
by F(y) indicates application of the operator F obtained by extension of the 
operator which consists in multiplying by the proper functional F{v). We recall 
that the operator J'’ is a projector, satisfying the relation F* *= F. The unit form 
(19.21) of the functionals ^(i') in may conveniently be written as 

( 21 . 18 ) (*, *)„ = E' I ^(v) r n [d«’(«)]''*’ e.xp { -dw(«)}, 

>-0 t 

again since i'(s)i = 1 when p(e) = 0 or »»(«) = 1. 

In order to define annihilation and creation operators a weight amplitude 
»■(«) with dw{s) — 1 v(s) I* dTO(s) must be adopted as in Section 19. In accordance 
with (21.1fi) and (19.24) we then may set 

(21.19) “ A~,(e')<t>iv) - e')<t>(,v + d.-), 

(21.19) * 4*.(s")0(v) = t>*(«")[rfw(s")]'‘r(^ - , 8'')Fiv)<l>(y - «...)• 

If the states of a fermion field may be represented by functionals <h{v) 
in such that annihilation and creation operators .4*(«') defined for them are 
represented by A*(s'), we write 

(21.20) #A0(».). 

Fermion fields whose states permit such a representation are called “myriotic" 
or “amyriotic” according as the total weight w = J dw(8) is infinite or finite. 
Amyriotic fields could be shown to be ordinary fields, i.e. fields which can be 
represented by functionals f(») of the first type; the connection is given by the 
same formula 

( 21 . 21 ) f(p) = <t>(p) n rm"' exp {-§«>} 

« 

as before, see (19.31). 

It is not at all apriori obvious that myriotic feimion fields exist, inasmuch 
as it is not apriori obvious whether or not the space is the null space O, i.e. 
consists only of the functional b 0. For it could happen that for every 
tional in the functional F(y)4>{p) “equals” the functional zero, so lUilF 
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P(p) “ = 0. We shall show below that this does indeed happen for certain weight 
functions w(&). At the same time we shall show that for other weight functions 
the space is not the null space. Thus we shall establish the existence of 
myriotic feimion fields. 

Equidistribution State 

With reference to the weight amplitude v~ (a) we introduce the F-equidistribu- 
tion state by the representation 

( 21 . 22 ) 

Here F{v) = F(v)l is the functional which results by applying the projector F 
on the representer <l>{v) s 1 of the boson equidistribution state. Inserting 
^(ji) ^ F{v) into (21.18) we find in a formal manner 

(F(v), = i: n exp {-dM;(s)l 

»-0 • 

(21.23) 

($' , «>') = iF(v), F(,p))„ = n U + <*'«’(«)] exp {-d«>(«)}. 

The meaning of this expression will be explained below. The condition that it 
be positive is equivalent with the condition that F{v) 0 or ^ C. 

The expectation value of the functional 53, f (s) Ar(s) in the F-equidistribution 
state is evidently the inner product of the functional F(v)/|l 4>^|| with 
53 . f(s)j'(s)F(v)/|| In a formal manner we evaluate 

(F(v), KsOfCO). = LKa') n [dto(s)r'*’ exp {-rftc(8)| 

v «0 * 

— dw(s') exp {—dw(«')} Tl [^ + dw(8)] exp {—rfw)(s)} 
= [1 + d«)(sO]"' dw{s') n exp {—c/u’(«)|. 

9 

Combining this formula with (21.23) we find 

( 21 . 2 - 1 ) (iV(sO)*r = [1+ dw(s')r dw{8') 

whence 

(21.25) (22 ?(s)iV(s)>4.f = j r(s)[l + </«!(«)]■' dw{s). 

The precise meaning of this peculiar expression will also be described below. 
The expected value of the total number N — 22« ^(«) of particles, 

{N)^; = / U + dw(s)]"‘ dto(s) 


(21.26) 
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•will be shown to be finite or infinite according as IF = / dw(s) is finite or infinite; 
i.e. according as the field i& ordinary or myriotic. 

Definition of the Fundiond F{v) 

If the definition (21.4) of the functional F{v) is taken literally it is not obvious 
what is meant by the functional F{v)f(y) when the functional /(v) is an ideal 
element in the space SB. As indicated above, we interpret multiplication by 
F(y) as application of a projector F defined in the following manner. 

Let (P be a partition and let CR be the finite part of <P composed of the bounded 
cells e* of (P. Then we first define the functional F^{v) by 

{ =1 if V* = 0 or = 1 for each k and v, = 0 

■ 

= 0 otherwise. 

Here, as before, v* = 22* u «* *'(*) i, v{s). Let /(v) be a functional 

which is compatible—in the first manner—with some partition <?'; by choosing 
a suitable refinement, we may assume that this partition is a subdivision of (P. 
Then the functional F,r{v)f(v) is also compatible with (P'. The operator which 
consists in multiplication by Ff(y) is thus defined for a manifold of functionals 
which is dense in the Hilbert space SB. Since, evidently, 

(21.28) 1|F./II < ll/ll 

this operator can be extended to the full Hilbert space. The operator F#. so 
defined will also be denoted as multiplication by Fif{v) even if it is applied to 
ideal elements f(,v). Clearly, this operator is a projector, F^ — F,(,. 

Let (P' be a partition of (P and the cori-esponding operator just defined. 
From (21.27) one verifies the relation 

(21.29) F 9 F 9 ' = Fff ; 

evidently this relation also holds for the operators applied to all of 8. The 
operators F#. corresponding to a succession of refinements of a partition thus 
form a non-decreasing sequence of projectors and, therefore, converge to a limit 
projector, see von Neumann [19, II, 4, Th. 17]. This limit projector F will also be 
denoted as “multiplication by F{v).” 

Together with the projector F, the HilbeH space 99*' of functionals of the 
first type is now defined precisely. 

Since the projector F is defined as the limit of a non-decreasing sequence i'| . 4 , 
is clear that it is not identically zero, 

(21.30) F 0; 

it is, however, not excluded that F is the identity. As a matter of is 

the case exactly when the quantum variable s has no point eigenvill|||||(|^ 

5 hall show below. 
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If the operator F is to be applied to functionals ^(v) of the second type we 
must define it somewhat differently because of the different notion of compatibility 
involved. Let (Jl be the finite part of a partition (P. Let (P' be a refinement of (P 
and let the subscript A' refer to those cells C*. of (P' which lie in (R. We first 
define the fuYictioiuil 

{ =1 if v*. = 0 or = 1 for each h' 

= 0 otherwise. 

Let 0(v) be a function which is compatible in the second manner with some 
partition cP" which without restriction may be assumed to be a refinement of (P'. 
Then the functional Fje(j')^(>>) is also compatible with (P" in the second manner. 
Note that F«(i>) does not depend on and hence not on v'l = i„ ei' >'(«); the 
same is therefore true o' Fa,(v)<l>(v). 

As above it can be shown that a sequence of functionals Fi(v) associated 
with a sequence of refinements of (P forms a non-decreasing sequence of projectors 
and, therefore, converges to a limit which we denote by F* . 

Now we consider a sequence (R', <r = 1, 2, • • • , of regions (R which tend to 
cover the whole s-space. lYom (21.30) one readily concludes that relation 

(2132) Fa.Far = F^t 

holds if (R' contains (R'. Consequently, the operators F®. form a non-increasing 
sequence of projectors and, therefore, converge to a limit projector F, which wp 
also denote as multiplication by F(y). It would not be difficult to show that this 
limit is independent of the choice of the sequence (R'. 

Together with the projector F, also the Hilbert space of functionals of the 
second type is now defined precisely. 

Since the operator F is defined as the limit of a non-increasing sequence of 
projectors it is not excluded that F is identically zero (we shall explain when this 
is the case). On the other hand, it is clear that F s 1 only if Fa ai 1 for all (R. 
This is the case exactly when the quantum variable s has no point eigenvalues. 

We also note that for a myriotic field a the operators F defined in the first 
and second manner are identical. 

Evaluations for the F-Equidiatribution State 
Since the operator F is now defined, also the functional 
(21.33) F(r) = FI, 

the representer of the F-equidistribution state , is defined. We proceed to 
evaluate the norm 1| 4'' |1 = |1 F{v) 1|„ of and explain the meaning of the 
expression (21.23) by which this norm is expressed. 

We assume that the point eigenvalues of the quantum variable a —if it has 
any—are so distributed that each bounded region contains at most a finite 



QUANTUM THEORY OF MELDS 


177 


number of them. We denote these eigenvalues by a = 1, 2, • • • , and by 
W, the weight of the cell consisting of the point 

We now let CP' be a refinement of the partition (P so chosen that each eigen¬ 
value s"” contained in fll foims a cell of CP'. The notation Ci will then be reserved 
for the remaining cells of CP' contained in (R; the weight of these cells will be 
denoted by wi . From the definitions (19.21) and (21.31) we then have 

Fi(i.)). = fl (1 + ^p) exp {-W,\ U' (1 + wi) exp {-wj). 

^ * 

Here the product fl® refers to those eigenvalues s''’ which lie in (R, and the 
product rl* refers to all cells ©* in CR. 

To every « > 0 we may choose a partition CP' such that the weight wi of each 
cell e* in cR is less than e. From the elementary estimate 

0 < to — log (1 + is) < w* < 6W for 0 < to < « 

we deduce 

1 ^ ri' (1 + «’*) ®’‘P ^ ®cp {e 53' Wk). 

k * 

Now 2* Wk — to(CR) — 5 Zp i® contribution to to(CR) = /« dw(s) from all 
cells in cR with the exception of the point-eigenvalues; hence 23* to* < to((R) < ®. 
Since « is arbitrary we obtain for the limit (F<r(v)*, F«(>>))„ of (F«(j'), Fi(,v))^ 
the evaluation 

(21.34)« (F«(v), F«(»»)). = n (1 + W",) exp {- W,}. 

We expresa this result also in the form 

(21.36) « n U + ®cp {-dto(s)} = n (1 + l^p) (“^p} • 

s P 

Letting CR expand so as to cover the whole s-space we find 

(21.36) (F(i/), F(i/))„ = n (1 + W,) exp { -W,\ 

P 

and 

(21.37) n [1 + dto(s)] exp {-dto(s)} == EL (1 + ^p) ®*P {“^p)> 

« P 

with the provision that the right members stand for the number one in case the 
Quantum variable s has no point eigenvalues. Thus the peculiar expression 
(21.25) is evaluated for {•(«) ^ l. 

Each term in the product on the right of (21.37) is less than “one”. If there 
are infin itely many point eigenvalues s"’ the product converges to a positive 
limit if and only if 

2 [W, - log (1 + W,)] < » 
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or, what is equivalent, if 

(21.38) 

P 

If, however 

(21.38) » E 

P 

the infinite product has the value zero, i.e., we have 

(21.39) iF(v), F(y))„ = O [1 + exp {-d«;(8)} = 0. 

a 

The functional F(v) = FI is zero in this case. 

Identity (21.35) could be obtained by the following formal ride: whenever 
a function k{a) vanishes of second order in a the sum of h(dw{s)) with respect to- 
all s is 

(21.40) f Hdw{s)) = E KWp). 

J p 

Formula (21.36) results for h(a) = log (! + «) — a. 

Other formulas could be obtained from this rule. In particular, one can 
obtain from it the evaluation of the “integral” / i'(s)[l + dM>(«)]~' dw(s) entering 
formula (21.25). To this end we write 

j ?(«)[! + dw(s)]“' dw(,s) = j f(s) dw(s) — j ?(»)[! + dw(s)][dw(s)]* 

and hence conclude 

(21.41) J f(s)[l + du)(s)]"* dw(8) - j f(s) dw^s) — E f(s‘'’)[l + ' 

This expression may also be written in the form 

(21.41) ' J r(s)[l + d«)(s)r' dw(s) = J ?(«) dw(s) + E 

in w'hich the prime attached to the integral sign indicates that the integration 
refers to all of the s-space except the point eigenvalues. Thus the peculiar 
expression (21.25) is evaluated for an arbitrary function f(s). 

The e-xpected value of the total number N of particles when the field is in 
the equidistribution state , see (21.26), can now be expressed as 

(21.42) (N)*! = J dw(s) + E [1 + . 

The right member here can be estimated by 

J [1 + d«)(s)]"‘ dw(js) < J dw(s) = W, 


(21.43) 
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and hence is finite if W is finite. In order to obtain a lower estimate we denote 
by r the number of eigenvalues s'*’ with a weight W, > 1. Indicating omission 
of these eigenvalues by a double prime we find 

(21.43)' / - I / + I 

Suppose now = «. Then either r = » or /" dw{a) = <»; hence in any case 
J [1 + ci«)(s)]“‘ dw{s) = w. Thus the statement made in connection with 
(21.26) is reduced to the evaluation (21.41). 

In order to justify this evaluation one should first assume the function to 
be piecewise constant, vanishing outside of a region (R, and then approximate an 
arbitrary function by such piecewise constant functions. We shall not carry 
out details. 


Properties of the Projector F 


It was stated above that the projector F is the identity if the quantum 
variable s has no point eigenvalue. Since application of the projector F was 
symbolically written as multiplication by the functional F(y) we may just as 
well say that this functional is ideptically equal to one if s has no point eigenvalue, 
'rhis statement is, of course, more inclusive than the statement, impli^ by 
formula (21.36), that the functional <t>(v) = F(»')l = F{v) in S8^ is identically 
equal to the functional <l>(y) s 1 if s has no point eigenvalue. The present con¬ 
tention; F{v)<t>(y) = «(»') for every “boson” functional <^( 1 -), i.e. for every functional 
in S3 can, nevertheless, be deduced from the statement F(r)l = 1 proved above. 

Moreover, it is possible to deduce from this statement that the operator F«, 
assigned to any region <R, is the identity if the region (R contains no point 
eigenvalue of «. 

In order to prove that relation 


(21.44) 




holds for aU furtctims <tt(y) in 33 if s has no point eigenvalue tn (R, it is suffiaent to 
prove that this relation holds for all functionals of a dense subset in 58. 
compatible functionals form such a subset. In fact, a dense subset is already 
formed by all those compatible functionals 


for which is different from zero for only a finite numbw of systems r?, vl , • • - 
These functionals are linear combinations of those which ^ Afferent fro 
zero for only one such system r? = vi, — ra, ■' • ; 9 ("I 9 ■ 

Let 4«(v) be such a functional. Without restnction we may ^ ^ 

is a refinement of the partition (P of which (R is the finite part. Let (P be a 
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ment of (Po and let Fa be the operator associated with it as defined by (21.31). 
We estimate the value of 

11 (1 - F,0^ 112 = 2' •'1 . * I >l>oiv) 1* n ffl?> {-«»}• 

The prime attached to the summation sign indicates that one should omit all 
systems of occupation numbers vi fvi f • • • for which each vi is either zero or one. 
Since the values of 4 >o(v) that occur are either zero or the value of the sum is 
increased if ^oW is replaced by Thus we find 

11 (1 - F£)<l>„ 112 < 1 / r S' n *'*![«’*]’* esp {-Wi} 

* * k 


or, 

11 (1 - F^^. 112 < 1^“ 1 * 11 (1 - F£)l 112 . 

Since the refinement (P' can be made arbitrarily fine thi nequality leads to the 
inequality 

II (1 - Fa)^ 112 < 11(1 - F«)1112. 

Now, 

II (1 - F«)1112 = 111112 - II F«1112 = 1-11 ir = 0, 

as seen from (21.34)a , since it is assumed that there are no point eigenvalues 
in Gl. Thus the content on F(sft>(y) = ^( ) is proved. 

The fact that the operator Fa is the identity when there is no point-spectrum 
of 8 in (R indicates that we could have introduced the operator F in a different 
manner from the beginning. We could have defined Fe(»') by (21.4) if the cell 
G consists of just one point eigenvalue and by Fe(i') = 1 if the cell 6 contains no 
eigenvalue of «; finally, we could have defined F{v) — 2e l^e(»') when 2e refers 
to a decomposition of the whole s-space into bounded cells. 

The properties of the functional F(v) thus revealed might already have been 
used m connection with the occupation representation of boson fields. The 
values of k(«) might have been restricted to v(s) = 0 and >>(8) = 1 except for 
point eigenvalues. This fact was alluded to in Section 18 in the subsection on 
differ^t forms of the occupation representations; it was also described there by 
saying that the oscillator assigned to a value of s is effectively excited at most 
to the first level. Nevertheless, it would seem that the general treatment of 
occupation representations which we have given is preferable. 

Another consequence can be drawn from the fact that Fa = 1 if (R contains 
no point eigenvalue of s, namely that F ^ 0 if the spectrum of s is not a pure point 
spectrum. 

Suppose, on the other hand, the spectrum of s consists of only point eigen¬ 
values s''*. Then the operator F vanishes identically if the field is myriotic. 
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w, = fo, provided wj = «; cf. (21.38). . In that case, therefore, a 
myriotic fermion field does not exist. 

It follows from this statement, for example, that no myriotic fermion field 
in a box exists in case every eigenstate of the energy carries ffie same weight. 

The statment 

(21.45) F<Kv) = 0 

for aU. functions ^{v) in SB under condition (21.38). if s has a pure point spectrum 
can be reduced to the statement, proved above, that the functional ^’(i') = ^'1 
vaniidies under this condition. We need only apply the ai'gument employed to 
prove that F = 1 if a has no point i^ectrum. Let again be a functional 
which equals if p* = , and vanishes otherwise. 

Then one finds first 

iiF«*. II. < i0*niF,i lu, 

and then, by letting (R expand, 

iiF.^ii-*< II. = 0 

by (21.39). Hence F^(y) == 0 for all ^{v) in ®, . 

ParUy Myriotic Fields 

In conclusion we should like to call attention to certain types of states which 
are possible if the wdght integral / dw(s) is infinite when extended over one part 
of the a-space and finite when extended over the complementary part of the 
aepace. Fields for which the weight function has this character will be called 
partly myriotic, although properly speaking th^ are myriotic since the total 
weight is infinite. 

For simplicity we assume that one of the components of the quantum 
variable a may assume only a discrete number of variables; in fact, we assume that 
this component, denoted by c, may assume only the values ±1. Furthermore, 
we change the notation by writing (s, e) instead of s and assume that the measure 
dm(s, c) is of such a form that 

(21.46) / '■' / ■'* 

Such a fdtuation arises, for example, if the single particles are Dirac electrons 
when we take as quantum variable s = (k, r) the momentum k and the component 
T = (<rk) of the spin sig nature in to the momentum, and identify e with the sign 
of the energy E — e + ft*. 

We adopt a weight differential dw{s, «) such that 

J ... dti>(s, e) = 53 f dw,(fi). 


( 21 . 47 ) 
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If then 

(21.48) f dio+(8) < ®, J dw-Cs) = », 

we may say that the field is myriotic as regards « = — 1 and ordinary as regards 

« = 1 . 

For convenience, we shall set 


Ks, =fcl) = !>*(«), »(«, d=l) = ^-(s). 

Since / dw+(s) is finite, we may eliminate reference to the weight w^. by 
introducing, instead of the functionals ^Cv), the “hybrid” functionals 

(21.49) f(v) = n [»;(») 1 '*'*V>'), 

t 

cf. (19.16), so that the unit form becomes 

(f, f)- = E I fW I’ n .*(s)l[dm.(s)r‘*> 

r * 

(21.60) 

• n »'-(s)i[^«’-(®)]’''” {~d«’-(s)}> 


cf. (19.3)' and (19.22). The functionals f(v) are introduced so that no reference 
need be made to the weight w+(Q), neither in the expression for the unit form 
nor in the representation of the creation operator. 

The particular state to which we want to call attention is the state "i*,. 
which is represented by the functional 

( = F(v.) if »>+(«) = 0 for alls, 

= 0 otherwise. 

Evidently, (f, f)w+ — 1 for this functional so that the state is normed. We 
realize that the state €>,_ represents a vacuum as regards « = 1 and an F-equidisiribu- 
tion state as regards e = — 1. We call 4',_ a “semi-equidistribution state”. 

For the Dirac electrons referred to above we may, for instance, choose 
dw-{s) — dm^is) such that 

(21.62) J dm-is) = T E / '*• 

with an arbitrary positive number y. Clearly, the weight of every region in 
momentum space is proportional to its volume, independently of the spin signar 
ture. Suppose now a field of Dirac electrons is in the semi-equidistribution state 
$i_ . Then with certainty no electron with positive energy will be found, while 
every region in momentum space is equally likely to be occupied by electrons 
with negative energy. The expected value of the number Na- of electrons with 
negative energy in a region (R of momentum space is 

(21.53) (iV®-)*!- * 7 I I 
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when 1 (R I is the volume of dl. This fact follows from formula (19.41) for boson 
fields; for, we may set F{v) = 1 since the spectmm of s is continuous. The total 
number of electrons is hence expected to be infinite. 

The probability that no particle with negative energy is present in the region 
(R is different from zero. As seen from (19.41) it is 

(21.54) Pr = 0) = exp {—7 1 <51 |}- 

Of course, this probability approaches zero as the region (R expands so as to cover 
the whole field. 

Suppose an observation of the number .V(<R-.) has been made and suppose 
the value = 0 has been found. Then the field is in a new state in which 

with certainty the region CR- is not occupied. Thus the region (R constitutes a 
‘'hole*' in momentum space. 

Naturally, one is tempted to consider the semi-equidistribution state 
as a realization of Dirac^s earlier idea of a uniform sea of electrons with negative 
energy [ 2 , Chapter XI, p. 73]. However, this is not completely justified since 
Dirac required that every region <R- is occupied with certainty, while in the semi- 
equidistribution state each region (R- may be unoccupied, with the probability 
exp 7 I (R |}. Nevertheless, it appears interesting that a notion of ''sea of 
electrons with negative energy^*, similar to, but not identical with, that postu¬ 
lated by Dirac can be given a mathematically rigorous formulation. 

Bibliography to Part IV 

[37] Kolmogoroff, A., Orundbegriffe der Wahrscheinlichkeiisrechnung, Ergebnisso der Mathe* 

matik und ihrer Grenzgebiete, Band 2, Heft 3, Julius Springer, Berlin, 1933. 

[38] Tolman, R, C. The Principles of Statistical Mechanic^f The Clarendon Press, Oxford, 1938. 
[30] Fowler, R. H., Staiatical Mechanics^ Cambridge University Press, Cambridge, 1936. 

[40] von Neumann, J., Allgemeine Eigenwerttheorie Hermitescher Funktionaloperatoren, Mathe- 

matische Annalen, Volume 102, No. 1, 1929, pp. 49-131. 

[41] Halmos P. R., Introduction to Hilbert Space and the Theory of Spectral Multiplicity^ Chelsea 

Publishing Co., New York, 1951. 




Part V. Fields Modified by Linear Homogeneous Forces 

22. Boson Fields under the Influence of Spring Forces 

In Part III we considered a boson field caused by the presence of a source 
distribution. We found that the source distribution contributes a right member 
to the differential equations for the field quantity 3(x, t), maMng the equations 
non-homogeneous. In the present part we shall discuss the modifications of a 
field caused by forces which are linear in the field quantity S; such forces will 
simply be called “spring forces.” It is characteristic for this type of modifica¬ 
tion that the differential equation for the field quantity remains linear and 
homogeneous. The mnin result of this part is that the transformations needed 
to describe such modifications can be determined completely; in fact, they can 
be expressed explicitly in terms of the solution of the corresponding unquantized 
problem. 

In the first sections of the present part we shall be concerned with boson 
fields, but in Section 28 we shall discuss sunilar problems for fermion fields, 
specifically, for fields of electrons and positrons endowed with Dirac’s energy. 
Particular attention will be given to the problem of “vacuum polarization”. 

The boson field to be considered in the present section will be described 
by a field quantity or potential S which is a function H(®, <) of the position x 
and the time t and satisfies the differential equation 

(22.1) (V? - v; + M*)S + <3”S = 0. 

The symbol Q* agnifies a functional operator which acts on fimotions of x; it 
will be referred to as the “disturbance operator”. The term—Q” S(a!, <) repre¬ 
sents the force per unit mass exerted on the field at the point x at the time t. 

The initial conditions for the solution S(», <) of equation (22.1) axe the 
same as those for the undisturbed field, cf. (2.1), 

0), g(a!", 0)1 = -i«(x' - X"), 

(22.2) [g(x’, 0), g(x", 0)1 = 0, 

[V.g(®', 0), V.g(!e", 0)1 = 0. 

The field ^ may be an electromagnetic or a neutral meson field. However, 
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it may also be an elastic medium provided the density and the elastic constants 
involved are taken equal to xmity. In the following we usually refer to this 
interpretation. In an elastic medium, the quantity S stands for the displace¬ 
ment or elongation. The position variable x may range either over the whole 
or a part of three-, two-, or one-dimensional space; if its range is only a part 
of one of these spaces, appropriate boundary conditions must be imposed on the 
functions of x on which the operator V“ acts. 

Adjoint and Conjugate Operators 

Before formulating conditions on the disturbance operator Q we note that 
the notions of “real” adjointness and “real” symmetry will often be used instead 
of Hemoitian adjointness and symmetry; also we shall assign to each operator a 
“complex conjugate”. These notions are defined only with respect to a functional 
representation; we shall UBe_the a>-representation for this purpose. 

The complex mnjugate A of an operator A is defined by the condition that 
its avrepresente r A* transforms a function ^(a:) into the complex conjugate of 
the function A* t]/(x), 

(22.3) Jr^Pix) = 

Here we assume that A* is applicable to }ff(x) if it is applicable to i^(x). The 
reed adjoint wiU be defined for operators A which have a Hermitian adjoint. 
Using the notation* 'A for the real adjoint and A* for the Hermitian adjoint we 
define 

(22.4) 'A = A*. 

Accordingly, 

(22.5) j 'A*^(a:)-i^“’(a:) dx — j dx 

whenever A* is applicable to ^(x), ^(a:), (a:). If 'A = A, we say that A is 

real symmetric. If A = A and 'A == A, and hence *A = A, we say that A is real 
and synometric. 

We now require that the disturbance operator Q be real and 
More specific conditions on the nature of Q wall be formulated later, see Section 
26; but at present we may visualize Q’ as an integral operator, with a real and 
symmetric kernel q(x, x'), 

(22.6) Q*l^'(®) = j q(x, xO'Pix') dx'. 

The force expressed by the tenn — Q®^(a:) may be interpreted as the force due to a 
distribution of springs, connecting the points x' with the points x, the kernel 
q(x, x') being the density of the spring constant. 


iQui notations diSer^from'those'oustomary in work on quantum phydes. 
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Various Types of Problems 

A number of generalizations of this problem may be treated in the same 
manner. These generalizations result from modification of the independent 
variable x, the differential dx, and the operator — V*. These modifications 
could in fact be subsumed under our theory by re-interpreting the terms x, dx, 

/i® — V* in an appropriate way. 

One particularly interesting generalization is concerned with the interaction 
between several media; for example, between two two-dimensional membranes 
or two one-dimensional strings. In order to include such cases in our theory 
it is necessary to introduce instead of a: a more general independent variable; 
we use the pair (x, p) in which p is a label running over the values 1, • • • , r if 
r fields are considered. The integral / 1 fix) 1® dx is to be replaced by 

[ I p) i“ 

p-i J 

Both the domain of integration and the rest mass ft may be different for each 
field. The term ft in (22.1) is accordingly to be replaced by p." and the operator 
Q" by Q*’'; this operator then incorporates the interaction between the various 
media. 

Finally, cases in which masses are concentrated on two-, or one-dimensional 
TYip-nifnlda or at single points may also be subsumed under the theory. In such 
cases the differential dm(x) of an appropriate measure function must be substi¬ 
tuted for dx and an appropriate undisturbed energy operator must be adopted 
in place of p® — V®. 

For example, we may consider two “media”, one extending over the whole 
space, the other concentrated at the point a: = 0. The field quantity S(x, p) is 
then defined for all values of x when p = 1 but only for a: = 0 if p = 2. Instead 
of Six, p) we may use a pair {S(a:), So} to describe the field, letting S(a:) = 
Six, 1) refer to p = 1 and So = S(0, 2) refer to p = 2. As the unit form for 
any pair {fix), ft] we may choose 

j I fix) \^dx + \ft r. 


The mass concentrated at the point a; = 0 will be denoted by m but we assuine 
that the rest mass of the extended field vanishes so that (fl) == “ V» for this 
The corresponding term for the point mass is assumed to be of the form 
qS = Co where Co is the constant of the spring which connects this mass with a 


support. 

We suppose that the interaction of the extended field ■mth the single mass 
is provided by springs with the density Qix). Therefore, the interaction operator 
Q*'’’ transforms any pair {fix), ft] into the pair 

Q‘''‘{fix). fo] = {qiMo, f qix) fix) da:|. 
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Evidently, this operator is real and symmetric. 

Instep of (22.1) the differential equation becomes 

(V? - V:)S + ff(»)So = 0, 

+ / q(x)S(x) dx = 0; 

and instead of (22.2) the initial conditions are 

V,S(x', 0)’8(x", 0) - S(x", 0)V,S(x', 0) = -i5(x' - x"), 
mVtSo-So — SomVtSo = —*• 

A special case of this problem is treated in the thesis of W. SoUfrey [50], 
namdy the case in which the mass interacts with the medium only through a 
single spring attached to the point x = 0. Here 

g(x) -Cid(x), 

if Cl is the constant of the single spring. This point interaction makes the 
operator Q* so aingnl ar that our treatment is not applicable. On the other hand, 
our treatment will e3qplain the occurrence of infinities fotmd by SoUfrey. 

Modified and Unmodified Particle Representation 

Instead of describing the field by means of the quantity S(», t) we may 
describe it in terms of particles. With the aid of the energy operator 

(22.7) 

we introduce the creation and annihilation operators 

(22.8) A^ix, t) = (fl 72 )‘'*g(«, 0 i(2S^^'^V,8(x, t), 

the number operator 

(22.9) N{{) = j A*{x, t)A~{x, «) dx, 
and the energy operator 

(22.10) EAfi - j A*(x, i) ^A~{x, 0 dx, 
see (9.5), (10.8), (10.9). 

In order to justify the designation of A'‘(a;, t) as creation and annihilation 
operators it is necessary to show that they satisfy the appropriate corrunutation 
laws and, furthermore, that a particle representation 

(22.11) $ {iA,(«)»(<)} 

wco 

of thq states of the field is associated with them. 
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The main object of our investigation is to determine the transition prob¬ 
ability, Le. the probability of finding n particles at the time or as <—><», if no 
particles were present at the time t = 0. 

Neither the number operator N, nor the energy operator Ha is constant in 
time. However, the sum of the energy operator HaCO and the interaction 
operator F(<), the total energy operator 

(22.12) = Ha(0 + V(t), 

is constant. The interaction operator V{t) is given by 

7«) = I / E(®, ijorsix, 0 dx 

(22.13) 

= i J [A*(x, 0 -1- A-ix, 0 + ^"(*. 0] dx. 

The constancy of the operator is eaaly verified formally from the differ¬ 
ential equations (21.1). 

Whether or not the operator V(£) is defined depends on the nature of the 
operator Q. It could be shown that y(i) can be defined if Q is an 
integral operator with a quadraticaUy integrable kernel. Since we shall not 
actually work with the operator V(t) no details will be given. 

Modified Energy Operator for Single Partioles 

It is our aim to introduce a “modified” particle representation of the states 
of the field such that is the associated energy operator except for an additive 
constant. 

The modified particles are endowed with an energy operator which differs 
from the energy operator Q' associated with the unmodified particles. The 
simplest way to determine the proper expression of the modified particle energy 
operator is to compare the unmodified and modified field energy operators in 
the improper forms 

1/ [V.a* + SO** - vj)g] da? 
and 

I / [(V*E)® + SO** - VJ)S + go's] dx. 

Clearly, the second expression is of the same form as the first, but we have 
(22.15) r - (iu* - v; + 

in place of fl* = (#** — see (22.7). This operator T is defined if the 

operator 4- Q* is non-negative; if it is poative definite, the inverse 

of T is defined. We assume that the disturbance Q is such that this is the 
case. 
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We suppose that the spectral representation of the operator T is '*known'\ 
We may then consider all functions of Q and T as known. At the beginning of 
this part we stated that our problem can be solved explicitly; this statement can 
now be made specific: we shall solve our problem explicitly in terms of the opera¬ 
tors Q and T. 

Employing the operator T we can interpret our problem with reference to the 
single particles of which we may consider the field to be composed. Instead of 
saying that forces are exerted on the field we may say that forces act on the 
single particles. Instead of describing this force explicitly it is suflGicient to 
describe the potential energy associated with it. The operator which corresponds 
to this potential energy is simply the difference T — 0. We may also say that 
the disturbance is such that T has replaced 12 as energy operator. 

Modified Creation and Annihilation Operators 

In terms of the modified energy operator T we may introduce ^'modified'' 
creation and annihilation operators by 

(22.15) t) = (X72)'^"S(:c, t) =F ^•(2T*)“''V,S(a:, t)\ 
the associated ‘'modified” number operator is 

(22.16) ^ ^ 
and the “modified” energy operator is 

(22.17) \ B*ix, 0T*B-(a:, t) dx. 

The differential equation (22.1) for the operators S leads to the equation 

(22.18) V,B"{x, t) = ±irB"{x, 
for the operators B*. Evidently the solution is 

(22.19) B'ix, <) = exp {±iitT]B"{x, 0), 

provided that the initial values B*(x, 0) are given. 

Of course, it is assumed that these initial values obey the commutation 
laws; it then follows that the B'“{x, t) also obey these laws. 

The constancy of M and Bs is an immediate consequence of (22.19). 

We may now express the solution S(x, t) of equation (22.1) in terms of the 
initial data S,(x, 0), V(S(a:, 0) by inverting relation (22.15) on the assumption 
that this relation holds initially. It can then be verified that S(a;, <) and 
VjS(a:, t) obey the commutation laws for each value of t. 

With the aid of (22.8) we can finally express the operators A'^(x, t) in terms 
of their initial values. One then easily verifies that these, operators obey the 
commutation laws. 
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It is necessary to express the operators A‘ directly in terms of the operators 
B*. Eliminating g and V( g from relations (22.15) and (22.9) we find &st 

B\x, t) + t) = 0 + A'ix, <)], 

( 22 . 20 ) 

B\x, t) - B-{x, t) = (T-*"“Q’'*)*[A*(a:, t) - A-(x, 0], 
and consequently, 

(22.21) B‘(«, t) = F:A*(x, t) + A’(x, t), 

if we introduce the operators F* by 

(22.22) 2F* = d= 

Introducing the operators by 

(22.23) 2F* = =fc 

we have inversely 

(22.24) A\x, t) = Z:B\x, t) + Z^\x, t). 

Note that the modified and unmodified creation and annihilation operators 
are related by linear homogeneous relations; this will be the starting point of 
OUT procedure in determining the modified particle representation. 

Remarks About Energy Operators 

At presfflit we add a few remarks concerning the relationship between the 
energy operators Hb aad Ht,t, see (22.17) and (22.12). Inserting the expressions 

(22.24) into (22.12) and using the commutation laws we find 

(22.25) = Ha + A. 

The term is an integral which can be written in the form 

A = 11 [A-{x)rA*{x) - A\x)rA-m dx 
when the operator J is defined by 

J* = - Ola-*'*. 

Suppose now the operators are integral operators with kernels j* (»',«") 
which possess finite traces 

Tr = j jm(x, x) dx. 

Then we find 


A = i 3V /+ + i Tr 
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We may give this expression a different form by using the fact that Tr AB = 
Tr BA for any two operators. Supposing that the operator T — Q possesses a 
trace we have 

TrJ^^Tr 

= = JV(T - Q); 

hence 

(22.26) A = i2V(T-0). 

The condition that this trace must be finite involves a severe restriction on the 
nature of the operator Q = T* — Q®. Closely relatedjconditions on the dis¬ 
turbance Q will be formulated in Section 26. 

Modified Particle Mepresentation 

Our main objective is to determine the particle representation (22.13) 

(22.27) $ ^ {UxUt)} 

tnty 

associated with the operators A* (x, t) if the representation of the state is given 
for the initial time f <= 0. To this end we use the modified particle representation 

^ <->• {Xm(»i0(9}. 

jf(») 

In analogy with the procedure described in Part III, cf. (14.10), we de¬ 
termine a transformation Tm and its inverse Tw which transfonn the functions 
and Xm(x)»(jt) into each other, 

Xm(«)-«) * TUn(s)M, 

(22.28) 

UsUi) = KxMUi). 

Suppose the transformations are known. Then we may obtain 

Xm(®)m(0) from 

X»(a:)«(0) = nUxUO)) 

furthermore, ' 

Xm(x)„{0 = exp {^f«ffj,}x«.(»)»(0) 
ffom (22.19), and finally 

UxUt) = TjJx.(®)»(«). 

Combining these formulas we find 

(22.29) = n exp {-i<ff,}rj?^.(®).(0). 

The tranaltiou probabilities can then be calculated. 

The transformation (22.8) will also be determined directly, without rrference 
to modified particles as intermediaries. 
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Canonical Transformations 

As in Part III we shall delive the transforroation T with the aid of a canoni¬ 
cal transfonnation, see Section 14. We introduce the “trivial” transformation 
In which transforms the If-representers of any state # into the N- 

representers 


X*C^)n I ArXmC^Om 

of that state whose W-representers happen to be the same functions as the 
Jlf-representers of cf, (14.17). We wish to find the unitary transformation T 
which transforms the state $ into the states 

(22.30) 

Let be the iV-representer of the operator T; then the Af-representers of the 
state $ = are given by 

(22.31) x«(»)« = ImT^Ux), 

in terms of the W-representers of #. In other words, the desired transformation 
of the JV-representers into the Af-representers of a state is given by 

(22.32) THi = I^T^, 

cf. (14.22). Our problem has thus been reduced to the deterrnination of the 
unitary operator T. 

The transformation of the modified vacuum state into the modified 
vacuum state is of particular interest. Since the W-representers of are 
the same as the Af-representers of , namely, {1, 0, 0, • • •}, it is clear from 
(22.30) that these states are related by 

(22.33) . 

In fact, the knowledge of the transformation of into expressed in terms 
of the creation operators B* would already enable one to construct the general 
transformation of Af- into IV-representers. It is, however, much simpler to 
pve the complete transformation T directly. 

As in Section 14, we shall characterize the operator T, without reference to 
representers, by the condition 

(22.34) A^ixOT = 

cf. (14.21). We shall determine the unitary operator T so that it satisfies this 
conation and define the representers x«(®)i» of a state f> by (22.31). It is clear 
that the operators jB“'(®) are exactly the creation and annihilation operators 
associated vdth the representation of # in terms of these functions x>i(3:)m • 
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23. Generid Homogenous Linear Transformation of Creation 
and Annihilation Operators 

Our procedure for determining a unitary operator T which satisfies relation 
(22.35) will be developed quite generally under the assumption that the operators 
jB* and A* are connected by any homogeneous linear transformation which 
guarantees that the operators B* and B~ axe conjugate to each other and obey 
the commutation laws provided the'operators A* and A~ have these properties. 
Eelation (22.21) is just a special case of such a transformation. In fact, we 
shall develop our procedure simultaneously for fermion and boson annihilation 
and creation operators. 

We shall also adopt a general quantum variable a with a measure differ¬ 
ential dm(s) instead of x and dx. 

It is convenient to consider the pair of operators A*(s) as one entity 

(23.1) a(a) = {iL-(8), A^(s)}; 

more generally, to a pair of functions v'^a) in i.e., to a pair of quadratically 
integrable fxmctions, we assign the “pseudo-function” 

(23.2) t;(s) = {»■(«), t)*(«)}. 

To two such pseudo-functions, v(a) and w(a), we assign the “pseudo-product” 

(23.3) «; ot> =* J [w*(s)«;"(s) =F w“(s)»*(s)]dm(s). 

Henceforth the upper sign is to be used if the operators A" refer to a boson field, 
the lower sign if the A" refer to a fermion field. Evidently, 

(23.3) ' V ow = T(m> ov) 

We also use commutators and anticommutators 

(23.4) [Ai ; Aa] = AiAa T AaAi 

in connection with boson and fermion fields respectively (the semicolon is used 
in order to make it unnecessary to indicate the anticommutator by a special 
subscript). 

With the aid of functions and w'' belonging to appropriate subspaces of ^ 
we may form the field operators* to o a and Ob ov, c.f. (8.5), (8.13). One readily 
verifies that the commutation laws (8.16), (8.20) and (8.16)*, (8.20)* are 
equivalent with the validity of the relation 

(23.5) [to o a; a o »] =wov 
or 

(23.5) ' [Ct o to; 0 o a] = to o 0 

for arbitrary pseudo-functions v and to. 

‘A Md operator acts on states of the field. We shall use this term whenever it is desirable 
to distinguish such operators from the “operators” which act on states of tingle particles. 
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With the aid of four bounded operators Lf * 
form the “pseudo-operator” 


(23.6) 



acting on functions in $ we 


which transforms the pseudo-function »(s) into the pseudo-function 

(23.7) £*r(s) = {Lf_«-(«) -b Liy(s), LWis) + 11^(8 )}. 

We write the pseudo-product of w^s) and £® v(s) as w o £ », omitting the super¬ 
script 8] in fact, we shall omit this superscript whenever posable without in¬ 
consistency. To a pseudo-operator £ we assign its “pseudo-adjoint” '£ by the 
condition 


(23.8) £w ov == w o '£,v. 

Evidently, 

/ 'LU =F'LU 

(23.9) '£® = ( 

\=F'LL 'Ll- 

Here the operators 'Lt^. are the real adjoints of the operators Lf* . To ap¬ 
propriate functions /(X) we may assign the pseudo-operators /(£); clearly 

(23.10) 'm = /('£). 

To the pair of pseudo-operators £, SIC we may assign the commutator [£, SIl]. 
Note that the symbol [, ] indicates the proper commutator 

(23.11) [£, 3K] = £311 - 3n£. 

Evidently, 

(23.12) '[£, 311] = -['£, '3IC]. 

A pseudo-operator (P will be called “pseudo-antissmametric” if 



(23.13) 

'{p = 

-(P, 

i.e. if 



(23.14), 

'P*. = -P_- , 

'P— = 

(23.14)a 

'Ph._ = dbP*_ , 

II 

+ 

1 


One important fact about pseudo-antis 3 unmetric operators is that the com¬ 
mutator [CPi, (Pa] of two such operators is also pseudo-antisymmetric. From relation 
(23.10) it can be mferred, moreover, that the matrix exp (P has the property 

(23.15) '(exp CP) = (exp (P)"^ 

if (P is pseudo-aati^noametric. 
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We shall frequen% impose an additional condition on the pseudo-onerators 
£, namely ^ 

( 23 . 16 ) L,., = . 

Here a and t stand for the labels + or —, and L is the complex conjugate of L. 
Pseud<w)perators £ whose components satisfy condition (23.16) will be called* 
“pseudo-hennitian.” If a pseudo-operator £ is speudo-hennitian every real 
function of £ is also pseudo-hemaitian. 

We now assume that a linear transformation of the “unmodified” annihila- 
tion and cmtion operators a = {A-(x), A*(®)} into modified operators (B = 
{B {x), B*(a;)} of the form 

(23.17) (g _ lyg 

is givOT, such that the pseudo-operator ^ is pseudo-hermitian and satisfies the 
condition 

(23.18) = 1 
or 


(23.18)' 5- 

By assumption, the hermitian adjoint of the operator A" is (d")* = A"'. 
Hence jhe ^rmitian adjoint of the operator B" = K,._A" + Y,,+A* is (B’)* = 

sr.-A + S ^ Thus the pseudo-hennitian 

char^ter of ^ inures that the. operators B‘(x) are hermitian, adjoints of each other 

ni irT® «o^dition (23.18), imposed on the pseud(^operator 

% msures that ^ ^erotors B (x) satisfy the commutation laws if, as assumed 
the operators A‘(®) do. In fact, from (23.8), (23.5), and (23.18) w^ deduce 

[w 0 (B; « o v] = 0 a; a o >] = o > » 

to [M’ o (B; ffi o ,] = «, o which is equivalent to the coramuta. 

Suppose a pseudo-antisymmetric pseudo-hermitian operator CR exists such 


(^•^2) ^ = exp (R. 

Thm jy is also pseudo-hermitian and we conclude that in relation (23.15) the 
The canonical transfonnation T will first be described in terms of the 

to iTr*? Sis^nsLS! 

<R totf^ assumption that the pseudcHiperator 

rti is nl for fermion fields the existence of the pseudo-operator 

(R IS ^ways ce^ smce in this case the pseudooperator y is unita^ 

e transformation (23.15) of operators A* into operators B* connected 
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with the modification of a boson field under the influence of spring forces, is of 
the form (23.17) with a pseudo-operator 


r. y.\ 


whose components are given by 

r._ = F++ = n = -1- 

(23.21) 

F+_ = = F. = 


according to (23.16). Clearly, this pseudo-operator satisfies condition (23.16) 
smce T and Q are real. Also, the pseudo-adjoint of 'y is given by 


(23.20)' 

'y = 

with 


(23.21)' 

= MQ'’ 

z. = m"' 


\z. ZJ 



As seen from (22.23), the operator 'y is the inverse of % so that condition 
(23.18)' is satisfied. It is not obvious, thou^, whether or not this pseudo¬ 
operator y is of the form y = exp (R. In constructing the canonical transforma¬ 
tion T we shall at first assume that it is, but this assumption will be eventual^ 
discarded; for, we shall be able to verify the correctness of the final expression of 
T independently. 


Pseudo-biquantized Operators 


Our procedure for finding a canonical transformation T explicitly makes 
extensive use of certain field operators [(Pj which are assigned to pseudo-anti¬ 
symmetric pseudo-operators (P by the formula 


(23.22) 


[(p] = ia o (pct 

= iA*P—A.~ + =F |A-p+_A" =F \A-p^^A* 

- i I A*(8)Pf_A-(s) dm{i) + ij A*(8)PfU*(s) dmCs) 


§ j* A.“(8)P+_A"(«) dm(8) ^ i f A~(s)PUA*(8) dm(s). 


This assignment, which is a basic tool in the following investigations, will be 
studied in detsdl. It is analogous to the asagnment of the biquantized operator 
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A*PA~ to the single particle operator P. We shall, therefore, call the operator 
[CP] “pseudo-biquantized”. For this assignment we are using the same bracket 
notation we used for the proper biquantized operator cf. (6.35); no confusion is to 
be expected. 

The pseudo-biquantized operator [CP] is not defined for arbitrary pseudo- 
antissonmetric pseudo-operators (P; the terms P** of this pseudo-operator must 
satisfy appropriate conditions. The term A*P—A~, the first contribution to 

2[CP], is &e biquantization of P__ ; hence it is defined whenever P_is. The 

last term =FA"P++4*, however, differs from the biquantization of P++ by the 
trace of TP++ , 

(23.23) =F4"P++i4^ = A*P^^A- T 3VP++ , 

cf. Section 10. If P++ is an integral operator with the kernel P++(s', s"), the 
trace jPrP++ , provided it exists, can be expressed as 

(23.24) TrP^+ — j P 4 .+(s, s) dm(s). 

The trace does exist if 

(23.25) f \P^^(s,8) \dm(s)< co; 

this condition evidently implies a severe restriction on the operator P++ . From 
the expression (23.24) we infer that the trace of the operator P++ equals that of 
its transposed 'P++ , 

(23.26) TrP^^ = Tr'P^^. 

Since 'P++ = — P__ in virtue of the pseudo-antisymmetry’of (P, cf. (23.14) 
the contribution (23.23) can also be written as 

(23.27) =FA-P^^A* = A^P—A’ ±TrP„. 

We take the liberty of calling an operator A “traceable” if its trace exists; 
we shall call it "square traceable” if the trace of the operator A*A exists. If A 
is square traceable its a-representer A® is an integral operator with a kernel 
A(s', s”) for which 

(23.28) 2V A*A = jj | A(s', s") |“ dm(s') dm(8”). 

Evidently, 

(23.29) Tr AA* = TV A*A. 

The contribution A~P+^~ to the field operator 2[(P] is defined if P+_ is 
an integral operator with a kernel P+_(8', s”) for which 

(23.30) i fj\ P^.(s', 8") I® dm(s') dm(s“) < ». 
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This condition can now be expressed by saying that the operator P+_ should 
be square traceable. Clearly, the operator A“P+_A“ transforms the two particle 
state #2 with the representer ^ 2 ( 81 , S 2 ) into the vacuum state with the representer 
i/'o = // P+-(s', s") lAaC*') s") dm(s') dm(s"), and this term is finite if con¬ 

dition ( 23 . 30)1 is satisfied. One immediately verifies that under this condition 
the operator A~P^.-A~ is applicable to every n-particle state. To be sure, 
condition (23.26) is more severe than necessary. On the other hand, the opera¬ 
tors P+_ (which will occur in the following) will be closely connected with the 
operators P_+ , and the condition 

( 23 . 30)2 // lP-+(s',s") I® d?ra(sO dm(s'0 < » 

must be imposed on the kernel P_+(s', s") of the operators P_+ ; i.e. the operators 
P_+ must be square traceable. In fact, the operator A'^P-^A* transforms the 
vacuum state with the representer i/'o = 1 into the two particle state with the 
representer 

) ®2) ~ 'N/S P-4.(Si , S 2 ) 

and this state exists only if condition (23.29) is satisfied. However, it is easily 
verified that this condition is sufficient to insure that the operator A^P.+A"^ be 
applicable on every n-particle state. 

We note that actually only the symmetric parts of P+_ and P_+ contribute 
to the operator [CP] in case of a boson field, and only the antisymmetric parts in 
case of a fermion field; but for pseudo-antisymmetric pseudo-operators (P the 
operators P+_ and P_+ are ssrmmetric—or antisymmetric—see (23.14)2. 

Under the conditions imposed the field operator [ (P] can be applied to at 
least all states # which admit the number operator N = A*A~, see (10.8). For, 
as would not be difficult to show, a constant 7 can be found such that the in¬ 
equality 

(23.31) II [<P]#|| <7||(iV + 2)$l| 

holds for all such states #. By the process of closure the field operator [(P] can 
be extended into a domain $()> in which it is closed. 

If the pseudo-operator (R is pseudo-hermitian, in addition to being pseudo- 
antisymmetric, the field operator [(R] is anUhermitian, i.e., 

(23.32) [CR]* = -[(R]. 

For, the hermiti^ adjoints oiA*B„A~, A*R-+A*, =F.4“P+_A“, WA~R^.^.A* are 
respectively A*'R—A~ = —A*R.-A~, A~'R-+A~ = ±A“P+_.A", =l=A'^'f2+_4'^ 
== —A'*R-^.A'^, W-A~'R^.^.A* = ±A~R^+A*. Moreover, {he operator i[<R] is 
hypermrmmal (or self-adjoint) in (he space as could be readily shown. 

First Commutator Identity 

The justification of the first form of the canonical transformation, which 
we shall now set up, will be derived from the evaluation of the commutator of 
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the two field operators w o a and [CP] = § (i o <pa. This—^proper—commuta¬ 
tor is given by the identity 

(23.33) [w 0 Cl, [(P]] = w o(pa 

and is understood to hold when both sides are applied on a state which admits 
the operators w o a [(?] and [(P] to o a] note that every state which admits the 
operator N s/N has this property. S 3 rmbolically, we may write identity (23.33) 
in the form 

(23.34) [a, [S’]] = s>a. 

In order to prove identity (23.33) we first employ identity (23.5) obtaining 
(w o Cl)(Cl o (PCI) = id o (u> o Cl)S’a 4- w 0 S^Cl; 
next we employ relations (23.3)' and (23.5)' obtaining 
dha o(w o a)s’a = —o. o (a o w)(pq, 

— — 'S’® o (a o w)e, 

= =i=('(PCi o a)(a ow) — w o '(PCL 

= (a o (s>(£)(w oa) — w o '(pa. 

Addition of the two formulas yields 

[w o a, (a o (pa)] = wo»(s* — '5*)a 

whence (23.33) because of 'S’ = —S’. 

Exponential Function of Pseudo-biguantized Operators 

The desired canonical transfonnation will be given with the aid of the expo¬ 
nential function exp [S’] of pseudo-biquantized operators [S’]. If the operator [S’] 
is pseudo-hermitian so that i [S’] is hypermaximal, the function exp [S’] is defined 
as a unitary operator according to the theory of hypermaximal operators, cf. [19], 
[25]. In order to define the operator exp [S’] without assuming that [S’] is pseudo- 
hermitian one may expand the exponential function in a power series and apply 
it first to states with only a finite number of components in the particle repre¬ 
sentation. The resulting sequence of components does not necessarily define a 
state = exp [S’] #' with a finite norm. This will be clear from results obtained 
later on, cf. (24.47), (24.48), in connection with the case in which only the term 
P-+ is difierent from zero, so that [S’] involves only creation operators. It can 
be shown, however, that the series exp [S’] is applicable on states #' provided the 
norms of the operators are small enough. The norm || P || of an operator P 
acting on states of a single particle is the smallest number p such that the 
inequality || P^ II ^ 2> II II holds for all states Sf'. After the operator exp [S’] 
has been defined for the states it can be extended by the process of closure to a 
dense subset of the Hilbert space of all states $. 
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The subsequent operations involving operators of the form exp [(P] could be 
justified—^unless otherwise stated—provided the norms of the operators P-* are 
small enough. It remains to justify these operations assuming only that the 
operators exp [(P] involved are defined. 

First Similarity Rule, First Form of the Operator T 

For the field operator exp [CP] formed with the aid of the pseudo-biquantized 
operator [(P] we can form the field operator exp [CP]. For this operator we shall 
establish the identity 

(23.35) exp [—(P](«) o ct) exp [(P] = w o (exp (P)a, 

valid for arbitrary functions w(js). Since the left member of this formula repre¬ 
sents a similarity transformation of the field operator (w o ct) we call this formula 
the first “similarity rule.” Symbolically, identity (23.35) may be written in the 
form 

(23.36) exp [—(P]a ejq) [(pj = (esp (P)a. 

If we specify <P as the pseudo-operator (R for which (exp (R) O =■ (B in accordance 
with (23.19), (23.17), we realize from (23.36) that the field operator 

(23.37) Ti = exp [(R] = esqp Ja o (RCl 
satisfies the relation 

(23.38) aTi = Tiffi, 

which is the same as (22.34). Since the field operator [(R] is anti-hermitian, of. 
(23.32), the field operator T is unitary and can extended to the whole Bjlbert 
space Thus we see that the fidd operator Ti = exp [(R] gives the desired 
ccmmicd iransformaHon, 

We consider the field operator 

1(0 = esp [t(P]w o (exp t(P)e. exp [—i(P], 

and compute its derivative with respect to t formally; we obtain 

e:p [—f(P]I'(0 exp [<CP] 

B= [cpjw o exp (i(P)a -I- w o (exp <(P)(Pa — wo (exp <(P)a[(p] 
= exp (t<P){w' o (pa — [(«)' o a), [(P]]} 

with to' = (exp t '(P)w. According to identity (23.33), the operator in the curly 
brackets vanishes. Hence /'(<) = 0 and ttierefore I{t) = /(O). Since, evi¬ 
dently, 1(0) = to o a the relation 7(0 = to o a is established. 

24 . E-Ordering of the Canonical Transformation 

Specific information about the effects of the canonical transformation T 
cannot be derived directly from the expression exp § Ct o (Ra for this transforma- 
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tion, see (23.37); for^ creation and annihilation operators are still “interlocked” 
in this expression. The separation of these two types of operators will be per¬ 
formed in this section and various conclusions about the character of the trans¬ 
formation T will be drawn. 

We shall use canonical transformations of the form 

(24.1) r = exp [<Pi] exp [(Pj] • • • exp [(?»] 

with appropriate pseudo-antisymmetric operators <Pi , (Pt, <P» , •" . As an 
immediate consequence of the first similarity rule (23.36) we observe that for 
such a transformation the formula 

(24.2) T~^Q,T = exp (P, exp (Pa • • • expj(P„ a 

holds. In order to ensure that the transformation T satisfies the desired con¬ 
dition 

(24.3) r~'ar = = cb 

it is, therefore, sufificient to en sure that the pseudo-operators (Pi , (Pa, •••,(?„, 
satisfy the relation 

(24.4) ejq* (Pi exp (Pa • • • exp (P„ = ^. 

Special efforts, on the other hand, are needed to show that the operator T is 
unitary. 


Second CommvMor IdenMty 

In deriving the decomposition (24.1) we shall use the identity 

(24.5) [[(Pi], [(P,]] = [[(Pi , (Pa]] 

which expresses the fact that the commutator of two psetido-HguanUzed operators 
is {he psevdoAnqmnMzoMon of their commutator. This identity may also be 
written in the form 


(24.5)i [a O (pjCl, Ct o (Paa] = 2a o [(Pi , (Pa]a. 

Of course, the identity is meant to be valid when applied to a state which admits 
the operators [3»i] [(Pa], [(Pa] [(Pi], and [[(Pi , (Pa]]. 

Identity (24.5) can be verified by deriving three identities from the first 
commutator identity (23.33): first 


then 


(a o (Pia)[(Pa] = ('(Pia o a)[(Pa] 

= ('(Pia o [(Pa]a) -I- '(Pia o (Pja, 

('(Pia o [(Pa]a) = (a o [(Pa](Pia) 

= [(Pa](a o (Pia) -t- (Paa o (Pia, 


and finally, by addition, 

[(a o (Pitt), [(Pa]] = a o ((Pi(Ps + '(Pa(Pi)a; 
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thus (24.6) follows because of '(Pj = — (Pa. (Incidentally, the relation '(Pi = — (Pi 
has not been used here.) 

Composition Buie 

Our process of decomposition will be derived from the following fact: Let 
, (Pa t (Pia he three peeudo-ariMsymmeiiric pseudo-operators whidi satisfy die 
rdaiion 

(24.6) exp (P, exp (P, = exp (Pia ; 

dien die corresponding pseudo-bi^[uanMeed operators satisfy die corresponding 
rdaMon 

(24.7) exp [(Pi] exp [(Pa] = exp [(Pia]. 

This formula will be referred to as the composition rule for pseudo-biquantized 
operators. We have not been able to obtain a complete proof for this rule; we 
are, therefore, forced to use it only heuristically. The second form of the canoni¬ 
cal transformation T which we shall derive from it can, however, be verified 
independently. 

It is possible to give a “formal” derivation of the composition rule, assuming 
that the exponential functions are formal power series. Multiplication of such 
formal series is to be performed term by term and rearrangement of the order 
of terms in a finite or infinite series is permitted but the order of multiplication 
can not be interchanged since the terms are not assumed to commute. 

The term “Lie polynomial” of order Ji > 1 is used for every homogeneous 
pol 3 momial in (Pi and (Pa which can be constructed from Lie polynomials of 
lower order solely by forming commutators and linear combinations with 
constant coeflficients, A Lie polynomial of order 1 is any linear function of (Pi 
and (Pa. Any formal series of Lie polynomials is called “Lie function” and is 
denoted by Z((Pi, (Pa). 

We can form Lie polynomials and Lie functions of pseudo-operators (Pi , 
(Pa as well as of field operators [(P,], [(Pa]. An inunediate consequence of the 
second commutator identity (24.6) is that a Lie function I ([(Pj, [(?*]) of two 
pseudo-biquantized operators is the pseudo-biquantization [l((Pi, (Pa)] of the Lie 
function Z((Pi, (Pa) 

(24.8) Z([(P.], [(Pa]) = [Z((Pi , (Pa)]. 

We make use of an important fact discovered independently by Baker and 
Hausdorff [1], [2] in 1905: The function log (exp (P,) (exp 6>a) is a Lie function.* 

•Baker and Hausdorff [42,43] also gave a formula to describe this function explicitly in terms 
of commutators, but we do not need it here. For details see also a paper by W. Magnus [47]. 

The theorem of Baker and Hausdorff is an immediate consequence of the following charac¬ 
terization of Lie functions /((Pi, (Pj): 

Let (Pi, (Pa, (P(, (P^ bo four elements such that both (Pi and (Pj commute with both (P{ 
and (P^; then 

/((Pi + CPi', CPa -i- (Pi) - /((P,, (Pa) -f /((P{ , (Pi). 

For a proof of this fact see a forthoonung paper by Magnus in which various aspects and conse¬ 
quences of the theorem of Baker and Hausdorff are treated. 
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As a consequence of this theorem, formula (23.42) implies the formula 


Setting 


log (ejqp [(PiKCexp [(P,]) = [log (exp (Pi)(exp (P^]. 
log (exp (Pi)(exp (Pj) = (Pij 


in agreement with (24.6), we obtain 

log (exp [(Pi])(exp [(Ps]) = [(P,a] 
and thus identity (24.7). 

As a Corollary to the composition rule (24.7) we formulate: Let (Pi, (Pa, <Pt, 
(Pi 3 i be four pseudo-antissmunetric pseudo-operators which satisfy the relation 

(24.6) ' exp (Pi exp exp (Pa = e:q) (Pu, ; 

then the corresponding pseudo-biquantized operators satisfy the relation 

(24.7) ' exp [(Pi] ejq) [Pa] exp [CPs] = eq) [Pia*]. 

This corollary is an immediate consequence of identiiy (24.7) whenever a pseudo¬ 
operator Pia exists such that (24.6) holds. Such a pseudo-operator evidently 
exists as a formal series and the corollary again follows formally from the Baker- 
HausdorfE Theorem. 


Second Form of the Canonical Transformation 

The first form (23.37) of the canonical transformation Ti = exp [(R] = 
exp o (Ra does not yet allow one to carry out the transformation of the 
unmodified into the modified representers in a direct way. For, since annihila¬ 
tion and creation operators are still “interlocked” in this form, the determina¬ 
tion of a modified component x»(8)« contributed by an unmodified component 
^.(<). still requires the evaluation of an infinite series. 

It is possible to cast the transformation T into a different form in which 
annihilation and creation operators are separated. 

It is necessary to introduce three special types of pseudo-antisymmetric 
pseudo-operators. If the three coefficients E— , B++ , E.+ vanish, 

(24.9), = F++ = F-h. = 0, 

for such a pseudo-operator we denote it by S. We then set 


(24.9), 

II 

1 

+ 

so that 


(24.9), 

CO 

II 
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By (23.22) we have 

(24.10) [8] = O sa = ^\A~EA~. 

Note that this expression involves only annihilation operators. 

We denote by g a pseudo-anti? 3 nmmetric pseudo-operator for which 

(24.11) i (?-_ = = = 0, 

and set 


(24.11), 0-^ = G, 

BO that 



Because of (23.22), the expression 
(24.12) [g] = Ja o ga = 


involves only creation operators. 

The condition that the pseudo-operators 8 and g be pseudo-antissnnmetric is 
satisfied exactly if both E and G are synunetric for boson fields, antisymmetric 
for fermion fields, cf. (23.14),, 

(24.13) 'B = zkE, 'G = ±G. 

We denote by 7 a pseudo-antiQmmetric pseudo-operator for which 


(24.14)» 


n- = = 0 


and set 


(24.14), F— = F, 

Because of (23.14)i we have 

(24.14), = -'F; 


hence 

(24.14), 



From (23.22) and (23.27) we derive 

(24.16) [(F] = |a o ffa = A*FA- ±\TrF. 


Thus, except for the additive constant ±i Tr F, the pseudo-biquantized operator 
[FF] is exactly the proper biquantized operator [F]. 
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The second form of ihe canoniccd irasnformation can now be defined as 

(24.16) i Ta = exp [8] [£F] exp [g] 

or 

(24.16) a Ta = exp {q=§2VF} exp {W\A~EA~] exp {A*FA~} exp 
The inverse operator T~^ is then of the form 

= exp {±1 2VF} 

(24.16) a 

- exp {—exp { —exp {±§^"5^1“}. 

K an operator is given in this form it will be said to be E-ordered.* Here the 
quantification E is meant to refer to “exponential function.” 

In order to establish this form we must show that for every pseudo-antissnm- 
metric pseudo-hermitian operator (R there exist three pseudo-operators 8, £F, g 
of the type described such that the identity 

(24.17) exp [8] e^q) [£F] exp [g] = exp [61] 
holds. 

Such a decomposition of the field operator exp [61] can now be simply 
effected by performing the corresponding decomposition for the pseudo-operator 
exp 61 itself, 

(24.18) exp8expg=expg = exp 61. 

This fact is evidently implied by the Corollary to the Composition Rule formu¬ 
lated in the previous subsection, see (24.7)'. We shall show in a later subsection 
that the decomposition (24.18) can be effected very easily. 

The advantage in using the second form of the transformation T becomes 
apparent if we desire to determine the W-representation of a state # whose 
JIf-representation is given. To this end we form the state whose W-repres- 
senters are the same as the Jf-representers of $ and set 

(24.19) $ = = exp [—g] exp [—5F] exp [—8]#'. 

Let us first assume that # is an eigenstate of the modified number M with the 
eigenvalue m such that the only non-vanishing M-representer is Xm(«)»- This 
function is then the only non-vanishing W-component of We expand the 

q?his J^-ordering is diSerent from the 8-ordermg, sometimes also called well-ordering, of an 
operator; see [49]. .An 8-ordered operator is ^ven as an infinite series of which each term is a 
homogeneous polynomial in creation and annihilation operators, the annihilataon operators 
acting first, and &e creation operators afterwards. The series expanrions of exp {— [8]) and 
exp {[g]} lead to 8-ordered operators but not the expansion of e^ {—Since the latter 
operator commutes with the number N A*A~, it is inunediatdy applicable as it stands, 
cf. (25.40), (25.41), while derivation and application of its S-ordered form requires a few 
involved operations. 
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exponeatial function exp [—8] in a power series and apply each term on 
Evidently, since 8 involves only annihilation operators, only a finite number, 
at most m + 1, terms of this series give a non-vanishing contribution. Since 
exp [—3r] = exp {— exp {=F i Tr F\, it is clear that the field operator 

exp [—commutes with the number N and transforms the n-th component of 
exp [—8] into another n-particle component. The application of the field 
operator exp [—g] produces components for every number n, but each such 
component consists of only a finite number—at most m + 1—^terms. Thus 
the iV-representers of the state $ are easily calculated. 

Modified Vacuum State 

Let $ be the modified vacuum state §«« with the Hf-representers xo = 1, 
= 0 for m > 0. Then the corresponding state is just the umnodified 
vacuum state and we may express in terms of through 


cf. (23.27). Evidently, 


exp [- 8]#™ = 


ance all terms but the first in the series 2 y 1 [— 8] v transform into zero. 

F-0 

For the same reason in view of (24.15) we have 

eZp 

if we set 


(24.20) jj = exp {=Fi Tr F}. 

Hence we are left with the relation 

= 1 / exp l-g]#i, 


or 

(24.21) = 17 exp • 

A simple calculation now shows that the n-th representer of the state is 

(24.22) VMn = i7[«Il‘'W2)l(-2)""^*(^)ff(8„ , s,_x) • • • gisa , ad, 

Vo - V, 

provided n is even, and 

(24.23) VMn = 0 
if’n is odd. 

In accordance with condition (23.30) a we must assume that the operator 
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0 is square traceable so that 6 ^ is an integral operator TTith a kernel g(8’, s") 
for which 


(24.24) Tr GO* = jj | s") |* dm(s') dm(8") < oo. 

The fact that the norm of the state is unity, which follows from the 
unitary character of T, is expressed by the relation 

|2 


(24.26) 


1 + 


E (2»')![»'l]*(-2)~*’’ j I {^9(s2, , •• • g(.s,, Si) 

= I ij 1"* = exp {dbfltelVF}. 


(2m(s)a 


Below, see (24.38), we shall derive the relation 

(Re F = -i 2V log (1 =F GG*), 


which will enable us to evaluate the infinite series (24.25). 

The significance of the number | 17 | is, of course, clear from the statement 

that 

(24.26) I,l* = Pr(2V,0|M,0) 


is the 'prohdbiLiiy ihai ffie field mil he found in the unmodified vacuum state after it 
was found to be in the modified vacuum state. 

The probability that 2v unmodified particles are found in the modified 
vacuum state is 


Pr (JV, 2v I M, 0) 

(24.26)i 


i7*(a')l(W)*(-2)-”’ 

* I I ^Asy) * ■ * g(?a t ®>) 


dm(s)a ., 


as seen from (24.23). This expression can also be evaluated as the term of order 
V in the expansion of exp {=F J Tr log (1 GG *)} with respect to powers of OG*. 

The possibility of expressing the transformation of the unmodified into the 
modified vacuum state with the aid of an operator exp {—J as in (24.21) 

was suggested by G. Goertzel.^ Once this transformation is found, the trans¬ 
formation of the jSf-representers into the iV^-representers of any state $ can be 
determined. One expresses the state $ in terms of the state with the aid of 
the modified creation operators expressing these in terms of and 
in terms of . In this way the state # is obtained from with the aid of 
operators built up in terms of A*. The iV-representers of # can then be found. 

In fact, it would not be difiScult to determine the operator 0 solely from the 
condition 

B~ exp {—= 0 
wd to proceed as indicated. 

•In connection with SoUfrey’s theas 150]. This suggestion was tiie starting point for the 
investigations presented in this Part V. 
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Nevertheless, we prefer to present our procedure of ^-ordering because it 
leads to easily mariaged explicit formulas. 

First Decomposition 

In order to effect the decomposition (24.18) of the pseduo-operator exp (R, 
we first note that the pseudo-operators exp S and exp g reduce to 

exp 8 = 1 -H 8, 

(24.27) 


exp 9 = l-f- 9; 

for, as seen from (24.9) and (24.11), 8* 0 and g® =» 0. Explicitly we have 


(24.27) i 

and 

(24.28) 




!)' 

i) 

( exp F ® \ 

0 exp(,-'F)/ 


according to (24.14). A simple calculation then pves 

C eo^) F (exp F)0 

I exp F E(exp F)6 + exp 

and comparison with 




/F.. F.A 

1 

\F*- Y^J 


yields the relations 


(24.29) 


exp F = F— , 

(exp F)G *= F_«. f 

E exp F F+_ , 

E exp FG* + eitp (—'F) = F++ . 
Thus the operator F is deteniuned as 
(24.30) F - log F_> , 
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and 0 and E as 

(24.31) i <? = riLF_+ , 

(24.31) , jE? = F+_F:i . 

The last relation (24.29) is automatically satisfied; for, as will be seen, it is 
a consequence of the conditions ‘y'‘y = 1 and '-yy = 1. The latter conditions 
also insure that E and 0 satisfy the ssnnmetry conditions (24.13). In fact, re¬ 
lation 

q=F-_'F_+-1-F_/F.-= 0 

implied by “y"}/ = 1, cf. (24.9), yields '<? = ± G, and the relation 

=F'F+-F._ -h 'F__F- = 0 

implied by '‘yy = 1 yields 'E = ±E. Setting Q = db'G, in the last relation 
(24.29) we may write it in the form 

±F^_'F_^('F_.)-^ + ('F__)-* = F^^ ; 
hence this relation follows from the relation 

F*/F„ =F Fh.-'F_^ = 1 

implied by ‘y'‘y = 1. 

With these considerations we have derived the second, JB-ordered, form 
(24.16) of the canonical transformation T"* from the Composition Rule, provided 
the operator log F__ can be formed. It is worth noting that the single particle 
operators E, F, 0 entering this second form are expressed directly in terms of the 
operators F** and not in terms of the pseudo-operator (R = log *y. Thus the 
second form of T can be described independently of the assumption that the 
pseudo-operator “y can be written in the form ‘y = exp (R. 

Since we have not proved the Composition Rule rigorously, we should 
verify directly that the operator T, bas the desired properties. It was already 
stated, cf. (24.3), that the relation 

T;^aTa = <B 

is a consequence of the first tinnlarity rule. It is apparently not so simple to 
prove the unitary character of T,; however we shall do so in Section 25. 

Relations hefmen E, F, 0, and ^ 

Since various expressions will be needed later for the operators E and & 
in terms of the coefficients of “y, they will be enumerated here: 


(24.32) 

G = f:Lf_+ 

= ±'F_+'f:L 

(24.33) 

G = F;iF+_ 

II 

H- 

1 

+ 

(24.34) 

rt 1 

1 

II 

= ±'F:i'F+_ 

(24.36) 

E = F_*F:i 

= d='F;i'F.* 
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The first column is implied by (22.31); the second column follows from the 
symmetry property of ^ and G established above. Furthermore, we have 

(24.36) 1 - GG = ('F++r__)-‘ = Fri'F;!., 

(24.37) 1 - GG = ('F__F++)-" = YU'YZl, 

(24.38) 1 -EB = (Fh./F__)-* = 'FZLF;!. , 

(24.39) 1 - BE = (F._'F^^)-‘ = 'FZiFTL . 

The first relation follows from 

F__[l - GG]'F,+ = Y.JY,^ =F F_/F*_ = 1 

by (24.32), (24.33) and = L The other rejation^are derived similarly. 

Since the operators ±G = 'G = G* and d= = '.B = J?* are the Hermitian 
adjoii^ of tlm operators G and E, it is clear that the operators 1 —G G, 1 —GO, 
1-EE,1 -EE are non-negative and hypermaximal. Therefore these operators 
possess non-negative square roots. For example, we may introduce a non¬ 
negative operator iF through the relation 

(24.40) i esq) = ['F+*F__]‘^* = [1 - GG]"*'*. 

We may also introduce an anti-hermitian operator qF by mannH of 

(24.40) , expoF = F._['Fh.+ F„]''*. 

Evidently, 

expoF* = ['F^*F._r'*'F^* = ['F.,^F__r*FZL = exp {-oF}. 

Consequently, the operator i oF is hermitian, in fact it is hypermaximal. Because 
of 

(24.29)i exp F = F__ , 

relation 

(24.41) exp oF exp ,F = exp F 
holds. 

Trace Relations 

We maintain that relation (24.41) implies rdation 

(24.42) esp 2V oF escp 2V xF = esq) 2V F. 

This trace composition rde^ is a—rather simple—analogue of the general compo- 

•If the operator F acts in a Mte dimensional space the expresdon exp Tr log F reduces to 
the determinant of the matrix F . The trace composition rule (24.42) is, therefore, the ana¬ 
logue of the rule that the determinant of the product of two matrices is the product of their 
determinants. 
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ffltion rule (24.7). like the general composition rule, it follows from the Baker- 
Hausdorff Theorem; for, the trace of a commutator of two operators is*the 
commutator of the traces of these operators, namely zero. 

Since the operator i oF is hermitian its trace is real; i.e., Tr oF is imaginary. 
Consequently, | exp Tr oF | = 1 so that 

(24.43) I exp TrF \ = exp Tr iF 
or, by (24.40)i, 

(24.44) (Re Tr F = Tr iF 2V log [1 - OG]. 

The absolute value of the number ij introduced earlier, see (24.20), can now be 
expressed as 


1 1 ? I = exp {=FJ7V,F} 
or, by (24.40) 1 and (24.44), as 

U I = exp {=Fi 2V log 


(24.46) 


= exp {±J 2V log [1 — 


Since, obviously, the operator =Flog [1 — GGO = =Flog [1 =F is positive 
definite, its trace is positive, and consequently | tj | < 1, in agreement with 

(24.25) . Incidentally, formida (24.45) gives an evaluation of the infinite series 

(24.25) , 

1 + i (2.!)[.ir(-2)*’ 

• / j (^y) g(.S 2 ., St,-0 • • • g(.Si, 8i) dm(a)j. 


(24.46) 


= exp I 2 (±1)’"V"‘ 

^ Vml 


• J g(.Si , aa,)p(Sj, , S8,_i) • • • g(8, , S»)fi^(Sa , Sj) dm(s)a ,, 
which could perhaps be derived directly.’' 


ConditUms for the Existence of the Canonical Transformation 

In conclusion, we summarize the conditions under which the second form of 
the canonical transformation Ta = exp [8] exp [tF] exp [g] exists. 

We have assumed that the operators are bounded and that the pseudo¬ 
operator ^ is pseudo-hermitian and satisfies the conditions = 1; 


’This formula is ^ated to tiie evaluation of an infinite series derived by Feynman [4] with 
the aid of bis graphs. 
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moreover, we have tacitly assumed that the operators F__ and Y^.^. possess 
inverses. As a consequence, relation (24.36) hol^ and, since 7!- and 7__ are 
bounded, the operator 1 =F G* (?* has a positive lower bound. This fact may be 
expressed by the relation 

(24.47) 1|(?G*||<1 

in the boson case, if we denote by || 00* || the least upper bound of {yl>,00*4d = 

II G* II® for all functions ^in ^ with || || = 1; similarly, || E*E |1 < 1 holds 

in the boson case. For the existence of the operators [g] and [S] additional re¬ 
strictions must be imposed, namely that the operators O and E possess square 
traces: 

(24.48) TrOO* < « , TrE*E < ». 

We maintaia that under this condition combined with (24.47) the operator 
Tlog [1 G'G*] also possesses a finite trace. This can be deduced most easily 

from the fact that the condition Tr 00* < « implies that the operator GO* 
has a pure point spectrum of eigenvalues 7 ® > 0 for which 2^7*“ 2’r GO*. 
As a consequence it is seen that 

Tr log [1 + GO*] = 2 log [1 + 7 ®] < Et*; 

hence we may conclude that 

(24.49) . Tr log [1 + 00*] < Tr GO* 

in the fermion case. Furthermore, we have 

-Tr log [1 - GO*] = - E log [1 - 7*] < [1 - yL,r E y\ 
and since 7 L* = 11 GO* 1|, we may conclude that 

(24.49) + -Tr log [1 - 00*] < [1 - || 00* ||]"‘ Tr GO* 

in the boson case. 

The conditions (24.47), (24.48) are somewhat stronger than necessary for 
the existence of the transformation T 2 ; however, the conditions Tr 00* < <» 
and Tr E*E < » are necessary. 

If these ccnaditions are not satisfied, the field does not possess a particle 
representation with respect to the operators 3“ as creation and annihilation 
operators. Nevertheless, it would seem likely that the field possesses an occu¬ 
pation number representation of the second type in the sense explained in 
Section 19, Part IV. The total weight associated with this representation would 
then be 

(24.50) W = ^hTr log [1 =F 00*] 

and hence infinite if Tr GO* = »; in other words, if TtOG* = » the field would 
be “myriotic” with respect to the operators S“. Although it would be of interest 
to follow up this possibility, it will not be done here. 
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25. Third and Fourth Form of the Canonical Transformation 

In this section we shall establish two further forms of the transformation T. 
The third form involves only the operators G, oF and their conjugates; the fourth 
form results from the third by E'-ordering. It is possible to show that the fourth 
form is identical with the third as well as with the second without using the com¬ 
position rule. The third form is evidently unitary and thus it follows that the 
others are also unitary. 

The main reason for discussing these other forms is not so much that we 
want to prove the identity of the first and second forms of the operator T. It is 
rather that we want to have the opportunity to formulate and apply other simi¬ 
larity and decomposition rules. The content of the present Section 25 is not 
essentially used in the subsequent sections. 

Third and Fourth Form of the Transformation T 

The third form of the canonical transformation will be derived from a 
“second” decomposition 

(25.1) “y = exp o3^ exp i(ft 

of the pseudo-operator “y = exp (R in which the pseudo-operator 

(oF 0\ 

(26.2) oSF = _) 

\0 oFf 

possesses only diagonal terms while terms of this type are absent from the 
pseudo-operator 

/ 0 

(25.2) i = 

\iR^. 0 

These pseudo-operators oSF and i(R, which we shall describe below, will be seen 
to be pseudo-antisymmetric and pseudo-hermitian, cf. (23.14) and (23.16). 
Having found the decomposition (25.1) we shall obtain from the composition 
identity (24.7) the tiiird form 

(25.3) Tt = exp [oJF] exp [i(R] 

of the canonical tran^ormation T in which, by (23.22), (23.27), 

(25.4) exp [o£F] = exp { =f| TV oF} exp <FAr} 

■ and 

(25.4) , exp [,(R] = exp ,51-+ A* =F U~ iR*- A"}. 

Because of the pseudo-hermitian character of oCF and ,(R, both operators exp [off] 
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and exp [i(Rl are unitary; hence it is evident that the operator exp [oSF] exp [i(R] 
ia unitary. 

The fourth form of the operator T will be obtained by decomposing the 
pseudo-operator exp lOt as 

(25.5) esp i(5l = exp j8 exp iJF exp ig 

corresponding to the first decomposition (24.18). The composition identity, 
cf. (24.17), then gives the fourth f 07 m 

(25.6) ^4 = exp [off] exp US] exp [iff] exp Ug] 

of the eomonical tramformation, where, as in the second form (24.16), annihilation 
and creation operators are separated. 

• We «bfl.11 show that the identity of the fourth form of T with both the third 
and second forms can be verified without using the composition identity—^which 
was not proved, but only derived formally. Since the third form is evidently 
unitary the same is true of the .^-ordered second and fourth forms once their 
identity is established. Note that the pseudo-operators 8, g and i8, ig are— 
in general—^not pseudo-hermitation and that therefore—^in general—^the opera¬ 
tors exp [8], exp [g] and exp [ 18 ], exp [ig] are not unitary. 

Various other advantages of the fourth form will be discussed later on. 

Second Decomposition 

In order to effect the second decomposition (25.1) of the pseudo-operator 



see (23.6), we first decompose it in the form 

(25.7) <y = o']! 1*1] 


with 




0 1 

(25.8), 

“"“1 0 

'YZl['Y..Y^^Y'V 

and 

/ ['y^.F-r 

['y44.y-_]'^*y:iy-. 

(25.8)i 

i‘y = ( 

\['y„y..4.r*y;iy+- 

['y__y*4]‘'* 


The two diagonal terms in the pseudo-operator o'}] are evidently unitary since 

Y _s Y^+ 'Y+* = *Y __ Til® these terms is in fact identical with 

the right member of relation (24.40)g, The two terms can therefore be written 
intheform exp oF and exp oF with dP = log {F__['7++y—]‘^*}. Consequently, 
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the pseudo-operator is of the form 

(25.9) o*y = exp o£F, 

where the pseudo-operator oJF is given by (25.2) and (24.40)*. 

Evidently, the pseudo-operator *9^ is pseudo-hermitian and pseudo-anti- 
^ymmetiic and hence is unitary. 

The elements of the pseudo-operator i*)/ can easily be expressed in terms 
of the operators 

(25.10) . 0 = YZlY.^ = zk'Y-^’YZl 

and 

(25.10) * G= 

cf. (23.32), (23^33). In fact, using the formulas 

(25.11) = [1 - 'F—7+* « [1 - 

cf. (24.36), (24.37), and noting that <?* = ±(? we may write 


(25.12) 


/ [1 - 06]-^'^ [1 - 0G\-^'‘G\ 

!*« = 1 _ _ _ )• 

\[1 - 0Q]-^'’‘0 [1 - G ' G ']-*'* / 


We now maintain that his pseudo-operator is of the form 
(25.13) i-y = ifll 

if we choose for the pseudo-operator 

hmG\ 

0 / 


(25.14) 


( ° 

= I _ 

\hiGG)G 


with 


h{z) = 2 “‘^*arotanhs‘''®. 


This statement may be proved by a power series expansion of cosh i(Rand sinh x(R, 
arctanh a*'® making use of the identities 


(25.15) j 

(25.15) , 


GSiOG) = ^iGG)G, 
f(GG)G = Gfm, 


which are eviden;^for pol^omials / and then follow for functions / for which 
the operators f{GG) and /(G'G) are defined. Thus the second decomposition of ^ 
is effected. 

The pseudo-operators iS, iff, i9 of the final decomposition (25.5) can be 
obtained from the terms of the pseudo-operator as given by (25.12) with the 
aid of the formulas (24.30), (24.31) by substituting the terms of instead of 
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those of “y. We find 


(25.16) iF = -I log [!-(?(?] 

(25.17) i(? = (?, ,E = G; 

in deriving (25.17), identity (25.15)i is to be used. The pseudo-operators 
19 , 18 , iff are then 


(25.18) 



j/log[l-G(?] 0 \ 

^ \ 0 -log [1 - GG]/ 


(25.19) 

and their exponential functions are 


(25.20) 

(25.21) 




exp ifF 


/[I - 
\ 0 


- )■ 

[1 - GGfV 


Fined Form oj the Transformation T 


The fourth form of the transformation T can novr finally be mitten as 


(25.22) 


Ti «= ejp {=Fi Tr oF} exp {±i Tr log [1 — GG]} e:q> {A* oFA"} 

• eap {=Firi.“Gri."} exp {A* log [1 — GG]‘^A“} e:p {iA'^GA'^}. 


Since the operator oF is anti-hennitian the first factor here is a number of absolute 
value 1 and therefore, rather insignificant. The second factor, on the other hand, 
is a positive number less than one. Actually, this factor is simply the absolute 
value of the number introduced above, see (24.45). 


Identification of the Third and Fourth Form of T 

In order to prove the identity_of the thirdjmd fourth forms of the canonical 
transformation, we replace G and G by iG and in 18 , i S> i ff as given by (25.18), 

(25.19), letting t be a real parameter. We note that the derivatives of 18 , i g* 


iff with respect to t are given by 


(26.23) i8 = r'iS, 

i9 = <'Sg, 

/[I - «*GG]<GG 

0 ' 

(25.24) iff - 


\ 0 

-[1 - ^QO\m> 
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Evidently, each of the pseudo-operators 1 8, i g, iJF commutes with its derivative. 
The derivatives of the exponential functions are therefore given by 

( 26 . 25 ) ^ exp 1 8 = iS exp 1 8 , ^ exp ig = ,g exp 10, 


(25.26) 


dt 


exp iSF = iSF exp iff. 


We observe that the derivative 

/ 0 [1 - fm]- 

(25.27) idl = 

\[1 - eOGT^O 0 

of the pseudo-operator i(R, given by (25.14), also commutes with iffl so that 




^ exp idl = i(R exp ifll. 

Since, by (25.5) 

exp i 8 exp iff exp ig e^ (—i(R) = 1 , 

the derivative of this pseudo-operator with respect to t vanishes. Hence we 
obtain the relation 

(-i 9 ) exp (-i3)iS exp iff exp 10 

(25.28) 

+ exp (-ig)iff e::?) 10 + i8 - i(R = 0, 

which, of course, could also be verified directly. 

Now we consider the operator 


X = ejp [i 8 ] exp [iff] exp [i 8 ] esp [-i(R]; 

om aim is to prove that it is the identity. Again we replace Q and G by iG' and 
to and difierentiate with respect to t. As before, the drivative of each of the 
exponents [i 8 ], ••• , [i(R] commutes with the exponent. Consequently, the 
derivative £ of ^ is given by 

Z = exp [i 8 ] exp [iff] exp [i 8 ]Z exp [-idl] 

with 

Z = exp [- 10 ] fflp [-iff][i 8 ] esp [iff] exp [i 8 ] 

-]- exp [ i 8 ][iff] ejp [ig] -]- Lg] [i<ii]. 


Now we make use of the “second similarity rule” which we shall prove in 
the next subsection. It states that the relation 


exp (—(Pi)<Pa exp (Pi = (pj 
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between pseudo-antisymmetric pseudo-operators (Pi, (Pa , (P, entails the relation 

exp [-(P,][CPa] exp [(Pi] = [(Pa] 

for the correspondmg pseudo-biquantized operators. From this rule in con¬ 
junction with relation (26.28) we immediately infer 

Z = 0 

and hence K — 0. Consequently, K is constant, and since K reduces to the 
identity for « = 0, the desired statement K = 1 follows. Thus the identity of 
the third and the fourth forms of the operator T is established. 

Second and Third Similarity Rule 

The second simUarity rule which states that the relation 

(26.29) exp (-(PO (Pa exp (Pi = (Pa 

between three pseudo-antisymmetric operators S’] , (Pa , (P» entails the relation 

(25.30) exp [-(P,][(Pa] exp [(P,] = [(P*] 

between the corresponding biquantized operators can be proved in the sn-Tna 
way as the first similarity rule (23.35). One replaces (Pi by <(P, and differentiates 
the operator J = exp p(Pi][exp (-«(Pi)(Pa exp [«(P,] exp [-«(Pi] with respect to t, 
obtaining 

exp [«(Pi]{[[(Pi], [exp (-<(Pi)(Pa exp <(Pi]] 

— [exp (—<(Pi)[(Pi, CPa] exp i(Pi]} ercp [—<(Pi]. 
This expression vanishes since, by the second commutator rule (24.6), 

[[(Pi], [exp (-<(P,)(Pa exp <(Pi]] = [[(Pi, exp (-i(Pi)(Pa exp KPi]] 

= [exp (—<(Pi)[(Pt, (Pa] ejq) «(Pi]. 

Consequently, the operator J is independent of t and hence equal to [(Pa] since 
it reduces to this operator for t = 0. In order to make this reasoning complete, 
one should, of course, supply arguments of the t 3 q)e needed to establish the first 
similarity rule. 

From the second similarity rule one immediately infers the fact that relation 
(25.29) implies the relation 

(25.31) exp [-(Pi]/([(Pa]) exp [(?,] = /[(P»] 

for every polynomial /. The same relation also holds for functions / for which 
/([ (Pa]) and /([ (Pal) can be defined. In particular, we are led to the third similarity 
rde: Eelation (25.29) implies relation 

(25.32) exp [—(Pi] exp [(P,] exp [(Pi] = exp [(Pj]. 

It is interesting to observe that relation (25.29) implies relaticm 

(26.33) exp (-(PO/C^^^O exp (Pi = /(fl*s); 
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this relation is immediately verified for polynomials f and therefore holds also 
for more general functions /. In particular, we have 

(25.34) ejqp (—<Pi) esp (Pj exp (Pi = e^ (P* . 

In conjimction with this relation, identity (25.32) becomes a special case 
of the corollary to the composition rule (24.7)'. This special case is thus derived 
independently of the—^unproved—general composition rule. 

We shall use the third similarity rule in establishing the identity of the 
fourth and the second forms of the transformation T. 

ComposiHon Rvle for Bigyantized Operators 

We shall need another special case of the composition rule, which also can 
be proved without the general rule, namely the case in which the pseudo- 
antisymmetric pseudo-operators (Pi, (P*, (Pi» have only diagonal terms; i.e., they 
are of the form 

(F 0 \ 

(25.35) SF = I 1. 

\0 -'F/ 

The rule then states that relation 

(25.36) exp ffi exp S'j = exp JFia 
for three such pseudo-operators entails relation 

(25.37) exp [{F,] exp [tFa] = es^) [ffia]. 

Clearly, relation (25.36) consists of the pair of relations 

(25.38) exp Fi exp Ft = exp Fit 
and 

(25.38) ' exp (—'Fi) exp (—'Fa) = e^ (—'jPia); 

the second is evidently a consequence of the first. By (23.22), (23.27) the 
compotition formula (25.37) can be written as 

exp {A*FiA- =F i 3VFi} exp {A*FtA- T i Tr F,} 

= esp {A*FitA~ =F iTr Fw}; 

because of the composition rule for traces (24.41), (24.42), it is equivalent with 
the composition rule 

(25.39) exp {il-^Fi^-} exp {^■"FaA"} = exp {il*F,a4"} 

for ordinary biquantized operators. It is, therefore, sufficient to derive formula 

(25.39) from (25.38). 

For this purpose we tiiall use the particle representation of the states 
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The represeatation 

A*FA-^^{iF‘' + ••• + F-)UsU 

of the state A*FA~^, cf. (6.35), involves the operators F'" which act on the 
function 4'n(s)n only in so far as this function depends on s,. In the representation 
of exp #, 

(25.40) esp {A'^FA"}^ {exp (F** + • •• + F**)i/'»(s)»}, 
cf. (6.36), we may write 

(26.41) exp (F*‘ + • • • + F**) = exp (F*‘) • • • exp (F**). 

since the operators F*‘, • • • , F** commute. 

Moreover, the operators FJ* and F’^ , formed from two operators Fi and 
Fj, commute even if Fi and Fa do not, provided a 9 ^ P; for, the two operators 
then act on functions of different variables. Consequently, we have the identity 

exp (FI- + • •• + F;-) exp (2J",‘ + ••• + FJ*) 

= eq) FI* • • • exp FI' ejq) FJ* • ■ • eiqp FJ' 

= exp FI* exp FJ* • • • exp FI' exp FJ'. 

Applsring relation (25.38) and relation (25.41) to F » Fn we obtain 

(25.42) exp (FI* ^-+ FI') exp (FJ* + • • • + FJ’) = exp (FU +-1- FI5). 

Since, according to (25.40), the states exp {A*FiA“}$, exp {A’^FjA"}# and 
exp {A*FiaA"} 4> have the representations 

exp {A^FiA"} exp {A*F 2 A~}$ 

^ (exp (FI* + •.. + FI') exp (]?",* 4- ••• + FJ')^.(8).} 
and 

exp {A*F,*A~}$ <->• [exp (FJJ + • * • + F;j)i^,(s),}, 

identity (25.42) insures that these two states are the same. Thus the composi¬ 
tion rule (25.39) is proved and rule (25.37) follows immediately. 

It is remarkable that the derivation of the composition rule for biquantized 
operators from a representation makes its validity rather obvious while it does 
not seem obvious how to derive this rule by essentially algebraic meaiks legalizing 
the use of Baker and Hausdorff’s theorem. 

Identity of the Fourth and Second Form of the Operator T 
In order to show that the fourth form 

T* = exp [off] exp [i 8] exp [iSF] exp [ig] 
of the operator T, cf. (25.6), is identical with the second form 

Ta = exp [8] exp [JF] exp [g], 
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cf. (24.16), we first verify the identity 


(25.43) esgp oS? esp iS = exp 8 es?) off. 

This is immediately done by writing the pseudo-operator exp off in the form 

/F_-[1 - GGY'’‘ 

(25.44) e^ off = I 

\ 0 F.41 


■- )• 


cf. (25.9), (25.8)o, (25.11) and the pseudo-operators exp 8, exp 18 in the forms 


cf. (24.27), (24.31),, 



cf. (25.20), using identity (25.15)i and setting G = Yl\ r+_ by (24.33). 

The third similaiity rule (25.32) is then applicable to CPi = — off, = 18 and 

(P, = 8; combined with (25.6) it leads to the form 


T* = exp [8] exp [off] exp [iff] exp ^g]. 
We next employ the decomposition formula 


(25.45) exp off exp iff = exp ff, 

which follows from (25.44), (25.21) and 



cf. (24.28), (24.30), (25.11). Now we can apply the composition rule (25.37) 
for biquantized operators and obtain the expression 

2*4 == exp [8] exp [ff] exp [i9] 

for the fourth form of T, which is the same as the second form because 1 9 = 9, 
see (25.17). Thus we have shown that the fourth form of T is identical with 
the second without using the general composition rule. Since the fourth form 
is identical with the third form which is evidently unitary, we conclude that the 
second form of T is unitary. 

26. Appliceaion to Boson Fields 

Having found the desired canonical transformation in general we proceed 
to discuss its specific nature in the original problem of a boson field with spring 
forces. 
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Reduction, of the Quantized to the Unquantized Field Problem 

The pseudo-operator ‘y associated with the boson field with spring forces is 
given by 

T__ = F++ = 

(26.1) 

F+_ = y_* = 

cf. (22.22). Here T and Q are the modified and unmodified energy operators 
for single particles, connected by the relation 

(26.2) T" = Q* -f <3 

in which the operator Q corresponds to the “spring constant;” cf. (22.15). 

It is therefore possible to express the operator Q = YZl F_+ and various 
other operators that played a role in earlier discussions in terms of Q and T. 
For this purpose it is convenient to introduce the operators 

(26.3) r = 
and 

(26.4) Z = x»/aQ-i/2p-x/a_ 

Clearly, the operator T is Herndtian while Z is unitary; for, 

z* = 

hence 


Z*Z = p-x/app-i/* _ I 
and 

ZZ* = = 1. 

The operators Y _and F-^. may be written in terms of P and Z as 

(26.5) F_- = |zr-‘^*[r -1-1], F-+ = izr-‘^*[r - i], 

the operator G, defined by (24.31), may be written simply as 

(26.6) (? = [p + ir'ir - 1] 

and, since G ®= G, the operator 1 — GG becomes 

(26.7) 1 - GG = 4P[P -1- I]'*. 

Finally we note that the unitary operator exp oF, defined by (24.40), is exactly 
the operator Z 

(26.8) Z = Ssp oF. 

Suppose the operators 0 and X are “known,” so that the operators Z, P, 
and hence oF, 0=^0, and so on, can be formed. Assuming that these operators 
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satisfy the conditions formulated earlier, the canonical transformation T in any 
of its various fonns can be set up. By expressing T in terms of Q and T, we 
may also say that the prcblem of modifying the gmntized field has been redvced to the 
problem of modifying the imgynntized field. 

Conditions for the Existence of the Canonical TrantformoAion 

Necessary and sufficient conditions to be imposed on the operators G and Z 
were discussed at the end of Section 24. These conditions are equivalent with 
restrictions on the disturbance operator Q; it does not seem to be easy, however, 
to give to these restrictions on Q a simple, directly verifiable, form. Neverthe¬ 
less, certain general statements can be made about them; in doing this it is 
convenient to work withjthe operator r instead of G. 

The conditions || GG || < 1 and Tr GG < <», which were introduced at the 
end of Section 24, cf. (24.47), (24.48), are essentially equivalent with the condi¬ 
tion 

(26.9) 2>(r-l)*<oo, 

as could be derived from the formula 


(26.10) 


r - 1 * 2<?[1 - G]-\ 


The operators T and Q are easily expressed in terms of the operators P and 

Q by 

(26.11) T = = J2''®(r - 1)0*''* + 0 

and 

Q = o*''*rQro*^* - 0* 

(26.12) 

= o*'*(r - i)Q(r - 1)0*^* + Q’''*(r - i)o*''* + o*'*(r - i)n*''*. 


Special Cases 

The requirements on the operator T formulated above exclude certain types 
of disturbance or—^in the case of several media—interaction. For example, 
homogeneous int&radion is excluded. 

We say an operator A is “homogeneous” if it commutes with the momentum; 
for example, A is homogeneous if its a^-representer is an integral operator with a 
kernel A(a:', *") which depends only on the difference — a^', i.e. if 


(26.13) A(®', »”) = A(a:' - *")• 

Here it is implied that the field extends over the infinite space. 

If the interaction operator Q is homogenous then F is also homogeneous; 
for, Q commutes with Q in this case and the operator F is therefore given by 
F = 1 H- Q~*Q as seen from (26.12). Evidently, the kernel ^(a;', x") = y(x' — x") 
of the operator F does not satisfy the condition Tr (F — 1)* < « since 
SS (x'- x") dx'dx" =«. 
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Another noteworthy fact is that one-dimensioml media wiOi varnishing rest 
mass n are excluded if the spring constarUs are norirnegative everywh&re. 

To verify this statement we may introduce the Fourier transforms q(Jc', fc") 
and y{k', fc") of the kernels q(,x’, x") and y{x', z") of the operators Q and P — 1. 
Since (26.12) holds and n ’= 0 these kernels are related by 

= I k'k" r’ (1 I + I I)7*(A', k") 

+ 1 k'k" f y(k', jfc) I i: I y(k, k") dk. 
Since the x- and lb-spaces are assumed one-dimensional, condition 
jf I y(k', k") I* dk' dk" < ® 

implies that \ }d¥' \^'^y(k', k") vanishes as 11:' | and I kf' | —>0, Consequently, 
9(0,0) = 0. This relation now is equivalent with 

Jf q(x', x") dx' dx" = 0 

in contradiction to the assumption that q(x', x") is non-negative. 

Since the failure' is due to the behaviour of the function q(k', k") for k' = 
kf' = 0 we may say that a non-negative spring constant causes an infrared 
catastrophe in a one dimensional medium. One of the infinities occurring in 
Sollfrey’s problem is due, essentially, to this fact. 

Finally we remark that two- or more dimensional media are excluded if 
the springs which provide the interaction are attached to isolated points. Ultra¬ 
violet catastrophes would occur in such cases. 

We now consider an example which is very unrealistic physically but can 
be handled explicitly. In this example the a>-representer of tiie operator T, — 0 
if of the form 

(26.14) f(®', x") = tf(®')r(»"), 

in which the real valued function f(») and the constant » are at our disposal. 
The case in which the interaction operator Q is itself of such a form could also 
be treated explicitly but would be more complicated and equally unrealistic. 

Instead of the a>-representers we prefer to work with the energy representers, 
setting 

(26.15) ?(«', «") = tr(wOr(«") 

instead of (26.14). We assume that the energy is connected with the position x 
in a real manner. The energy range is /* < w < « where n is the rest mass, 
which may be zero or positive. The condition that the operator with the kernel 

(26.15) produces quadratically integrable functions is 

(26.16) f I f(w) l*do) < »; 

Jft 
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this condition must therefore be imposed. We must also require that the 
operator T be positive definite. This is automatically the case if t > 0, but if 
t < 0 we need the relation 

(26.17) ~ ‘ f I 1* < 1> t < 0. 

From relation (26.11) we see that the kernel of the operator F “ is 
r(w',«") = i(<oV0"‘^“?(«0?(«"), 
provided this operator exists; this is the case if 

(26.18) r«-‘I f(«) < “• 

J/t 

Since the trace of the square of the operator F is exactly the square of the left 
member of (26.17), this operator is square traceable if it exists. By virtue of 
(26.17) this condition is autoroatically satisfied if t < 0 or if /» > 0. If i > 0 
and It = 0, however, functions f («) can be defined which satisfy condition (26.16) 
but not condition (26.18). Thus we see that it may happen Oiat ike operator T is 
defined and has a spectrum of the same type as Q and still the canonical irainsformaiion 
T does not exist. 

If t < 0 and /* > 0 the operator T may possess a point eigenvalue vo . The 
condition for the occurrence of such a point eigenvalue is evidently the fi-riatAn ce 
of a quadratically integrable function (w) for which 

(« — Vo)!f'o(w) + t?(«) f ?(«)\f'o(«) dw = 0. 

•f/t 

This condition is satisfied for 

(26.19) ^o((w) = c(w — vo)'''f(w) 

provided the value v = vq can be so chosen in the interval 0 < v < ju that 

(26.20) f (" "" I = 1. 

Jn 

When V varies from 0 to jlc the left member of this equation varies from the left 
member of condition (26.17) to the left member of condition 

f (« - 1 ?(«) 1“ dw > 1, t < 0. 

Clearly, if this latter condition is satisfied a point eigenvalue u = uo exists. 

Thus we see that it may happen that the spectra of ffte operators T and Q are of 
difierent types and still the canonical tiansformation T does exist. 

The existence of a point eigenstate or ‘ODOund” state of the operator T 
entails the existence of boimd states of the modified field. If (») is the repre* 
senter of and uo the eigenvalue, the state of the field with the particle 
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representer (s)n = (si) • • • (««) is such a bound state with the eigenvalue 

n Vo. One may say that in this state the field consists of n particles in the state 
• Thus we see that the canonical transfamoMm may exist even in cases in 
which ihe modified fidd 'possesses bound states while the unmodified field does not. 

27. Transition Operator. Scattering Operator 

In this section we shall calculate the transition amplitudes connecting the 
state of the field at two different times. We can do this in two ways: Either 
we can employ the “method of spectral transformation” maJdng use of the 
fact that variation in time of the modified particle representers can immediately 
be determined by appl 3 dng the operator exp { —itHa]. Or we may utilize the 
fact that the annih ilation operators at two difierent times are connected by a 
transformation .<«Tni1ar to that which connects modified and unmodified operators 
of this kind. 

We shall also study the asymptotic behavior of the transition amplitudes 
and, in particular, give a simple asymptotic description of the incomplete 
scattering operator in terms of “original but scattered,” “spontaneously emitted 
and half scattered,” and “spontaneously emitted but not scattered” particles. 
We shall see that no complete scattering operator in the strict sense exists, but 
that nevertheless the transition probabilities approach definite limits as the 
time interval increases indefinitely. 

Method of Spectral Transformation 

We employ the canonical transformation T in order, to express the particle 
representers ^»(8)n(<) at any time t in terms of the “iV’(0)-representers” f^.,is)n(0), 
see (22.27). We consider the functions i/n(s)n(t) as the iV'(0)-representers of a 
tim^ependent SchrOdinger state #«(<)» cf. Section 15 footnote 4 and (15.15). 
As seen from (22.28), (22.32), (22.17), this state is given by 

(27.1) #.(0 = T"‘ exp 
Since the relation 

(27.2) exp { -itA* TA"}T = T exp { -itB* TB"} 

can be derived from the relation A'T = TB*‘, see (22.34),. the state $«(<) 
can also be expressed as 

(27.3) #,(«) = exp {-iiB*tBr]^ - exp 

and thus be recognized as the solution of the SchrSdinger equation 

(27.4) iV,§,(0 = 

Instead of using 4&j(<) we prefer to use the corresponding interaction state $i»(f) 
given by 

(27.5) 


#«(<) = W(t)^ 
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when we set 

(27.6) W(i) = ffl?) {itA*QA-}T-^ ej^) {-itA*tA-\T. 


or 


(27.7) Wii) = exp {itA*QA~} exp {— 

Transition Operator 


Operators of the tsrpe exp A*AA~ will occur occasionally in the following. 
Since we want to use our similarity and compomtion rules for pseudo-biquantized 
operators we introduce to every operator A the pseudo-antisymmetric pseudo¬ 
operator 


(27.8) 



and use the relation 


(27.9) esp [A] = exp {§AAA} = e:q) {§ TV A} esp A*AA~. 

In particular, although the traces Tr Q and Tr T do not exist, we shall introduce 
the pseudo-operators S and T and furthermore the field operator 

(27.10) f-\t) = exp exp {-it[i]}T, 

which we shall call the “transition operator.” We have reserved the notation 
f(t) for its inverse, the operator 

f(t) = T~^ exp {ii[T]}r exp {— 

(27.10) i 

= exp {ii[Q]}!P”‘(—0 exp {— 

in order to facilitate the description of the decomposition formulas. 

If the operator f~\t) existed it would differ from the operator W(t) by the 
factor exp { —ith}, as seen from (27.9) for A = fl and A = T; i.e., 

(27.11) f-\{) = exp 

with Ji = i Tr (T — 0), cf. (22.26). Assuming that this difference trace exists, 
we may define f(t) by (27.i0)i and employ our rules as we would if the ex¬ 
pression (27.10)i were defined. The resulting identities must, however, be 
verified by some other method. The state 

(27.12) $„(«) = exp {-M}$„(<) = ?"*(<)# 

will be called the “adjusted interaction state.” 

Another form of the transition operator is 

T“'(^ = exp '1^ ® ° ^}‘ 


(27.13), 
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this formula is identical with (27.10), as we may deduce from the relation 

(27.14) = iffl o m 
or 

a o '^T^a = <ya o = © o x®, 

which follows from (22.21). We need only use the first form T = Ti = 
exp {[log ‘y]} of r and the third similarity rule (25.32), (25.29), with <?i = log “y, 
©s = f. 

Direct Method 

Expressions for the operator T(i) can also be derived by recognizing that the 
annihilation and creation operators t) at the time t and those at the time 
2 SB 0 are connected by a homogeneous linear relation^ of the same type as those 
which connect the operators B" with the operators A". 

We note that relation (22.19), with s instead of x, can be written in the form 

®(s, 0 = exp {—ifT*}®(8, 0) 

or simply as 

(27.15) ®(i) = exp {-itT}®(0). 

If we insert this expression into (22.24) and then insert the result into (22.21) 
for t = 0 we obtain, by (23.20)', 

(27.16) Ct(0 = "y exp {-itT}‘ya(0). 

Since we would like to employ our_rules, we shall work with the “adjusted” 
annihilation and creation operators .l''(s, t), given by 


(27.17) 

a(<) = exp {iiQ}Cl(<!) 

or 


(27.18) 

a(0 = 'y(0a(0) 

with 


(27.19) 

'y(<) = exp {iiSj'y e:^) {-i/Tly, 

or 


(27.19). 

y(«) = 'y exp {i«T}y exp {-fto} 

= exp {*<S}''y(—9 exp {—i<5}. 

’This is true evea if the disturbing operator Q is not independent of the tame. We shall 
not treat this case here, although it would be interesting to do so, in particular, since the 
results could presuxnably be cast into a Lorentz invariant form. This case will be treated in a 
forthcoming paper by B. Zumino. 
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The tlwory developed in the preceding sections can be applied to this trans¬ 
formation since it evidently satisfies the condition‘y(0'^(0 = 1. Without 

assuming that the operator is of the form exp (R(«), we may find the corre¬ 
sponding canonical transformation by the composition rule. On the right mem¬ 
ber of (27.19)i we replace '% exp }, % and exp {-i<Q} by exp [log "y] = T~^, 
exp {i<[T]}, exp [log “y] = T, and exp {-i<[0]} respectively. The resulting 
canonical transformation is seen to be exactly the field operator f(t), given by 
27.10)i . Eolation (27.18) leads therefore to relation 

(27.20) &,({) = f(t)a(fl)f-\t) 

from which we deduce tlmt &(<S)-^epresentabim of the adjusted interaction state 
, cf. (27.12), gives a Q,(t)-representation of the stale 

Properties of the Transition Operator 

We proceed to calculate various quantities which will enable us to analyze 
the nature of the inverse transition operator f(f). We shall in particular refer 
to the second form 

(27.21) f(t) = exp [8(0] exp [ff(t)] exp [9(0] 
of this operator, see (24.18). From (27.19) we find 

Y—(t) = ['3^++ ejqp {itT}F__ — 'F_+ exp {—i«T}F+_] exp {—itO} 

(27.22) 

F_+(«) = ['F+* exp {i«T}F_H. - exp {-i<T}F++] exp 
or, from (24.35), (24.34), 

F__(0 = 'F+4exp (t<T} -Fexp {-ifT}F]F__ exp 
f_+(0 = 'F+^.[exp {itT!}B -Ee^> {-i«T}]F*+ exp {z<C}, 
and, finally, 

F__(0 = 'F++ exp {i«T}[l - Er{t)B]Y.. exp {-ita}, 

(27.23) 

f_+(0 = 'F++ exp {tiT}[£? - Erit)]Y^^ exp {i<Q} 

when we set 

(27.24) Et{t) = exp {—itT}B exp {—i<T}. 

For the operator 6 (1), which determines the creation factor in (27.21), we'fiiud 
by (24.32) the expression §(«) = Fri(<)F_+(<) or 

(27.25) 0(t) - exp {*ta}FZi[l - Er(m-^[E - Ft«)]F.^^ exp [itn]. 

For •&e analysis of the time variation of the vacuum state we also need the 
number ii(t) = exp {=Fi Tr F({) }, or rather the number 

(27.26) I ti(0 I “ exp [ =Fi 2V log ' F++(t) F__(0}, 
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cf. (24.45). We first note the relation 

'?■++(«)?—(<) = exp {iiQ}F++[l — EEiit)] exp {—i<T}F__'F++ esp {i«T} 

• [1 — Et{{)E]Y _exp {—i<Q} 

and make use of the trace composition rule (24.42). We then find 

ejp Tr log '7++(«)?__(«) = exp 2 2V log '7++7__ exp 2 (Re 2V log[l - Er{t)E]. 

Introducing the number | ij | given by (24.45) we finally obtain 

(27.27) I ^(<) 1 = U 1* exp {=F§ (Re Tr log [1 - Mt)E]}. 

Since 1 — EE = (7_'7++)"‘, cf. (24.39), we have 

Tr log '7++7__ = Tr log 7_.'7++ = -Tr log [1 - EE] 
and hence, again by virtue of the trace composition rule, we can write 

(27.28) 11/(0 I = exp {T§(Re 2V log [1 - EET^H - 1,(0^]}• 

Since Et(.0) = E, it is clear from this expression that 

(27.29) 1 1/(0) I = 1. 

The question arises: are there any cases in which &ie canonical tramforma- 
Uon T (connecting the modified and unmodified representations) fails to exist 
although the transition operator f(t) (connecting unmodified representations at 
different times) does exist. We recall that a similar situation could arise in the 
case of the infrared catastrophe treated in Part IV. In that case the field was 
myriotic with respect to the modified annihilation and creation operators B" 
while it remained ordinary with respect to the unmodified operators A" at all 
times. 

A closer analytis seems to indicate that such a_^t!iMtion cannot arise in the 
‘pfreseid case. For, it seems that the trace of (Re [1 — EJE] [EE — 
exist if the trace of EE does not exist, although the trace of (Re [EE — Erit)!!] 
might exist. Thus it is indicated that a field which is myriotic with respect to the 
modified operators B’’ becomes myriotic with respect to A” instantaneously for t > 0 
e»eft if it teas amyriotic with respect to A* at the time i = 0. 

Time Variation of the Vacuum State 

Suppose the state # is an unmodified vacuum state at the time 

f = 0; then the nattire of this state at a time < > 0 can be read off from the 
A-representation of the adjusted interaction state defined by (27.12), 

(27.30) #„(0 = nit) exp [8 («)]«t« • 

For, as remarked in connection with relation (27.70), the A(0)-representation of 
$(t) is the A!(<)-representation of the state #. Hence, according to formula 
(24.26), the number 1 ?(i) |* is Oie probcMity that thefidd will he in Oie vacuum state 
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at the time t if it was in the vacuum siaie at the time t — Q. From (27.27) we find the 
expression 

(27.31) P(iV(0, 0 1 N(fS), 0) = I 9j 1* exp {qFCRc 3V log [1 - lT(<)Pr*} • 
for this probability. 

Asymptotic Transition Probabilities 

It is not difficult to calculate the limit for <—^oo of the probability that the 
field will be in a vacuum state at the time f if it was in such a state at the time 
^ = 0, provided the field extends over the infinite space. By malfing this assump¬ 
tion we exclude, for example, those cases of several interacting media described in 
Section 22, in which one medium is concentrated a^ a single point. We may 
conclude from this assumption that the operator approaches zero as 

I < I —»oo , For, in a representation in which fbe modified energy T is diagonalized, 
the kernel of the operator Eit(t)E is 

exp {ift;'} j E(v', u) esp {^^v}P(v , v") dv 

if E{v', v”) is the kernel of E', here we omit reference to the accessory variables 
which, together with T, form a complete i^ystem of observables. Since j®(u', v") 
is'assumed to be quadratically integrable, it is clear that the integral approaches 
zero as I f I -T»oo; i.e., 

(27.32) E't(,i)E —»■ 0 as | 11 ■—> ®, 

We recall tha^a similar argument was used in Part III, cf. (13.45). It follows 
that log [1 — Er(t) E\ approaches zero, whence relation (27.27) gives 

(27.33) |i?(<)|-^Ur 
or 

(27.34) o P{N„ , 0 I W(0), 0) = U I*. 

In other words, f/ie probability ffiat the staie will eventually be a vacuum stale if 
it was a vacuum state originally is the square of the proboMity ffiat it wiU be found 
to be a modified vacuum stale, cf. (24.26). 

This result is a special case of the formula 

(27.34) P(N. ,n | W(0),«o) = E ,n\M, m)P{M, m \ W(0),no) 

m 

which could be interpreted by saying that the classical rvk of composition of 
probabilities holds even if the number M of modified particles is not measured after 
the initial measurement of the number N of unmodified particles. A aiTYiilar result 
was obtained in Part III, cf. (16.40). The probability P(iV«,, n | M, m) in formula 

(27.34) , the limit of P(iV(f), n | ilf, m) as f —>«, can simply be expressed as* 

(27.36) P(W» , n I ilf, m) = P(1V, m-n\M,0) 

'Formula (15.40) in Fart HI should also have been supplemented by formula (27.34). 
The value of P(77, m — n 1 Jf, 0) there would be given by (1455). 
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and the probability P(N, m — n \ M,n) is given by formula (24.26)i • We shall 
not give a proof of formulas (27.34), (27.35) although this could be done easily. 

Scattering Operator 

For single particles with the energy T one may express the SchrSdinger 
state at the time t in terms of the Schrddinger state ^ = '^<(0) at the time 
t = 0 by the formula 

(27.36) = exp {-itT}’®'. 

Considering the operator T as a modification of the undisturbed operator Q one 
may introduce the interaction state 

(27.37) '®'.(0 = Uit)^ 
with 

(27.38) U(t) = esq) exp 

Under appropriate conditions on the disturbance T — Q, see, e.g. [45], the operator 
17(0 approaches limits U*. as f —» ± ®, 

(27.39) Uit)-*U^ as f ±«. 

The operators , which may be called "half scattering operators,” satisfy the 
relation, cf. [44] and [45], 

(27.40) QU* = 17*T. 

The scattering operator, which we here denote by U„ , may then be defined as 

(27.41) U„ = U^UZ^; 

it evidently commutes with the undisturbed energy operator Q, 

(27.42) QU.. = U..Q. 

Of course, the scattering operator may also be defined as the limit of the "in¬ 
complete scattering operator” 

(27.42) U„(«, to) = U(OCr*(<<0 = exp {»7n} exp {l7t(<o - <)T} ejqp 

i.e. 

(27.39)., 17..(<, to)-*U., as «, <o -> - «• 

The analogue of the operator U(i) for the fields imder consideration is the 
operator f~^(t) as seen from (27.13); the analogue of the operator !7,,(<, to) «■ 
U(t)U~^(to) is the operator 

(27.44) T:Xt, to) - r-\0it^, 

which we also term “incomplete scattering operator.” Ndther the operators 
T(0 nor the operators TZl (<» <o) approach limits as/-*+«>,<o“* For 
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this reason we must be satisfied with an as 3 rmptotic description of these operators 
for large values of i. This description will be given only for T~X (t, to). 

The formula 

27.45) TUt, <o) = exp {i<o[a]}f(f - to) exp {-i<o[5]}, 

which can be deduced from formulas (27.10), will be useful for this purpose. 

Scattering Operator According to Yang and Feldman 

There is another possibility of introducing the scattering operator. From 
formula (27.18) we see that the pseudo-operator ft(<) can be e^^ressed in terms 
of the pseudo-operator Q,(to) by the relation 

a(0 = 'y(f, <o)a«o) 
in which the linear transformation 

'y(«, to) « '^(«)‘y(<o) 

again satisfies the condition yit, toYyit, Q = 1. Relation (27.20) leads to the 
relation 

<i(t)= S-Xt,to)a{to)S(t,to) 

in which 

Sit, 0 « f(to)f-\0. 

This operator is ^erefore the canonical transformation associated with the linear 
transformation y(t, io).‘® If the operator S(t, to) approached a limit as io —> — “, 
t—*a>, this limit would be the scattering operator in the sense of Yang and Feld¬ 
man, [5]. 

From the definition of the operator Sit, to) it is clear that the aiQ-re-presenta^ 
tion of the state Sit, to) $ is a ^it)-representation of the Heiserib&rg state 

The connection between the operator Sit, Q and the operator f~,\it, to) intro¬ 
duced above is evidently given by the relation 

Sit, to) = fito)f-\it, to)f-\to), 

in agreement with the fact that the operator filit, to) transforms the interaction 
state iP~Xi}) ^ into the interaction state f “'(i) #. 

^Hus relation has the following consequence. Suppose we express the oper¬ 
ator H^tiit, to) in terms of the operators ^*(0) as 

^Ait, to) = /(A‘(0)), 

then, by virtue of (27.20), 

_ -Sf«, to) = fil^ito)). 

“This connection was pointed out to me by B. Zumino. It ■vrill be the starting point for 
his forthcoming paper. 
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Therefore, in describing the effect of the operator in terms of the A(0)- 

representers of a state we shall have described the effect of the operator 8 {t, io) 
in terms of the J!(0-repreBenters of a state. 

Asymptotic Field Scattering Operator 

We proceed to show that for large positive values of t and —to the operator 
T~.\ (f, to) admits the description 

T:l(t, <o) = exp exp 

(27.46) 

• exp Wit - fo)A} exp {A* log U„A'\ 

with 

(27.47) <?(—<) = exp {iJJ2}Cr exp {itO} 
and 

(27.48) G+(—<(>) = exp {liofl} 17+S' Z7+ exp {i<oQ}. 

Here U;, is the scattering operator and 17+ the half scattering operator for a 
single particle, of. (27.39) (27.41). In deriving formula (27.46) we shall make 
two assumptions. Assumption I-.ffie field extends ov&rihe whole space. Assumption 

II : the operaiors Y _ and F++ differ from the identity by a s^pjore traceoMe operator. 

The latter assumption is satisfied in the problem of the boson field treated in 
Sections 22 and 26. We shall first justify formula (24.47) and then give an in¬ 
terpretation of it. 

Justification 

We employ the second form of the operator T„ {t, to) given by (24.16) and 
write it as 

(27.49) T.cit, to) = esq? {[8..(<, <o)]} exp {[SF„(<, <o)]} exp {[9..(«, <o)]}. 
Using the form (27.45) of T„(t, to) and observing (24.30), (24.31) we obtain 

E.Xt, <o) = exp {—itotl}E{t — to) exp {— 

(27.60) G.Xt, <o) = exp {itoQ}@(< — to) exp {i<oQ}, 
exp F.Xt, to) = exp {iiofl} ?--(< — to) exp {—iioSl} . 

From (27.26) we then have 

G.Xt, to) — exp {i<a} FlL[l — Bt(,t — to)E]~^ 

(27.61) 

• [E — Et{t — <o)]F++ exp {t7CS}; 

from (27.23) we have 

exp F.Xt, 0 = exp {i/oO}'F++ exp {i(< — <o)'r} 

(27.52) 

• [1 — £'t(< — to)E]Y— exp {—i<J2}, 
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and to) is given by a formula similar to (27.50). 

As a consequence of Assumption I we have jE?t (t)E —> 0 as before, cf. (27.32). 
Arguments RiTnilAr to those used to derive (27.32) yield the relation 

(27.53) {[8]} exp $ as 

More 'specifically formula can be derived from the fact that 

JJ E(si , Sj) exp exp , s*) dm(8i) dm(8^ —*0 as | < | —> 0 

for every function ^(si , 8) •with // | ^^<(81 , Sj) |“ dni( 8 i) dm(sa) < «». From the 
form (27.60) of the operator E„(t) one may deduce by similar arguments the 
relation 

(27.54) exp {-[8„(<, io)]}$ $ as M 1 -» “ • 

In other words, the annihilatim operators do not contribute asymptoHccdly. 

In order to determine the asymptotic contribution from exp {[F„(<)]} we 
make use of Assumption II and deduce from it the relations 

exp {i^Q} Y— exp { —itQ] -* 1 

(27.55) 

exp {—i/fi}'r++ exp {iiO} —»1 as | | . 

From (27.52) we see that the operator exp F„(t) is given asymptotically by 
F„it, to) ~ exp {i<oQ} exp {i(t — OT} exp {—*<0} 
or, because of (24.44), by 

(27.56) eap F„(«, U) ~ Ull(t, Q as < w, <<>./— ». 
Consequently, because of (27.09), we have 

exp {[F..(<, <o)]} ~ eq) {-[log U.oit, <»)]} 

= exp {-§ ZV log 17„(f, /o)} exp {—A* log U.,(t, OA'l. 

Now, 

Tr log U„{t, <o) = -i(« - to) Tr (T - £2) = -t(< - U)k 
as seen from (27.43). Hence, because of (27.39).,, relation 


(27.57) eq) {[F„(<, <o)]} ~ exp {§t(* ~ Qh} exp {—A* log I7„A“} 
follows. 

From relation (27.51) 'we finfdly hatre 
G.,(t, to) ~ exp {i«Q}rzl^7++ exp {t<Q} 

- rnq) {itQ]YZi exp {-t(« - <a)T}S exp {-t'(« - to)T}Y^^ exp {t7Q|. 
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Now, YllEY^^ = Ohy (24.32), (24.35); hence, by (27.65), (27.38), (27.39) and 
(27.47), (27.48) 

(27.58) out, to) ~ Gi-t) - O^(-to). 

In virtue of exp (gi + g*) =■ exp gi exp g, and [g] = formula (27.46) 

follows. 

Interpretation 

The operator exp {A* log U,.A~] which occurs in formula (^. 47 ) will, 
somewhat improperly, be called the Mguantieed scattering operator. For, this 
operator transforms the state , represented as 

(27.60) 

into the state which is represented as 

(27.60) x exp {log U„A- C7U •• • U‘M)n]; 

thus the representers of this state are obtained by letting the operator UM,act on the 
representers if»(Si , • • • , s„) considered successively os functions of Si , • • • , s,. 

In order to describe the nature of the operator exp which 

also occurs in formula (24.42), we first observe that it transforms the vacuum 
state into the state represented as 

exp 

(27.61) 

, 82 ,-<)•■ • g{sn.i ,Sn, - 1)|. 

Here 

(27.62) g{si, S 3 , —t) = e:^) {*<Q“} exp {ifO**}p(ei , 83 ) 

is the kernel of the integral operator 0‘(—t). Similarly, the operator 
exp {JA*(7+(—io)A*} transforms the vacuum state into the state represented as 

exp {JA* C?+(-<o)A*}#„, 

(27.63) f /Sv\ 1 

*■* |(n.!)’'®^jj^jjyjfl'+(8i , S3 , — <o) • • • ff+CSn-i , s„, — «)| 

with 

(27.64) ^+( 81 , S 3 , —<o) = exp exp {i<pO'’}l7+U'+ e( 8 i , 83 ). 

Here 8 ( 81 , 83 ) is the kernel of the integral operator i?*.- 

Combining the effects of the operators exp{A*log 17.,A"} ,exp {^A*0(—()A *} 
and exp {§A*(?+(—<)A*} we finally see from (27.59) that the state <») * is 
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represented as 

17 ejq) - to)h} 

•{E , s._,, -i) 

(27.65) 

••• ^('Sna+9 f ®ni+l j ) ^m-l > fc) 

• * • fi'+(«n.+2 , «■.+! , — <o)C/’;j' • • • 

This formula can be interpreted somewhat more easily if we introduce the 
Schrbdinger states 

(27.66) $,(<) = 6 W {-»<A*QA"}$„(<) 
and 

(27.66) o $,(<o) = ejq) {-iWL''aA"}#„(<o). 

The state (27.67) has the Ao-representation 

(27.67) #.(<o)^ {esp {-t<oO*'} ••• ejq) {-t«oO*’}iA«(s)»}, 

while the representation of (27.66) is derived from (27.66), (27.64), (27.62) as 

(27.68) t.«)^{M«)»(0}, 
with 

UUO = i; exp - <o)4 E E (n!nol)‘'*2”- 

(27.69) ■ (5^)®'^®* ’ ■“ ^ 

•ff+(s.i, •••exp {i(<o - 0(Q"*'^“ + 0"‘**)}p(8,.+,, s».+0 

•exp •••exp {U’l.i^-Js),. . 

Here the abbreviation tIq , • • • , 1, • • • , nx, • • • , n# + 1 has been used for the 

superscripts »„., • • • , Sx, • • • , 8„., • • • , «„.+i. 

The funciiona rl/n(8),(t) given by (27.69) are the A(t)-representers of Uie state ^ 
since they are the A(0)-representers of the SchrOdinger state $*(<). 

In order to interpret formula (27.69), we suppose that no particles were 
present in the remote past and describe the amplitude of the probability of 
finding n particles at some time in the future as being composed of amplitudes 
which correspond to the following processes: A certain number, n — rii , of 
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pm-Hdes are spontaneously emitted at the fined Ume, the no origined particle are 
sM present but home been scattered, and the other n^ — no particles were emitted 
spontaneously at the original time and have then undergone a hcdS-scattexvng process. 

This aEfymptotic description of the field scattering suffers from a certain 
incongruity. In deriving formula (27.47) we assumed that the operator <o) 
was to be applied on the interaction state $„(<o) at the time U . If this state 
$w(<o) approached a limit state as t —>» (as it usually does in single particle 
scattering problems) it would be justified to substitute this limit state for the 
state $»(io)< Id the present problem, however, no such limit state erists. 

Nevertheless, in one typical situation, namely, when the disturbance Q is 
absent up to the initial time and is only switched on at this time, the asymptotic 
description (24.47) can be used, provided the particles composing the field in 
the initial state are far removed from the region in which the disturbance is 
noticeable. The arguments that led to the simplified form (24.47) of the tran¬ 
sition amplitudes then remain valid. 

From the fact that the amplitudes of the three different types of particles 
occurring in formula (27.69) have different time-dependent phase factors, 
exp { —i(t — ^)Q}, exp {—1, one can deduce: .dt the final time those particles 
are farthest removed from the disturbance region which were spontaneously emitted 
originally and then half scattered] next come the fully scattered original particles, 
while the unscattered spontaneously emitted particles are not separated from the 
disturbance region. 

Another consequence of the difference of these phase factors is that the 
contributions of the three types of particles to the transition probabilities are 
assnmptotically independent of each other as {—. In other words, the classical 
rule of composition of probabilities holds asymptotically. Althou^ it could 
easily be done, we shall not calculate these assnnptotio transition probabilities. 

28. A Modified Electron-Positron Field 

The general theory developed in the preceding sections is valid for fermion 
as well as boson fields, but has so far been applied only to boson fields. As an 
application to fermion fields we now consider a field of electrons and positrons in 
the sense of Dirac under the influence of external forces which cause a linear 
homogeneous transformation of the annihilation and creation operators. Electro¬ 
magnetic forces produced by an unquantized electromagnetic fidid have this 
property. The modification of the electron-positron field caused by such forces 
includes as a special case the “polarization of the vacuum.” Our theory would 
allow us to determine this modification explicitly if the external forces satisfied 
the severe conditions tmder which the canonical transformation exists. These 
conditions, however, are satisfied only for special external electromagnetic fields, 
for example, for time-independent purely electric fields. Thus it is clear that the 
infinities which have been found in the investigation of the vacuum polarization 
are not just caused by the perturbation approximation but are inherent in the 
problem. 
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Dirac Electron 

To describe the field of electrons and positrons by the process of biquanti¬ 
zation we have first to describe Ihe operators formerly associated with a single 
Dirac dectron. 

Dirac’s theory of the electron was developed in connection with the require¬ 
ments of the principle of relativity. The customary presentations of this theory 
naturally emphasize this connection; it will, however, not be apparent in the 
subsequent treatment. We shall select a definite Lorentz frame and employ a 
complete set of observables which depends on this frame. Moreover, we shall 
con^e ourselves to external forces which do not depend on the time defined 
with reference to the selected frame. In principle, our procedure could be 
carried out also for external forces which do depend on the time (see the remarks 
made at the end of the subsection on “Direct Method” in Section 27); for, in 
this case it should be possible to cast the results into a form which exhibits 
invariance under Lorentz transformation. We shall not attempt to pursue this 
idea in the present exposition. (See a forthcoming paper by B. Zumino.) 

In the following we shall deviate from our custom of denoting operators by 
capital letters and their eigenvalues by corresponding lower case letters. The 
basic single particle operators will be denoted by small letters while their eigen¬ 
values win be indicated by primes. Thus we shall come closer to the customary 
notation. 

An important feature of Dirac’s electron is that the three components Xj , 
X], Xs of the position x do not form a complete set of observables sufficient for 
its description. Additional observables are needed. Among possible additional 
observables one should first mention the three components of the spin § hvi , 
hat . We prefer to work with the spin signatures <ri , vj, va and — as 
before—set = 1. The corr^ponding operators satisfy the relations 

if X = j» 
if X p 

The triple o- = (o-i, o-a, a-a) transforms likea vector when x = (xi, Xa, Xa) undei^oes 
a rotation. There is a second set of observables ,pa, Pa wMch satisfy aimilftr 
relations, but are not affected by a rotation of x. It is stipulated that the observ¬ 
ables <r commute with Pi, Pa, Pa and that all of them commute with x and p. It is 
further stipulated that x together with one of the variables c and one of the 
variables P form a complete set. 

The energy operator proposed by Dirac can be written in the form 

Ho = Pi(.(r]Pi + Vapa + <TaPa) + uPa 

* ft(<rp) + 


(28.1) 

and 

(28.2) 




)2«x, = 2 

to 


Clff2 “ ^^3 f <r2<r3 t(Ti 


(28.3) 



QTJANTUM THEOEY OP EIBIJDS 


241 


in -frhich p = (Pi, P 2 , P»)—^mstead of h —^is the momentum, n the rest mass, 
and /3 a particular one among the observables 0 i , jS* , jS, , say /3 » jSg . The 
observables j8i<ri, PiVa , PiVt are customarily denoted by oci, og , oEg. 

As the representing observables we %lect the position x, the observable jS, 
and—as customary—^the spin signature ff» . Their eigenvalues, the “quantum 
variables”, will be denoted by x', /S', a '—^without subscript. The representer 
of a state 'S? of the electron will be denoted by so that 

(28.4) 

The imit form is 

(28.5) (^, 4^) = E f I fix', a', p') |* dx'. 

The eigenvalues of o-g and /3 are <r' = ± 1, = ±1, and each value is assumed 

once. Hence we may also write 

(28.4) ' {fix', 1, 1), fix', 1, -1), fix', -1, 1), fix', -1, -1)} 

and 

i% ^) = f [| fix', 1, 1) I* + I fix', 1, -1) I* 

(28.5) ' •' 

+ I fix', -1, 1) 1* + I fix', -1,-1) 1*] dx'. 

It is customary to use a subscript running from 1 to 4 instead of the four pairs 
(1, 1), (1, —1), (—1, 1), (—1, —1), but the latter notation seems somewhat 
more suitable for our purposes. Aside from this point our treatment is similar to 
that of Dirac [2]. 

The representation (28.4) can be so chosen that the matrix elements of 
, (ft, ffi, are 

(«r'1 <r. I «r") = |(1 - tVO 

(28.6) ic'\<r,\<r")=ii<r' -,x") 

ic' I or, I v”) = I icr' + a"), 

03'I/3 U'O = |(/5' + /3'0 
03'ift 


(28.7) 
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This description is, 

(28.6) ' <ri •(-» 

(28.7) ' 



of course, 



equivalent to the more customary description 




Since the x-representer of the momentum is —t V., the (x, /3, <r 3 )-representation 
of the state H is 

(28.8) 

S = [-i(/3' I 1 15")(</ I <rV.. I «r'0 + m03' 1 /3 | <r", /3"). 


The potential V of an external force will in general be a function of x and 
of a = jSi <r. The canonical transformation, however^ will not exist for all such 
forces, and we therefore assume a more general t 3 q>e of force with a potential 
whose representer is an integral operator with a sufiGiciently smooth kernel. 
The representer of this kernel will be denoted by The modified energy 

operator is then 


(28.9) <= Ho + V 
and its representer 

(28.9) ' 

Transformation of the Qvantum Variables 

Instead of the position x we may introduce the momentum p by applying 
the Fourier transformation to the representer ^(o:', </, 0'). Thus p,<r»,p form a 
complete commuting system. Instead of vs we may introduce the variable 

(28.10) T = (o-iPi + o-sPa + ffsPs) I P = (op) I P rs 

the component of the spin signature v in the direction of the momentum p. It 
is immediately seen that this observable has also the eigenvalues r' = ±1, each 
assumed once. Thus p, r, /3 form a complete conunuting set. Note that the 
undisturbed energy Ho can be written in the form 

(28.11) . Ho = T \ p \ Pi nP 

and since t* = /Sj = jS® = 1 we see that 

= IpP + mV 

Introducmg the “absolute undisturbed energy” 

(28.12) n=» [ipi» + M*r 
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aad the “agn of the undisturbed energy” 

(28.13) € = HoQr\ 
we may write Ho in the form 

(28.14) Ho = e£2. 

Clearly, the eigenvalues of e are «' = ±1, each being assumed once. The 
imdeinrable feature that the energy may be in a state with a negative energy 
can be eliminated by considering a held composed of electrons and positrons, as 
will be discussed below. 

We may introduce the sign of the energy e as observable instead of p and 
thus represent the state '4' by a function r', eO, 

(28.15) 
such that 

(28.16) = Z f I r', eO f dp'. 

The transformation of the representers <f> into the representers ^ could be 
given explicitly, cf. e.g. [43]; it is of the form 

(28.17) v', ^0 = E f (4»r)-*^* ew {iicy} 

'(P't «•'» P' 1 P'» r', t', O dp' 

with 

x'p' - x'jpI + xipi + xipi , 

but we shall not use this explicit expression. We are satisfied with writing the 
transformation (28.17) in the form 

(28.18) ^{x', o', 0') = E r', *0 

in which the terms (± 1) stand for two transformations which transform 
functions of p', r' into functions of x, or, 0. The variable «is treated differently 
because it w^ play a special role later on. 

Clearly, the transformation (28.18) gives a spectral transformation of the 
undisturbed energy Ho ; for, evidently, 

(28.19) eto’^Mx', c', 0') = Es;::.,(*')«'«W, o 

with «' = [ I p' 1* + A**]*^* 

Let us assume that a spectral transformation of the disturbed operator 
ffmod ^ Ho-\-V can also be constructed. We need not assume that the operator 
E __ can be obtained from Ho by a canonical transformation; we need not even 
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assume that the spectrum of £f„«i is of the same type as that of . We do 
assume, however, that variables p = (pi, P2, Pa), t, e of the same type as p, t, e 
exist such that is of the form 

(28.20) = eX 

in which T is a non-negative operator commuting with «. Actually, this assump¬ 
tion is not a restriction; moreover, the variables p, t drop out from our final 
formulas. The assumption was made only to enable us to apply the procedure 
developed in the preceding sections without modification. 

The eigenvalues of the observables p, t, « will be denoted by p', /, «' or 
p", t", «" without ehowing the “roof” explicitly. This simplification cannot 
cause confusion since the eigenvalues of the roofed and unroofed observables 
run over ^e same spectrum. 

The (p, T, e)-representers of the state will be denoted by 0(p', /, e') and 
the transformation of these representers into o-g, (8) will be denoted by 

(28.21) ^(x', vS , iSO = E t', *0. 

This transformation need not diagonalize the modified energy H, -f 7; it is suffi¬ 
cient that the relation 


(28.22) (if/-' -f- r*'-->),A(®, Vg, ^) = E r', eO 

holds. ‘ 

The inverse transformation of («') will be denoted by 


iiS:J-V)i2:t..,(«") = 8(6' - 6") = Ki + «vo. 


so that 
(28.23) 

In the following we actu^y need only the transformation of the (p, r, i)- 
representers into the (i, t, 6)-representers. This transformation will be de¬ 
scribed as 


(28.24) 


$(p', t', 6') = E Cr(e', 6")«(P', /, 6"). 


The operators I7"'(d:l, ±1) act rOUi functions of p', / and produce functions of 
the same variables. Evidently, these operators are given by 

(28.25) cr(«^ «'0 ='KS:;‘’'’(*0fi:::..?(«''). 

By 6") we denote the conaplpx conjugate of the operator Cr(6', e"), 

(28.26) XTiit', 6") = Cr(6', 6")^ 

Since the adjoint of an operntpr jb.. the conjugate of its Herinitian adjoint.'we 
find ' ' ■' .■ ■ . 

' r-n r-,, . 


(28.25)' 


'cr(6', e'^i i : 



and 

( 28 . 26 )' 

The identities 
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'Cr(«', e") = «"). 

2 6") = 5(e' - «") 

(28.27) 

E C^’(e', e'")'Cr(€", «'") = 6(6' - 6"). 

can also be verified. 

Electron-Positron Field 

The process of biquantization could be performed by introdudng a field 
whose states can be represented in the form 

^ *-* r, e)„}, 

by functions 0n(p, r, e), of the n triples pi, ti , ei, • • ■ , p„, r,, e,. Here we 
omit the primes since the variables carry subscripts. 

The value of is the amplitude of the probability that there are n particles 
with the momenta, spin components, and energy signs pi , ri , 6,, • • • , p« , t, , 6, 
respectively. Instead of , one could introduce representers i^,(», vs , /3), 
obtained from (p, r, e). by applying the transformation on as 

fimctions of each of the triples Pi, n , 6i, • • • , p», t, , e,. The corresponding 
annihilation operators would then be transform^ in the same way. Denoting 
the annihilation operators associated with the (p, r, 6)-representation by 
An(p', r', e') and those associated with the (», a*, |3)-representation by 
Anix', <r', jS'), we would have 

(28.28) ^:i(»',(r',^') - i:ii::::..,(6')x:x(p', r',6'). 

The change of these operators in time would then be the same as that of the 
particle representers, 

(28.29) A7,(p', t', 6', 0 = exp {-iVw'}JL7j(p',V, eO 

with «' = [| p' 1“ + M*]*''* and 

(28.30) AUx', a', /J', t) = 23 exp {-iW}47i(p', /, /). 

The latter quantiiy evidently satisfies the differential equation 

(28.31) iV,A7i(x', <r', /3', t) = Hr‘'^A7x(x', <r', 

Formulas for creation operators would be obtained by taking the complete con¬ 
jugates of these relations. 

Actually, one performs the process of biquantization m a different way. One 
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describes the field as consisting of electrons and positrons, both with the positive 
energy « = [| p 1® + and represents the states of the field in the form 

(28.32) 4 {x»(p, r, *)„} 

in terms of functions Xn of pi, n, si, • • • , p., r., e. whose significance, however, 
differs from that of the functions . The function xi(Pi, ti , 1) is the amplitude 
of the probability that there is one electron with momentum pi and spin com¬ 
ponent Ti, while xi(Pi) vi, —1) is the probability amplitude for the presence 
of one positron with momentum — p, and spin component — ti . Similarly, 
X«(p, T, e)n is the probability of the presence of «+ electrons and n- positrons 
wiih momenta ±pi, • • •, ±p«, and spin components dzri, • • •, ±t« , if n+ of the 
variables «!,•••,«„ have the value -fl while n_ of these variables have the 
value —1. Of course, the functions Xn(Pj r, «)„ should be anUsymmetric in 
(Pi', n , €,), • • • , (p,, , O • 

Annihilation and creation operators of electrons will be denoted by 
A-'Cp', t', 1), those of positrons by t', —1). Note that the time variation 
of the dectron operators is as before 

(28.33) t A''(p', T% 1, 0 = exp {=Fii»'}A’(p', /, 1); 

the time variation of the positron annihilation and creation operators 

(28.33) . A^(p', t', -!,«) = exp {=Fffc)'}ri’(p', t', -1), 

however, agrees with the time variation of the creation and annihilation operators 
A.i of electrons with negative energy. For this reason, the positron creation 
operator A.*(p', r', —1) is substituted for the annihilation operator A,7(p', r', —1) 
in the right members of formulas (28.28, .30), while A"(p', /, 1) is substituted 
for A,7(p', r', 1). The resulting expressions are then no longer pure a nn ihil a tion 
operators. Customarily, the letter is used to denote these expressions but, 
since we have used this letter to denote particle representers we shall use the 
letter H, or rather H“, for this purpose. Accordin^y, we introduce the “field 
quantities” 

(28.34) - 2-(®', (t', /30 = E RI\:MA-'(p', /, e') 

and 

(28.35) - S-(®', <r', /S', <) = E RV.l.A^') exp {-ifeV}A-'(p', r', e'). 

Here we have used the notation A“ = A"^, A* = A"^' which we find convenient. 

The quantity S" evidently satisfies the same differential equation as A.7, see 
(28.30), namely 


(28.36)- 


iV,S-(x', a', j8', t) = <r', /S', t). 
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The adjoint S* of the operator S" is gjven by 
(28.34)* Z\x', t', |80 = r', 6'); 

its time continuation is governed by the complex conjugate of the differential 
equation (28.36)“. 


A Modified Electron-Positron Field 

The process of biquantization can also be carried out with respect to the 
modified energy operator — Ho + V. A field of modified electrons and 
positrons can be introduced accordingly. The associated annihilation and 
creation operators will be denoted by r', c'). Field quantities S“, H* 

can be introduced by the relation 

(28.37)- S-(x', <r', /30 = r', *') 

4* 

and its adjoint. The time variation of this operator is then given by formulas 
similar to (28.33); they satisfy the differential equation 

(2858)- iV,S-(.x', <r', /}', «) = HZT^S-(x', y, 0', t). 

Undisturbed annihilation and creation operators A" may now again be 
introduced by the formula 

(28.39) - 8-(x', y, 0', 0 = E y, i) 

and its conjugate; but the time variation of A" is no longer given by (28.33). 

The idenMficoMon of the field quantity ST expressed in terms of the modified 
and unmodified annihilation and creation operators B" and A" as given by 
formulas (28.37) and (28.39) funxishes the relationship between the two types 
of biquantization, that in terms of modified electrons and positrons and that in 
terms of unmodified ones. 

Linear Transformation of Operators A into Operators B 

We can eliminate the quantity S“ by applsdng the inverse of the trans¬ 
formation on both sides of relations (28.37)“ and (28.39)“. In view of 
formula (28.25) we obtain the relation 

(28.40) - B-'(p', y, y) = E cr(e', «'0 A-''(p', /, e"). 

We recall that each operator 17“ (e', e") transforms functions of p', / into 
functions of the same variables. Taking the adjoint of relation (28.40)“ we 
obtain 


(28.40)* 


r', 6') - E «")A‘''(p', t', e"). 
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Both relations can be combined into 

r', e') = E . (p', t', 6") 

•'* 

or into 

B’(P', r\ <0 = Z i (1 ± r', *") 

(28.41) 

+ E i d =F t ', *")• 


The latter relation is o linear homogeneous transformoMon of annikiloHon and 
ereoMon operators of the form <B — ycl treated in Section 23. 

The coefficients T** of the pseudo-operator ^ are operators acting on 
functions of p', r', We describe them by their matrix elements F*- (e', «") 
vrith respect to the variable c. These matrix elements are then operators acting 
on functions of p', t\ We find 

(*' I F_. 1 6") = K1 + 6"), 

(28.42) 

(^^ I h'O = K1 + «'*'0crV,«"), 

(«'I r-. IO = Ki - «vocr‘V, o, 

(28.43) 

I y+- 1 6") = K1 - e'e'')U%', e"). 

It is immediately seen that the matrix ^ so given is pseudo-Hermitian. In 
order to vertiy that it satisfies the relations = 1 and «= 1 we determine 
the pseudo-operator from (24.9) and (28.26), (28.26)'. 

W I 'F** I *'0 = K1 + €'«")'17*''(6", «0. 

(28.42) *^ 

W I 'F_. I e") = K1 + «'e")'Cr*''(*", «0, 

(e' I 'F_* I e") = K1 - *'€")'17-''(*", *0, 

(28.43) ' 

(*' I 16'0 * i(i - *'«' 0 ' 17 *’'(*", «'). 

Using relation (28.27) we then verify 

E [(*' 1 'F.* 1 *"')(*'" I F.. I 6") + («' I 'F_h. I *'")(e'" I F*. I e'Ol 

= «(«' - e'O, 

E [(«' I 'F** I «'")(6'" I F_* 16") -4- (*' I 'F-.K I «"0(«'" I I e'Ol «= 0 
and the other rdations that constitute the relations ■■ 1. 
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As a consequence of these facts, the theory developed in the preceding 
sections is applicable. 

Modified Vacuum State 

Among the various quantities which can be calculated from the elements of 
the matrices ^ and '*21 we select the operator G which is needed to describe the 
modified vacuum state 

= V esp [—• 

Since, as seen from (28.42), the matrix elements of the operator F._ can be 
written in the form 

(28.44) (e' 1 F- I e") = a(«' - 6")Cr‘'(e', «'), 
the matrix elements of its inverse are 

(28.45) (<' 1 YZl I «") = 5(*' - «'0[ir''(e', /)]-\ 

Since the matrix elements of F.^. can be written as 

(«' 1 F-., I *") = Sit' + t")V-\t', -e'), 
see (28.43), those of the operator 0 = Yll F_+ are 

(28.46) (6' I I «") = «(«''+ «")[Cr*'(«', eO]'‘Cr‘’(«', ^e'). 

It is to be noted that this operator does not depend on the choice of the 
artificial variables p, t; for, the operators W'it', t") transform (p, T)-represen- 
ters into (p, r)-representers and hence the inverse [U~*'ie', e')]"^ transforms 
(p, r)-representers into (p, r)-representers. The arguments of the kernel 

of the operator G are therefore the original variables associated with the un¬ 
disturbed field. The antisymmetry of this function is guaranteed by the general 
theory. 

Note that the kemd 0 vanished unless t' » — e". In other words, the 
modified vacuum state consists qf pairs of dectrons and positrons. For mrample, 
the amplitude of the probabilily ihat there is exactly one such pair of which the 
first is an electron with momentum pi and spin component ti , and the second 
a positron with momentum — pa and spin component —ra is 

y/2 ijO>x > Vi , 1 I G I Pa , t, , —1). 

Vacuum Transition Probability 

The probability that the field will be found to be in the unmodified vacuum 
state if it is known to be in the modified vacuum state—or vice versa—is, by 
(24.26), (24.45), 

fV (N, 0 i Af, 0) <* h I* = exp {§ 2V log'F++F_-}. 
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The trace occurring here is easily calculated. From (28.43), (28.42)' we deter¬ 
mine the e-matrix element of the operator 'F++F— as 


(€' 1 1 e'O = i E (1 + «V")(1 + eOCT*”'(*'", e'O 


or, ance 1 -h e'e" = S(e' — e")> 

(28.47) (e' 1 'F*^F__ 1 e'O = 8(6' - e")'C7‘'(e', e')Cr‘'(eO O- 

From this expression one derives 

(e' I log 'F.,^F__ 1 e'O = 8(e' - e") log *')ir‘'(e', e') 


whence 


(28.48) 


Tr log 'F^,F__ = E rr log 'U''W, eOir‘'(e', e') 

= 2V log '17^(1, l)cr(l, 1) 4- 3V log 'J7"(-l, -1)17*(-1, -1). 

Consequraitly, 

PiN, 0 1 M, 0) = exp {I 2V log 'C7*(l, 1)17-(1, 1) 

(28.49) 

-I- i ?V log 'Cr(-1, -1)}. 


Thus fhe vacuum transition probability is ccUculaied explicitly i n asmuch as the 
transformations 17*, '17* are supposed to be known. 

Note that in the left member of (28.48) one diould take the trace of an 
operator acting on a function of p', t', e' while in the two right membeis the 
traces refer to p', r' only. 

It should also be noted that^the probability (28.49) is independent of the 
choice of the artificial variables p, t. For, the operators C7*(e', e'O transform 
(p, T)-representers into (p, T)-representers, while the operators 'I7*(e', e") 
transform (p, T)-representers into (p, r)-repreBenters. It follows that the 
operators '17* I/” transform (p, T)-represei^rs into (p, T)-representers and are 
independent of the choice of the variables p, r. 

It is posable to give the expression (28.49) for the vacuum tranation 
probability a very concise form which involves only the signs ■« and < of the 
modified and unmodified energy. 

Clearly, as seen from (28.24), (28.27)', the e-matrix of the operator e is 


(e' I e 1 e'O = Z eO«'"Cr(e'", e'O- 

The e-matrix of the operator i(e ~ «)* is therefore 

(e' I i(e - e)» | e") = iZ 't7*(e"0 0(«'" “ eO(e'" - e")Cr(e'", e'O 

s'" 

= 6(e' + e'0'C7*(-e', eOCr(-e', eO 
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and consequently its trace is 

(28.50) i 2V (e - €)* = 3V '€*{-1, l)Cr(-l, 1) + Tr'U*(X, -1)C/“(1, -1). 
Similarly, we find 

(*' I 1 - i(€ - *)* 1 e'O = 5(e' + e") 'U(.e'. e'), 

(e' I log [1 - i(* «)*] I «") = 8(«' + «") log «')Cr(e', e') 

and consequently 

2Vlog[l-i(:-«)*] 

(28.51) 

= TVlog'CTd, l)Cr(l, 1 ) + 3Vlog 'U\-l, -l)Cr(-l, -1). 


Thus we see that the vacuum transition frdbdbility (28.49) can he mitten in the 
form 

(28.52) P(N, 0 I ilf, 0) = exp {i IV log [1 - i(e - «)*]}• 


The fact that this expression is independent of the quantum variables 
chosen will prove useful. 

If the disturbance is small so that the transformation ^ differs little from 
the identity one may approxinoate expression (28.62) by the expression 


(28.63) PiN, 0 I JIf, 0) ~ 1 - i TV (6 - 6)*. 

In fact, the condition that the trace occurring in (28.52) be finite is equivalent 
with the condition that the trace Tr (e — «)* occurring in (28.53) be ^ite (cf. 
the discussion in connection with (25.47), (25.49)). 

The right member of (28.53) can be evaluated by (28.50). Employing the 
kernels U’ip', /, «' | p", r ",«") and /, e' | p", e") of U'W, e") and 

O we find, using (28.26)', 

PiN, 0 1 Jf, 0) ~ 1 - J r ff {I U-(p', r', 1 I p", r", 1) 1* 

(28.63) x 

+ I U'(P', r',-l\ p", r", -1) I*} dp' dp" . 


Perturbation Approximation 

We have supposed the transformations U'‘i^, e") associated with a tingle 
electron to be known. Insofar as this supposition is correct we may say that all 
relevant quantities such as the number | ri | and the operator 0 can be determined 
without using an approximation procedure. In most actual cases, however, 
the determination of the operators I7'‘(e', e") themselves requires the use of an 
approxunation procedure. Under favorable conditions one may employ a pertur¬ 
bation procedure. In typical cases it will mostly be required that the spectrum of 
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the modified energy HmA is the same as that of the unmodified energy Ho and 
tliat, moreover, the artificial variables p, r, ^can be so chosen that the modified 
absolute energy a is the same function of p, r as the unmodified absolute energy 
is of p, T, i.e., 

(28.64) a = a(p, r) = (1 p 1* + 


Let (p'j t', e' I F I p", r", «") be the kernel of the disturbing energy and 
Cr(p', t', ^ 1 p", t", e") the kernel of the operator U~(e', e"). Because of 
(28.54) the latter transformation gives the spectral representation of the operator 
ffmod = Ho + V and consequently the relation 


«vcr(p', t', e' I p", t", «") = cr(p', /, | p", r", e"yw 


(28.55) 


+ / E cr(p', 


P'". 




• (p'", t'", 6"' I F 1 p', t', e') dp'" 

holds. Since 

(28.66) ITip', r', e' 1 p", r", t") = 5(p' - p", r' - r", e' - «") 
in first approximatioa, equation (28.52) becomes in first approximation 
eV£r(p', t', €' I p", r", %") 

(28.57) 

= ir(p', r', e' I p", r", + (p', r', «' | F | p", r", «"). 

A solution of this equation is 

C^(p', t', / I p", r", *") = 5(p' - p", t' - t", «' - e'O 

(28.68) 

+ [(eV - e'V0"‘ + iv «(«V “ «'V')](p', r', e' 1 F [ p", r", e") 
For €" = — in particular, 


(28.69) 


Cr{p', r', I p", t", -o 


= *'(«' + «")-‘(p', r', e' I F I p", r", -«'). 


Instead of the factor hr the factor —iv could just as weU have been chosen on the 
ri^t hand side of (28.58). In either case the operator U is unitary in first ap¬ 
proximation, cf. [2] and [44]. However, the sign of this factor is irrelevant in the 
present context since it does not contribute to the right member of (28.59). 

The expression Tr (e — c)^ which occurs in the approximate expression 
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(28.53) for the vacuum transition probability can now, by (28.54), be approxi¬ 
mately expressed as 


l-Pr(N,0\M,0)r^i ff {jp', rM I 7 I p", r", -1) I* 

(28.60) 

+ I (P', r', -1 1 7 I p", r", 1) !’}(«' + «")"* dp' dp". 

This formula was found by H. E. Moses [51] who applied a perturbation pro¬ 
cedure directly to the field equations. In the following we present a sli^t 
modification of his arguments. 

It is possible to write expression (28.60) in a form which does not depend 
on the choice of r, < or o-s , /3 as quantum variables. To this end we introduce 
the operator 

(28.61) W = i(l + e)7(l - «) + i(l - e)7(l + «) *= ^7 - §«7e. 

Its (p, T, 6)-kemel is 

(28.62) (p', t', t'\W\ p", t", e'O = «(*' + e'0(p'. r', | ^ I P", r", *'0, 

and hence we have 


1 - iV (i\r, 0 1 ilf, 0) 


(28.63) 


k ff E E \(p',r',e\W\ p", r", «") r («' + «")■* dp' dp". 

i JJ t’.T" 


Next we assign to every operator A acting on states 9 of single particles its 
“p-kemel”; i.e. the operator (p' | A | p") which acts on “spin states” represented 
by functions of e» , or r, < and whose (p, r, «)- and (p, a*, j8)-representer8 are 
(p', t', e' I a I p", t" , e") and (p', trj, I A] p", <ri', 0") respectively. The operas 
tor with the kernel (p", r", «" j A | p', t , e') will be denoted by (p' | A* | p”). 

Observing that the (p, r, «)-representer of the operator (p” 117* | p')* 
(p' 1 F 1 p") is S E (P', t”', I F I p", r', OCp', t'", 1 F 1 p”, r", t") 

r'" €*** 

we see that we may write 

E E I (P', 1-', «' I ^ I P", r”, *") 1* =. Tr {p" I F* 1 pO(p' I F I p'O 


and hence formula (28.63) becomes 
1 - P(N, 0 1 AT, 0) 


'^ 2/1 ^ (P" I TT* I P')(P' I I P")(«' + «")■’ dp' dp”. 


(28.64) 
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The trace occurring here refers to the variables r, c; but, being independent of 
the chdce of the variables, it could just as well be evaluated by employing the 
variables ai ,P. 

This evaluation will be facilitated by using the operators (p' | < I P'O • E^om 
the definition (28.13) of c and Q, and the definition (28.3) of Ho we see that the 
operator (p' |«| p") can be written in the form 

(28.66) O’' I « I P'O = — p")«0>') 

where c(pO is an operator acting on spin states and depending on p'; specifically 

(28.66) 6(p0 = k]-‘[/3,(ap0 + m/J]. 

Using this operator we may derive from (28.61) the expresrion 

(28.67) 2(p'\W\ p") = (p' I U I p'O - «(p')(p' I V I p")«(p"). 

Since [«(p')]* = 1, we have 

4(p" I W* 1 pO(p' I W I p") = (p" 1 V* I pO(p' 1 U I p'O 

- 6(p")(p" I V* 1 pO€(pO(p' i y IP") - (p" I Y* I p')«(pO(p' I V I P")e(p'0 
+ €(p")(p" I y* I p')(p' I y 1 p")e(p") 

whence, since Tr = Tr BA, the formula 
2Tr(p"\W*\ pO(p' 1 W I p") 

(28.68) 

= Tr (p" I V* I pO(p' I 7 1 p'O - Tr e(p")(p" I Y* | pO«(p')(p' I Y i p") 
results; it may be used in (28.64). 

Expression (28.68) can be greatly simplified in the important case in 
which the operator V is constant as regards spin states so that s= y® acts 

on functions ^(p, , 0) only insofar as they depend on p. In this case the 

operator c(pO commutes with the operator (p' | 7 1 p") and hence we have 

2Tr(p"\W*\ p')(p' 1 TT I p" 

(28.69. 

= [2V 1 - Z> *(p'06(p')](p" I 7* I pO(p' I 7 I p'O- 
The trace of the identity as regards spin states is evidently 
(28.70) 2V 1 = 4. 

The trace of «(p")«(p') is eaaly evaluated from (28.66) combined with the 
commutation relations (28.1), 

2Ve(p'0«(p') = 4(«V')’*[p'y + 11% 


(28.71) 
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Hence 


i 2V [1 - €(p'0«(p')] = 1 - (o)V0“(p'p" + m“) 


= («'«'0"'[«V' - p'p" - A*] 

and formula (28.64) becomes 
1 - P(JV, 0 I Af, 0) 

(28.72) 

= JJ I (p' I ^ I p") r [«'«" - p'p" - A*](«V0"\«' + «")"* dp' dp". 

Of particular interest is the special case where the disturbing energy Y is an 
external potential which is a function of the position x. Then the p-kemel of V 
is a function of p' — p", 

(p' 1 F I p'O “ V(p" - pO. 

Moses observed [49] that in this case the ri^t member of formula (28.72) is 
finite provided the function V(p) dies out sufiBLciently strongly as | p | —»•«». In 
fact, it is sufficient that | FCp) | be bounded and iutegrable. To see tW we may 
introduce p = p" —| p' and p' as new vsiriables and set 

(28.73) K(p') = («0‘ / [ F(?) r [«'«" - P'P" - A*](«V0"‘(«' + «'0‘* dp, 
so that 

(28.74) 1 - P(N, 0 I JIf, 0) = J XCpOC"')’* dp'. 

For large values of 1 p' ] we have 

- P'P" - A* ~ f I p' r* [i p' n p I* - (P'P)’]. 

Here the right member remains bounded and the same is, of course, true of 
(«')*(“")”’(«' + «")“’• Consequently, X(p') is bounded for large values of 
I p' I and hence the integral in (28.74) is finite. 

This integral gives only the contribution of second order to the probability 
P(N, 0 I AT, 0). A closer analysis would show that the complete probability 
itself is also finite provided the disturbance Y is snuM enough. In this case then 
the canoniccd transformation T exists. It is true that the expectation values of 
certain observables—such as the charge density at any point—are infimt e in the 
vacuum state. One must expect such occurrences whenever the operators which 
coirei^ond to the observables are unbounded. Of course, such occurrences alone 
do not invalidate the theory. 

The situation is quite dififerent if the disturbance Y is not constant as 
regards spin states, for example in case 

Y = (aA) = ft(vA) 
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where A = {Ai, Aa , ^ 3 } is the vector poteatial of an external electromagnetic 
fidd. In this case relation (28.68) leads to 

iTr(p" \W* \ p')(p' I W 1 p'O = + p'p" + 

provided A is divergence-free, pA = 0, which we may assume. The arguments 
that led to the boundedness of the expression K{p') now break down and, con¬ 
sequently, the right member of formula (28.64) is infinite. It would seem that 
one should assume the field to be myiiotic in this case and it may perhaps be that 
one could then rederive in a mathematically satisfactory way some of the finite 
results that have been obtained by using—^in intermediate steps—certain terms 
which are actually infinite. 
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APPENDIX 


Lorentz Invariant Treatment of Boson Fields 

The treatment of fields subject to homogeneous forces, developed in Part V, 
was essentially not invariant under Lorentz transformation. Nevertheless, the 
method developed there can be adapted to a Lorentz invariant treatment. This 
is done by B. Zumino (in a forthcoming paper). We shall give an account of 
some of his results for the case of a boson field. 

29. Vnquantized Field 

It is first necessary to consider i^iquantized fields described by a field 
quantity f which depends on the point in space a; = {xi , Z 2 j Xz] and the time 

3 

Xo = t Introducing the space-time point 

X = {XO yX]j 

we consider f as a function g = {(a?). We require that this function satisfy the 

4 

differential equation 

(29.1) 0** - □){ + = 0, 

the “modified wave equation,” in which 

(29.2) □ = V* - V? 

is the D’Alembertian operator and is an operator acting on functions ^(x). 

4 

We assume that Q® can be described with the aid of a symmetric real kernel 
(re 1 Q I a;'), i.e. we assume 

4 4 

(29.3) Q*€(a:) = f (* I Q I *')£(*') da:', 

4 4 4 4 4 

where dx = dxo • ” dxt and the integration extends over the whole four-di- 

4 

mensional space. Below we shall come back to the question which tsrpes of 
functions may he admitted for this kernel. 

Our problem concerning the wave equation (29.1) consists in establishing 
a solution i(x) which as i —» — «> approaches a given undisturbed wave, i.e. 

4 

a solution with Q = 0, and in determining the undisturbed wave which it ap¬ 
proaches as ^ > «>. 


267 
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Momentum Representation 

We shall discuss this problem in the momentum- rather than in the rc-repre- 
sentation which is employed by Zumino. Although the use of the a;-representa- 
tion, which is somewhat preferred in the current literature on field quantum 
theory, offers various formal advantages, we prefer the treatment in the momen¬ 
tum representation because the problem can then be subsumed directly under 
the theory developed in Part V. 

We introduce the four-dimensional energy-momentum, or simply mo¬ 
mentum, 

h == {/co, fc}, ft = {fti , ft2) fta}? 

4 8 8 

and connect the function ^(x) with a Foiuier transform, which we simply denote 

4 

by We find it convenient to define the (fouiMiiinensional) Fourier trans- 

4 

form by the formulas 

(29.4) |(a;) = f exp {—i x k}^(k) dk, 

4 J 4 4 4 4 

(29.4) ' ^(k) = 6f‘i f exp {ia!A}f(a5) dx, 

in which ff = (2ir) cf. (12.26), and 

(29.6) xk = Xoko — xk, xk = xjci + xjt 2 + xjct . 

4 4 3 8 3 3 

As Fourier transform of the kernel (* | Q | a:') we introduce the kernel 

4 4 

. (29.6) (A: 1 Q I A') = e® ff exp {ix k + i x'k'}(x I Q jx') dxdx' 

4 4 •'J 44 444 444 

which is ssrrmnetric, 

(29.7) • (ft' 1 <3 I fc) = (* 1 Q I ft'), 

4 4 4 4 

just as (a: 1 Q I x') is. This symmetry is achieved by making the exponent in 

4 4 

(29.6) symmetric. The transform of the operator Q* is then the operator Q* 
associated with the kernel (ft | Q | ft'): 

4 4 

(29.8) = f (ft 1 Q I - &0f(ft') dk'; 

4 J i 4 4 4 

the fimction Q*5(fc) is then exactly the Fourier transform of the function 

4 

Q”f(a:). In the following we omit the superscript ft and write Q instead of Q*. 
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The Fourier transform |(ft) of a real-valued function |(a:) is evidently 

4 . 4 

characterized by the condition 

(29.9) m = -K-fc); 

4 4 

the Fourier transform of an operator Q "with a real kernel (a: 1 Q | x') is character- 

4 4 

ized by the condition 

(29.10) (A I Q I k') = (-& I Q I -fc'). 

4 4 4 4 

The Fourier transform of the differential equation (29.1) reduces to the 
equation 

(29.11) Oj? - W) + QKft) = 0 

4 4 4 

with 

^kl-k^ k’^ = kl + kl +kl . 

4 3 3 

The solutions ^(k) will be improper functions of a certain type. In order 
to describe them we introduce the improper function 

(29.12) f(fc) = 2iri[5(&o — w) — S(ko + «)](2co)“‘ 

4 

with « = (/ -1- ky'\ 

3 

It is known that this function is invariant under Lorentz transformation 
provided the sign of ko is not changed; this fact is exhibited by writing the 
function in the form 

(29.13) ^Oo) = 27rtsgnii;o 5(A^ — /**)• 

4 4 

With the aid of ^(x) we form the two functions 

4 

(29.14) r(.k) = (A* - nT' ± TO- 

4 4 4 

We denote by Z and Z* the operators which multiply a function 0(A) by 
f (A) and f“(A), respectively. Thus * 

4 4 

(29.15) Z0(A) = tik)4>(k), 

4 4 4 

(29.16) Z*0(A) = f‘(A)0(A). 

4.44 

As seen from (29.15), (29.16) the relation 

(29.17) Z'" - Z" = Z 
holds. 
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The a;-kernels of the operators Z and Z* are respectively the functions 
- A(x - X'), A^^ix - x'), A^^\x - x') 

4 4 4 4 4 4 

in the notation of Schwinger, cf. [65]. 

We note that a function of the form {(fc) = Za(k) satisfies the homogeneous 

4 4 

equation 

(29.18) (m“ - W) = - Ji‘)Za(k) = 0, 

4 4 4 4 

while a function of any form |(fc) = Z^gik) satisfies the non-homogeneous 

4 4 

equation 

(29.19) (m“ - k’^^Oc) = (m“ - k^)Z‘g(k) = -gik). 

4 4 4 4 4 

The values of the function a(k) on the hyperboloid fc* = /x* will be referred 

4 4 

to as the ‘‘restricted” values of a(Jc), Evidently the values of Za(k) depend 

4 4 

only on these restricted values of a(k). 

4 

The Fourier transform (29.4) of the function Zo(fc) can be written in the 

4 

• form 

(29.20) {(®) = /* a(k) exp {—ixk} sgn ka S(fc“ — m*) dk, 

4 J 4, 4 4 4 4 

or, as seen from (29.12), in the form 

(29.21) ^(x) = I [a{o}j k) exp {—ixk — iU)} 

4 J Z 3 3 

— a(— 0 ), —ft) exp {itxa — ixk]] dk(2cioT\ 

3 3 3 3 

after having substituted —ft for ft in the second contribution to the last formula. 

3 8 

Clearly, this function f(a;) is a solution of the undisturbed wave equation 

4 

(n* — □){(*) = 0 hence represents the wave quantity of a free field. It 

4 

is evident from (29.21) that this quantity f(a:) depends only on the restricted 

4 

values of the amplitudes a{k). 

4 

The Fourier transform of the function Z~g(k) approaches zero as t —»■—<», 

4 

while that of Z*g(k) approaches zero as t , provided the function is sufificiently 

4 

regular; for related statements see e.g. [45]. It is because of this property that 
we work with the operators Z* and not with other related operators. 
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EquaMons for Wa/oe Arn/pUtudes 

In view of the preceding remarka, it is natural to assume that the solution 
iOc) of equation (29.11) is of the form 

4 

(29.22) {(A) = 7,a(Jt) + Z-g{k), 

4 4 4 

and to interpret the function a(Jc) as the amplitude of the “incoming” free field, 
cf. (29.20) Similarly, one may assume f (a:) to be of the form 

4 

(29.23) f(*) = Z6(ifc) + 

4 4 4 

and interpret h{k) as the amplitude of the “outgoing^' free field. From rela- 

4 

tions (29.18), (29.19) it foUows that equation (29.11) is equivalent with the 
relation 

(29.24) gQi) = Q^- 

* 4 

Observe that the functions g(J^ occurring in (29.22) and (29.23) are identical. 

4 

Insertion of the expression (29.22) into (29.24) 3 delds the equation 

(29.26) g{k) = QZa{k) + QZ-gQi) 

4 4 4 

for the function g(}t) which should be solved for an arbitrarily prescribed 
incoming amplitude a{k). Successive insertion of the right member of (29.25) 
into itself gives a formal series expansion for the solution g{k). This formal 

4 

series indicates that the fimction g(]c) may be assumed to be of the form 

4 

(29.26) g{k) = WZa{k) 

4 4 

in which the operator TF is to be so determined that 

(29.27) W = Q + QZ-W. 

In fact, if W satisfies this equation, the function g{k) defined by (29.26) satisfies 

4 

equation (29.25) and the function {(/k) defined by (29.22) satisfies condition 

(29.24) . 

We assume that there is a class (Q) of operators Q for which equation 

(29.27) possesses a solution W also of the class (Q); furthermore we assume that 
there is a class (<t>) of functions 4>(k) on which the operators WZ, WZ"^ may be 

4 

applied and which produce functions of the same class. Apparently, the theory 
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of the wave equation (29.1) has not yet been developed by establishing such 
classes of functions. It would seem probable that this could be done. In the 
following we shall assume that equation (29.27) and certain similar equations 
occurring below possess appropriate solutions. 

Suppose that a solution g(k) of equation (29.27) has been found. Then we 

4 

introduce the function 

(29.28) h(Jc) = a{k) — g{k) 

4 4 4 

and verify from relation (29.17) that for the function f(fc) which satisfies con- 

4 

dition (29.22), relation (29.23) holds with this function b(k). Using (29.26) 

4 

we can express the function b{k) in the form 

4 

(29.29) b{k) = (1 - WZ)a(]e) 

4 4 

in terms of the function o(fc). The operator 1 — WZ thus transforms the ampli- 

4 

tudes of the incoming free field into the amplitudes of the outgoing free field. 
Properly speaking, the amplitudes of the incoming and outgoing free fields are 
given by the values of a(k) and b(k) for fc® = jn®. Since only these values of 

4 4 4 

a(k) enter the term TFZa(fc), the restricted values of b(k) depend only on the 

4 4 4 

.restricted values of a(k). The transformation of these restricted values of 

4 

a(k) into those of b(k}, given by the operator 1 — WZ, is, iher^ore, the scattering 

4 4 

operaior associated with the — unquantieed—wave ‘problem considered. On occasion 
we shall use the tenn scattering operator for the unrestricted operator 1 — WZ. 

Inverse Operators 

We proceed to establish important properties of the operator W. First 
we introduce the solution PT”’ of the equation 

(29.30) W'” = Q + 

which we assume to exist, just as we have assumed the solution W of equation 
(29.27) to exist. Multiplsring equation (29.30) by 1 + W^^^Z* on the left we 
find 

W”’(l + Z-'F) = (1 -h F‘”Z*)(2(1 + Z*W) = (l-b F''’Z*)F 
or 

(29.31) = W. 

In other words, in addition to (29.27), the operator W satisfies the equation 

(29.32) F = Q -f WZ*Q. 
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At the same time it follows that the solution of equation (29.32) is unique; 
similarly, one deduces the uniqueness of the solution of (29.27). 

Also we introduce the operator V as the solution of the equation 

(29.33) V = Q + QZ'V 

and establish in a similar way that it also satisfies the equation 

(29.34) F = Q + VZ-Q. 

We assume that solutions of these equations exist; we th«a know that they are 
unique. 

Multiplying equation (29.32) by 1 + Z~V on the right and equation (29.33) 
by 1 + WZ* on the left we find 

W(1 + Z"7) = (1 + FZ*)Q(1 + Z"F) = (1 + WZ*)V 

or, by (29.17) 

(29.35) W - V+ WZV = 0. 

Similarly, we derive from (29.27), (29.34) and (29.17) the relation 

(29.36) W - V + VZW = 0. 

Belations (29.35) and (29.36) lead to the relations 

(29.37) (1 - FZ)(1 + FZ) = 1, 

(29.38) (1 + FZ)(1 - FZ) = 1, 

which express the fact that the operator 1 + FZ is the inverse of the scattering 
operator 1 — WZ. Clearly, the operator 1 + FZ transforms the outgoing 
amplitudes b(k) into the incoming amplitudes o(A!). 

* * . '■ 


Inner Products 

In order to formulate another important properiy of the operators W and 
F we introduce the inner product 

(29.39) ^ f 4'{-k)4>(k) dk 

for functions ^ and 4/ of the class (<^). We do not require thou^, that the 
integral be defined for all functions in this class. 

Let 0 be any operator acting on functions of A; then the operator 6 will 

4 

be called the transpose of 0 if the rdation 

(29.40) 04 /'4> — 4>’04> 
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holds whenever these inner products are defined. Evidently the kernel of 
6 is then the transpose of that of 0, 

(29.40) ' (A I 0 1 fc') = (fc' 1 0 1 A:). 

4 4 4 4 

From, relations (29.7), (29.8) we infer that the operator Q is its own transpose, 

(29.41) Q = Q. 

From the definitions (29.12), (29.16) we infer that the transpose of the operator 
Zis-Z, 

(29.42) Z = -Z. 

From the definitions (29.14), (29.16) we infer that the operators TT are trans¬ 
posed to each other, 

(29.43) Z* = Z-, Z- = Z*. 

From relations (29.43), (29.41) we see that the equations (29.33), (29.34) 
are the transposes of equations (29.32), (29.27). Since the solutions of these 
equations are unique it is clear that V is the transpose of W and vice versa, 

(29.44) W =V, f =W. 

It will he useful to noake the scattering operator 1 — W7i the transpose of its 
inverse 1 -f VZ. This can he done by introducing the integral 

(29.46) f-Z<t> = 2in f fi-k) sgn KS(k^ - /i’)^(A:) dk 

*>4 4 4 4 

as a new inner product. From relations (29.44), (29.42) we inunediately deduce 
that 1 + FZ is the transpose of 1 — WZ with respect to this new inner product* 

(29.46) (1 - 1FZ)^-Z0 = + FZ)0. 

The value of the new inner product depends only on the restricted values 
of a{k) and b(k); using (29.12) we see that it can be written in the form 

4 4 

(29.47) = %n f [^(— w, —k)<l>{co, k) — ^'(w, /c)<^("co, —A)] dft(2w)”\ 
after substituting —k for k in the second contribution. 

8 3 


*It could be shown that 1 + FZ is the Hermitian adjoint of 1 — WZ with respect to the 
Hermitian inner product 

f l'(M)^(.k)<i>ik) dk) 

4 4 4 4 

accordingly, these operators are unitary. 
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For application to quantized field problems it is convenient to assign to 
the function <l>{k) the two functions 

4 

(29.48) 0”(fc) = <l>(.u, k), (l>*(.k) = —<l>(—et), —k) 

S 3 3 3 

(note that ^*(k) = <t>~ik) by (29.4) if the Fourier transform of ^(&) is real) 

8 3 4 , 

and similarly to assign to The inner product (29.47) then becomes 

(29.49) = -2n f [^*(k)4,-(k) - ^-(k)<t,\k)] dk(2u)-\ 

J 3 3 3 3 3 

Except for the factor —2ri, the right member here is exactly the inner product 
V' o 0 employed in Part V, Section 23, if dfc(2w)"‘ is considered as the measure 

3 

differential dm(k). Thus, as Zumino has observed, this inner product, intro- 
8 

duced in a somewhat artificial way in Part V, occurs quite naturally in the 
present context. 

30. Boson Field Subject to Homogeneous Forces 

We are now ready to treat the problem of a boson field which corresponds 
to the problem of the unquantized field considered in Section 29. Operators 

Six), S(fc),. Aik), Bik) 

4 4 4 4 

will take the place of the quantities €(«), J(fc), o(ft), bQc); they are supposed to 

4 4 4 4 

satisfy the same linear equations as these unquantized quantities. The operators 
A{k) and jB(A), however, will be defined only for values of k on the hyperboloid 

4 4 4 

k^ = 

4 

From formula (29.20) we see that the operator S(a;) which corresponds 

4 

to the incoming free field is expressed in terms of the operators A(k) as 

4 

(30.1) ’Six) == f Aik) exp {—i x k} sgn kodik^ — fi) dk. 

^ J 4 4 4 4 4 

The commutation law (3.13) for a free field can be seen to be equivalent with 
the commutation law 

(30.2) [f(fc0^(fc'), A(-fc")f(fc")] = -27rt 6ik' - ft")K&') 

4 4 4 4 4 4 4 

or, with the law 

(30.3) [lA-ZA, = -27rz 

in which the inner product ^-2^ introduced above proves useful. 
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The restricted values of the operators A(k), which alone enter these rela- 

4 

tions, will be identified with annihilation and creation operators by the formulas 

(30.4) A'ik) = A(«, k), A\k) = -k) 

3 3 3 8 

which correspond to formulas (29.48). As seen from formula (29.21), expression 
(30.1) for the incoming free field becomes 

(30.5) H(a:) = f [.d”(fc) exp [ixk — itu] 

4 J fl 3 3 

+ A*{k) exp {itM — ix /c}] dft(2M)“'. 

3 3 3 3 

This expression agrees with expression (9.5) if dm{k) = dk(2u)~^ is taken as 
measure differential. Note that A'"(A:) isthe adjoint of A“(ft) if S(x) is self-adjoint 

3 3 4 

and vice versa. 

To verify the identification (30.4) one should note that the Fourier trans¬ 
formation associated with the measure differential dk( 2 Q 3 y^ must be written as 

3 

Six) = 0® f g(k) exp {ixk} dk{2oif^'^ 

8 J 4 3 8 8 

in order that 

f I/(x) 1“ dfc = f I ff(A:) p dii:(2«)-‘. 

Formula (30.5) then expresses the fact that !S(x) is the sum of the Fourier 
transforms of (2w) exp {’—it(a}A~(k) and the complex conjugate Fourier 

3 

transform of (2£o)'^^® exp {ito}}A'*'(k), as required by formula (9.5). 

8 

The confutation law (30.2) for the restricted operators A(ib) is equivalent 
with the commutation law 

(30.6) [A*(/b'), A-(*'0] = 2co'S(k' - k"). 

3 3 3 3 

This formula agrees with formula (8.16) since 2a'S(k' - *") is the {-function 

8 3 

associated with the measure differential d(k) (2«)’\ 

3 

It is evident from the definition (30.4) that the operators A*(k) are invariant 
under Lorentz transformation when they are cmsidered as functions of points k 
on the hcdf-hyperholoid k? = ko > 0. The invariance of the commutation 

4 

law (30.6) is consistent with the invariance of the differential dfc(2co)“^ under 
Lorentz transformation. 
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The operators A*(fc) belong to the incoming field. Operators 

associated with the outgoing field can be defined by formulas similar to (30.4) 
in terms of the operator B(fc). The latter is given as (1 ,Tf^Z)A(fc) in 

4 * 

terms of the operator A(,k). Using relation (29.46) and relation (30.3) for 
(1 + 7Z)^, (1 + VZ)<j> instead of f and <l> one finds that the operators J5(fc) 
satisfy the same commutation law (30.3) as the operators i4(fc). In other 
words, the operaiors B'‘(k) saiisfy the same commutaiion laws as the operators 
A*(le) and therefore they may be interpreted as creation and annihilation opera- 

3 

tors for the outgoing free field. • • t> xr 

The argument just given is identical with the argument given in Part V, 
Section 23. The operator 1 - 17Z may be interpreted as a “pseudo-operator” 
transforming the pair A = {A } into the pair B = {B }. The fact that the 
operator 1 - 17Z is the transpose of its inverse with respect to the inner product 
^■Z0 shows that the pseudo-operator “il is the transpose '“y ^ of ite inverse 
with respect to the inner product f o tf). The theory developed in Part V 
can therefore be applied. 

The canoniccd transformation T which can be set up according to this 
theory transforms the incoming into the outgoing annihilation and creation 
operators, B = f-^AT, and thus serves as the field seaming operator in the 
sense of Yang and Feldman (See Section 27 and [47]). The E-ordering of the 
transformation T with the aid of the Baker-Hausdoiff theorem, cf. Section 24, 
enables one to give a detailed analysis of this transformation. In this way, 
for example, a basic formula for an electron field derived by Feynman with the 
aid of graphs [46] was derived by Zumino in a more direct way and written in a 
more concise form. 




COMMENTS AND CORRECTIONS 


As indicated in the preface, the actual content of the five parts differs 
somewhat from what was announced in the introduction. Below we enumerate 
the most important changes. 

Parts I and II 

p. 2: In Part III we shall show that a scattering operator is still possible if the 
external charges vary in time in an appropriate manner. Also we give a Lorentz 
invariant treatment of the problem. 

The new type of field treated in Part IV and called myriotic there has as its 
most significant property that it possesses no vacuum state. 

The treatment of electron-positron fields in Part V is actually as explicit 
as that of boson fields. An approximation procedure may be used for the 
unquantized problem but need not be used for the quantized problem. 

Part VI is omitted. 

A Lorentz invariant treatment of the problem of Part V, due to B. Zumino, 
is described in an Appendix, 
p. 4, line 5 from the bottom; read 

c, = ($, , 

p. 11, end of the introduction: Nevertheless, Dirac’s notation will occasionally 
be used in later sections, 
p. 14, last paragraph: 

A formulation of commutation laws without use of the 5-fimction was 
already employed by Bom and Infeld (See [53]). 

Distributions in the sense of L. Schwartz were recently employed in an 
analysis of operators of quantum field theory by Gtittinger [58]. 
p. 16: In fact, it is possible to ascribe a meaning to certain expressions of 
higher degree in S(a;), !!(*), which occur in problems involving nonlinear inter¬ 
action not treated in this book. 

p. 18: The functions T* are also denoted by dbA”*, iA"'"', respectively. 
The function f is in general denoted by A if 0 and by D if m = 0. 
p. 37, fine 1: replace Section 16 by Section 19. 

p. 60: An equivalent “front door” definition of the integral which is close to 
the definition by Kolmogorov will be given in a forthcoming paper by H. Shapiro 
and the author. The relationship to the Wiener integral will be explained there. 

Partin 

p. 69: In Part V we use the notation 

b*A~ for (b. A) and A*b~ for {A, b). 
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p. 70, (13.22), third formula: write 
7(0 = -/•••. 

p. 71, (13.36), second formula: write 
At(.s) instead of A*,,, 

third formula: substitute q for j in two places, 
p. 75: An “ultraviolet” catastrophe would occur if (q, Qq) = ® so that the 
asymptotic expectation values of the energies H and 7 become infibaite, cf. 
(13.49), (13.50). For, if (g, q) = 0, the infinity of (g, Qg) is due to the behavior 
of q{k) for large values of k. 

It was pointed out by van Hove [56] that in such a case the interaction 
energy V cannot even be defined for a single state 5 ^ 0. In somewhat general¬ 
ized form van Hove’s theorem is: 

Let y(s) be a function with ( 7 , 7 ) = ». Let 7 „(s) = y{s) in a subdomain 
(R, of the s-space and 7 „(s) = 0 outside (Jl„ • Assume ( 7 „ , 7 „) < ®. Then for 
every state $ 5 ^ 0 

{(A, 7,0 + (y» , A)}$ -»■ ® 

as the subdomains (R. tend to cover the whole s-space. 

This result expresses the fact that {(A, 7 ) -f- ( 7 , A)}# is not defined for 
# 0. With 7 = flg we have V = (A, 7 ) -f ( 7 , A), d. (13.22). The condition 

(Qg, Qg) = ® is even somewhat weaker than the condition (g, Qg) = ®. 
p. 86 : The identity of ]bhe two forms of T could also be derived from the Baker- 
HausdorEE theorem employed in Part V, Section 23. 
p. 91, (14.46)*, last term: replace 

^f'™(s), by x»(«)r • 

p. 104, lines 15 and 17: replace (14.44) and (15.38) by (14.42) and (14.42)*, 

respectively. 

p. no, (16.30): 

A few remarks may be made about the notion of “scattering operator”. 
First let the operator Ti, with TS = 1 he defined as the solution of the 
SchrOdinger equation 

tV.Tl. - H{t, t,)T‘„ , 

in which H(t, to) is the Hamiltonian assumed to be a function of the time t and 
expressed as a function of the operators A'‘({o). In the present problem we 
may set 

H(t, to) = Hito) — J A*(s, io)Q*g"(s, t) dm(s) — j q*is, t)Q‘A~(s, U) dm(s), 
where H(fo) is the undisturbed Hamiltonian 

Soito) = j A*(8, io)Q'A"(s, <o) dm(s). 
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We introduce the incomplete scattering operator 

Si‘ = exp {i(fi — io)-®^o(fc)} T’li ; 
and note that it obeys the composition rule 

s\isi: = SI :. 

Assuming that the operator Sli has a limit as <o —“ and ^ we may 

define this limit S as the “scattering operator”, 

Sj: —^ S ss io —. 

Assuming further that the adjusted operators 

exp {Tf«ffo(0)}A*(<) 

have limits as < ± * > the relation 

a: = 

holds. Clearly, this relation implies that the A_a-representers of the state 
S^ are the A„-representers of the state Therefore, S is the scattering opera¬ 
tor in the sense used by Yang and Feldman, cf. Part V, Section 27 and [48]. 

In the problem of Section 16 the operators A!!« are denoted by Ao (see 
(16.4)). The operator S could be shown to differ from the operator U{oo), 
defined by (16.30), by a phase factor, 

i7(co) = ^exp{iy|, 

where 7 is given by (16.35) or the formula preceding (16.34). 

In Part V, Section 27, a different operator is used as “scattering operator”; 
we denote it here by 

$ _ QOO aO 

O — O 0^—CO • 

This operator differs from S, but is related to S = Si»<So by the transformation 

s = sissi „. 

Since the A_»-representers of the state are the A(0)-representers 
of the state #, it follows that the matrix which furnishes the A(0)-representation 
of the operator B is the A_«-representer of the operator S. l?his representer 
is nothing but the “S-matrix”. 

Incid^tally, instead of scattering matrix, the term “collision matrix” is 
also used. 

Partly 

p. 142: The situation described here is quite different from the situation 
described by van Hove in connection with an ultraviolet catastrophe. In that 
case, cf. comment to p. 76, the modified energy operator cannot be applied 
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on. any of the states on which the unmodified energy operator can be applied. 
In other words, two different Hilbert spaces of states are needed for the two 
different energy operators. Since a physical entity is characterized by the 
manifold of states in which it can be, two different physical entities are involved. 
Both Hilbert spaces can be considered as subspaces of a universal sp ce intro¬ 
duced by von Neumann [54]. 

In the case treated here, however, the states on which the modified and 
the unmodified operators act belong to the same Hilbert space and hence refer 
to the same physical entity, even if the field is myriotic with respect to the 
modified and unmodified annihilation and creation operators and amyriotic 
with respect to the unmodified ones. 

Part V 

p. 185: The notion “homogeneous” refers to the fact that the associated differ¬ 
ential equation is linear homogeneous and does not imply that the forces are 
constant in space. 

p. 233: For the notion of scattering operator see the comments made in con¬ 
nection with Part III, (16.30), p. 46. 

Appendix 

p. 1: See comment to p. 185. 
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